




Classic Problems
of Probability





Classic Problems
of Probability

Prakash Gorroochurn
Department of Biostatistics, Columbia University, New York, NY



Copyright � 2012 by John Wiley & Sons, Inc. All rights reserved

Published by John Wiley & Sons, Inc., Hoboken, New Jersey

Published simultaneously in Canada

No part of this publication may be reproduced, stored in a retrieval system, or transmitted in any form or by

any means, electronic, mechanical, photocopying, recording, scanning, or otherwise, except as permitted

under Section 107 or 108 of the 1976 United States Copyright Act, without either the prior written

permission of the Publisher, or authorization through payment of the appropriate per-copy fee to the

Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923, (978) 750-8400, fax (978)

750-4470, or on the web at www.copyright.com. Requests to the Publisher for permission should be

addressed to the Permissions Department, JohnWiley & Sons, Inc., 111 River Street, Hoboken, NJ 07030,

(201) 748-6011, fax (201) 748-6008, or online at http://www.wiley.com/go/permission.

Limit of Liability/Disclaimer of Warranty: While the publisher and author have used their best efforts in

preparing this book, they make no representations or warranties with respect to the accuracy or

completeness of the contents of this book and specifically disclaim any implied warranties of

merchantability or fitness for a particular purpose. No warranty may be created or extended by sales

representatives orwritten salesmaterials. The advice and strategies contained hereinmay not be suitable for

your situation. You should consult with a professional where appropriate. Neither the publisher

nor author shall be liable for any loss of profit or any other commercial damages, including but not

limited to special, incidental, consequential, or other damages.

For general information on our other products and services or for technical support, please

contact our Customer Care Department within the United States at (800) 762-2974, outside the

United States at (317) 572-3993 or fax (317) 572-4002.

Wiley also publishes its books in a variety of electronic formats. Some content that appears in print

may not be available in electronic formats. For more information about Wiley products, visit our

web site at www.wiley.com.

Library of Congress Cataloging-in-Publication Data:

Gorroochurn, Prakash, 1971-

Classic problems of probability / Prakash Gorroochurn.

p. cm.

Includes bibliographical references and index.

ISBN 978-1-118-06325-5 (pbk.)

1. Probabilities–Famous problems. 2. Probabilities–History. I. Title.

QA273.A4G67 2012

519.2–dc23

2011051089

Printed in the United States of America

10 9 8 7 6 5 4 3 2 1



To Nishi and Premal



operae pretium est



Contents

Preface ix

Acknowledgments xi

1 Cardano and Games of Chance (1564) 1

2 Galileo and a Discovery Concerning Dice (1620) 9

3 The Chevalier de M�er�e Problem I: The Problem of Dice (1654) 13

4 The Chevalier de M�er�e Problem II: The Problem of Points (1654) 20

5 Huygens and the Gambler’s Ruin (1657) 39

6 The Pepys–Newton Connection (1693) 49

7 Rencontres with Montmort (1708) 54

8 Jacob Bernoulli and his Golden Theorem (1713) 62

9 De Moivre’s Problem (1730) 81

10 De Moivre, Gauss, and the Normal Curve (1730, 1809) 89

11 Daniel Bernoulli and the St. Petersburg Problem (1738) 108

12 d’Alembert and the “Croix ou Pile” Article (1754) 119

13 d’Alembert and the Gambler’s Fallacy (1761) 124

14 Bayes, Laplace, and Philosophies of Probability (1764, 1774) 129

15 Leibniz’s Error (1768) 156

16 The Buffon Needle Problem (1777) 159

vii



17 Bertrand’s Ballot Problem (1887) 169

18 Bertrand’s Strange Three Boxes (1889) 175

19 Bertrand’s Chords (1889) 179

20 Three Coins and a Puzzle from Galton (1894) 186

21 Lewis Carroll’s Pillow Problem No. 72 (1894) 189

22 Borel and a Different Kind of Normality (1909) 194

23 Borel’s Paradox and Kolmogorov’s Axioms (1909, 1933) 199

24 Of Borel, Monkeys, and the New Creationism (1913) 208

25 Kraitchik’s Neckties and Newcomb’s Problem (1930, 1960) 215

26 Fisher and the Lady Tasting Tea (1935) 224

27 Benford and the Peculiar Behavior of the First Significant Digit (1938) 233

28 Coinciding Birthdays (1939) 240

29 L�evy and the Arc Sine Law (1939) 247

30 Simpson’s Paradox (1951) 253

31 Gamow, Stern, and Elevators (1958) 260

32 Monty-Hall, Cars, and Goats (1975) 264

33 Parrondo’s Perplexing Paradox (1996) 271

Bibliography 277

Photo Credits 296

Index 299

viii Contents



Preface

Having taught probability for the last 12 years or so, I finally decided it was time to

put downmy “experiences” with the subject in the form of a book. However, there are

already so many excellent texts in probability{ out there that writing yet another one

was not something that really interested me. Therefore, I decided to write something

that was a bit different.

Probability is a most fascinating and unique subject. However, one of its

uniquenesses lies in the way common sense and intuition often fail when applied

to apparently simple problems. The primary objective of this book is to examine some

of the “classic” problems of probability that stand out, either because they have

contributed to the field, or because they have been of historical significance. I also

include in this definition problems that are of a counterintuitive nature. Not all the

“classic” problems are old: Problem 33: Parrondo’s Perplexing Paradox, for

example, was discovered as recently as 1996. The book has considerable coverage

of the history of the probability, although it is not a book on the history of the subject.

The approach I have adopted here is to try to offer insights into the subject through its

rich history. This book is targeted primarily to readers who have had at least a basic

course in probability. Readers in the history of probability might also find it useful.

I have worked hard to make the presentation as clear as possible so that the book

can be accessible to a wide audience. However, I have also endeavored to treat each

problem in considerable depth and have providedmathematical proofs where needed.

Thus, in the discussion of Problem 16: The Buffon Needle Problem, the reader will

find much more than the conventional discussion found in most textbooks. I discuss

alternative proofs by JosephBarbier, which lead tomore profound and general results.

I also discuss the choice of random variables for which a uniform distribution is

possible, which then naturally leads to a discussion on invariance. Likewise, the

discussion of Problem 19: Bertrand’s Chords involves much more than stating there

are three well-known possible solutions to the problem. I discuss the implications of

the indeterminacy of the problem, aswell as the contributionsmade byHenri Poincar�e
and Edwin Jaynes. The same can be said of most of the problems discussed in the

book. The reader will also find treatments of the limit and central theorems of

probability. My hope is that the historical approach I have adopted will make these

often misunderstood aspects of probability clearer.

Most of the problems aremore or less of an elementary nature, although some are

less so. The reader is urged to refrain from focusing solely on the problems and their

{For example, Paolella (2006, 2007), Feller (1968), Ross (1997), Ross and Pekoz (2006), Kelly (1994), Ash

(2008), Schwarzlander (2011), Gut (2005), Br�emaud (2009), and Foata and Fuchs (1998).
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solutions, as it is in the discussion that the “meaty” parts will be found.Moreover, the

selection of problems here are not necessarily themost important problems in the field

of probability. Although a few such as Problem 8: Jacob Bernoulli and his Golden

Theorem, Problem 10: de Moivre, Gauss, and the Normal Curve, and Problem 14:

Bayes, Laplace, and Philosophies of Probability are important, many others are more

interesting than they have been decisive to the field. Thus, few readers who are not

very conversant with the history of probability are probably aware that scientists like

Galileo and Newton ever used probability in their writings. Nor would anybody

contend that these two men made any fundamental contributions to the theory of

probability. Yet, I am hopeful that the manner in which these scientists tackled

probability problems will awaken some interest in the reader.

I have refrained from giving extensive biographies of the mathematicians

discussed in this book because my focus is mainly on the problems they solved and

how they solved them. Readers eager to know more about these scientists should

consult the excellent Dictionary of Scientific Biography, edited by C.-C. Gillispie.

If I had a criticism of the book, it would be the unevenness in the treatment of the

problems. Thus, the reader will find more than 20 pages devoted to Problem 4: The

Chevalier de M�er�e Problem II: The Problem of Points, but less than 5 pages spent on

Problem 15: Leibniz’s Error. This is inevitable given the historical contexts and

implications of the problems. Nonetheless, I would be remiss to claim that there was

no element of subjectivity in my allocation of space to the problems. Indeed, the

amount of material partly reflects my personal preferences, and the reader will surely

find some of the problems I treated briefly deserved more, or vice versa. There is also

some unevenness in the level of difficulty of the problems since they are arranged in

chronological order. For example, Problem 23: Borel’s Paradox and Kolmogorov’s

Axioms is harder thanmany of the earlier and later problems because it contains some

measure-theoretic concepts. However, I also wanted the reader to grasp the signifi-

cance of Kolmogorov’s work, and that would have been almost impossible to do

without some measure theory.

Most of the citations were obtained from the original works. All the French

translations were done byme, unless otherwise indicated. Although this book is about

classic problems, I have also tried to include as many classic citations and references

as possible.

I hope the book will appeal to both students, those interested in the history of

probability, and all those who may be captivated by the charms of probability.

Prakash Gorroochurn

pg2113@columbia.edu

March 2012
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Problem 1

Cardano and Games

of Chance (1564)

Problem. Howmany throws of a fair die do we need in order to have an even chance

of at least one six?

Solution. LetA be the event “a six shows in one throw of a die” and pA its probability.

Then pA ¼ 1=6. The probability that a six does not show in one throw is

qA ¼ 1�1=6 ¼ 5=6. Let the number of throws be n. Therefore, assuming indepen-

dence between the throws,

Prfa six shows at least once in n throwsg ¼ 1�Prfa six does not show

at all in n throwsg

¼ 1�qA � � � � � qA
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{n terms

¼ 1�ð5=6Þn:
Wenow solve 1�ð5=6Þn � 1=2 obtaining n � lnð1=2Þ=lnð5=6Þ ¼ 3:8, so the number

of throws is 4.

1.1 Discussion

In the history of probability, the physician and mathematician Gerolamo Cardano

(1501–1575) (Fig. 1.1) was among the first to attempt a systematic study of the

calculus of probabilities. Like those of his contemporaries, Cardano’s studies were

primarily driven by games of chance. Concerning his gambling for 25 years, he

famously said in his autobiography (Cardano, 1935, p. 146)

. . .and I do not mean to say only from time to time during those years, but I am ashamed

to say it, everyday.

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.
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Cardano’s works on probability were published posthumously in 1663, in the

famous 15-page Liber de ludo aleae{ (Fig. 1.2) consisting of 32 small chapters

(Cardano, 1564).

Cardano was undoubtedly a great mathematician of his time but stumbled on

the question in Problem 1, and several others too. In this case, he thought the

number of throws should be three. In Chapter 9 of his book, Cardano states regarding

a die:

One-half of the total number of faces always represents equality{; thus the chances are

equal that a given point will turn up in three throws. . .

Cardano’s mistake stems from a prevalent general confusion between the

concepts of probability and expectation. Let’s now dig deeper into Cardano’s

Figure 1.1 Gerolamo Cardano (1501–1575).

{The Book on Games of Chance. An English translation of the book and a thorough analysis of Cardano’s

connections with games of chance can be found in Ore’s Cardano: The Gambling Scholar (Ore, 1953).

More bibliographic details can be found in Gliozzi (1980, pp. 64–67) and Scardovi (2004, pp. 754–758).

{Cardano frequently uses the term “equality” in the Liber to denote half of the total number of sample

points in the sample space. See Ore (1953, p. 149).
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reasoning. In the Liber, Cardona frequently makes use of an erroneous principle,

which Ore calls a “reasoning on the mean” (ROTM) (Ore, 1953, p. 150),{ to deal with

various probability problems. According to the ROTM, if an event has a probability p

in one trial of an experiment, then in n independent trials the event will occur np times

on average, which is then wrongly taken to represent the probability that the event

will occur in n trials. For the question in Problem 1, we have p¼ 1/6 so that,

Figure 1.2 First page of the Liber de ludo aleae, taken from the Opera Omnia (Vol. I)

(Cardano, 1564).

{See also Williams (2005).
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with n¼ 3 throws, the event “at least a six” iswrongly taken to occur an average np¼ 3

(1/6)¼ 1/2 of the time (i.e., with probability 1/2).

Using modern notation, let us seewhy the ROTM is wrong. Suppose an event has

a probability p of occurring in a single repetition of an experiment. Then in n

independent and identical repetitions of that experiment, the expected number of the

times the event occurs is np. Thus, for the die example, the expectation for the number

of times a six appears in three throws is 3� 1/6¼ 1/2. However, an expectation of 1/2

in three throws is not the same as a probability of 1/2 in three throws. These facts can

formally be seen by using a binomial model.{ Let X be the number of sixes in three

throws. Then X has a binomial distribution with parameters n¼ 3 and p¼ 1/6, that is,

X�B(3, 1/6), and its probability mass function is

Pr X ¼ xf g ¼ n

x

� �
pxð1�pÞn�x ¼ 3

x

� �
1

6

� �x
5

6

� �3�x

for x ¼ 0; 1; 2; 3:

From this formula, the probability of one six in three throws is

Pr X ¼ 1f g ¼ 3

1

� �
1

6

� �1
5

6

� �2

¼ :347;

and the probability of at least one six is

PrfX � 1g ¼ 1�PrfX ¼ 0g
¼ 1�ð5=6Þ3
¼ :421:

Finally, the expected value of X is

EX ¼
Xn
x¼0

xPrfX ¼ xg ¼
Xn
x¼0

x
n

x

� �
pxð1�pÞn�x;

which can be simplified to give

EX ¼ np ¼ ð3Þð1=6Þ ¼ :5:

Thus, we see that although the expected number of sixes in three throws is 1/2,

neither the probability of one six or at least one six is 1/2.

Cardano has not got the recognition that he perhaps deserves for his contribu-

tions to the field of probability, for in the Liber de ludo aleae he touched on many

rules and problems that were later to become classics. Let us now outline some

of these.

In Chapter 14 of the Liber, Cardano gives what some would consider the first

definition of classical (or mathematical) probability:

So there is one general rule, namely, that we should consider the whole circuit, and the

number of those casts which represents in how many ways the favorable result can occur,

{ For the origin of the binomial model, see Problem 8.
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and compare that number to the rest of the circuit, and according to that proportion should

the mutual wagers be laid so that one may contend on equal terms.

Cardano thus calls the “circuit” what is known as the sample space today, that is,

the set of all possible outcomes when an experiment is performed. If the sample space

is made up of r outcomes that are favorable to an event, and s outcomes that

are unfavorable, and if all outcomes are equally likely, then Cardano correctly defines

the odds in favor of the event by r : s. This corresponds to a probability of r/(rþ s).

Compare Cardano’s definition to

. The definition given by Leibniz (1646–1716) in 1710 (Leibniz, 1969, p. 161):

If a situation can lead to different advantageous results ruling out each other, the estimation

of the expectation will be the sum of the possible advantages for the set of all these results,

divided into the total number of results.

. Jacob Bernoulli’s (1654–1705) statement from the Ars Conjectandi (Bernoulli,

1713, p. 211){:

. . .if the integral and absolute certainty, which we designate by lettera or by unity 1, will be

thought to consist, for example, of five probabilities, as though of five parts, three of which

favor the existence or realization of some events, with the other ones, however, being against

it, we will say that this event has 3/5a, or 3/5, of certainty.

. DeMoivre’s (1667–1754) definition from theDeMensura Sortis (deMoivre, 1711;

Hald, 1984):

Ifp is thenumberofchancesbywhichacertaineventmayhappen,andq isthenumberofchances

bywhichitmayfail, thehappeningsasmuchasthefailingshavetheirdegreeofprobability;butif

all the chances by which the event may happen or fail were equally easy, the probability of

happening will be to the probability of failing as p to q.

. The definition given in 1774 by Laplace (1749–1827), with whom the formal

definition of classical probability is usually associated. In his first probability

paper, Laplace (1774b) states:

The probability of an event is the ratio of the number of cases favorable to it, to the number of

possiblecases,whenthere isnothing tomakeusbelieve thatonecaseshouldoccur rather than

any other, so that these cases are, for us, equally possible.

However, although the first four definitions (starting from Cardano’s) all anteceded

Laplace’s, it is with the latter that the classical definition was fully appreciated and

began to be formally used. Inmodern notation, if a sample space consists ofN equally

likely outcomes, of which nA are favorable to an event A, then Laplace’s classical

definition of the probability of the event A is

Pr Af g � nA

N
:

{The translation that follows is taken fromOscar Sheynin’s translations of Chapter 4 of theArs Conjectandi

(Sheynin, 2005).

1.1 Discussion 5



One of Cardano’s other important contributions to the theory of probability is

“Cardano’s formula.”{ Suppose an experiment consists of t equally likely outcomes

of which r are favorable to an event. Then the odds in favor of the event in one trial of

the experiment are r : ðt�rÞ.{ Cardano’s formula then states that, in n independent

and identical trials of the experiment, the odds in favor of the event occurring n

times are rn : ðtn�rnÞ.} While this is an elementary result nowadays, Cardano had

some difficulty establishing it.** At first he thought it was the odds that ought to be

multiplied. Cardano calculated the odds against obtaining at least one 1 appearing

in a toss of three dice as 125 to 91. Cardano then proceeded to obtain the odds

against obtaining at least one 1 in two tosses of three dice as (125/91)2� 2:1. Thus,

on the last paragraph of Chapter 14 of the Liber, Cardano writes (Ore, 1953, p. 202)

Thus, if it is necessary for someone that he should throw an ace twice, then you know that

the throws favorable for it are 91 in number, and the remainder is 125; sowemultiply each

of these numbers by itself and get 8281 and 15,625, and the odds are about 2 to 1.++ Thus,

if he should wager double, he will contend under an unfair condition, although in the

opinion of some the condition of the one offering double stakes would be better.

However, in the very next chapter entitledOn an ErrorWhich IsMade About This,

Cardano realizes that it is not the odds that must bemultiplied. He comes to understand

this by considering an event with odds 1:1 in one trial of an experiment. His multiplica-

tion rule for the odds would still give an odds of (1/1)3¼ 1:1 for three trials of the

experiment, which is clearly wrong. Cardano thus writes (Ore, 1953, pp. 202–203)

But this reasoning seems to be false, even in the case of equality, as, for example, the

chance of getting one of any three chosen faces in one cast of one die is equal to the chance

of getting one of the other three, but according to this reasoning there would be an even

chance of getting a chosen face each time in two casts, and thus in three, and four, which is

most absurd. For if a player with two dice canwith equal chances throw an even and an odd

number, it does not follow that he can with equal fortune throw an even number in each of

three successive casts.

Cardano thus correctly calls his initial reasoning “most absurd,” and then gives

the following correct reasoning (Ore, 1953):

{Not to be confusedwith the other Cardano’s formula having to dowith the general solution of a “reduced”

cubic equation (i.e., a cubic equation with no second-degree term). Cardano also provided methods to

convert the general cubic equation to the reduced one. These results appeared in Cardano’s opusArsMagna

(The Great Art) and had been communicated to him previously by the mathematician Niccolò Tartaglia of

Brescia (1499–1557) after swearing that hewould never disclose the results. A bitter dispute thereby ensued

between Cardano and Tartaglia, and is nicely documented in Hellman’s Great Feuds in Mathematics

(Hellman, 2006, pp. 7–25).

{Thus, the odds against the event in one trial are (t�r): r.

}This is the same as saying that, if an event has probabilityp (¼r/t) of occurring in one trial of an experiment,

then the probability that it will occur in all of n independent and identical trials of the experiment is pn.

**See also Katz (1998, p. 450).

++The odds calculated by Cardano are the odds against the event in question.
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Therefore, in comparisons where the probability is one-half, as of even faces with odd, we

shall multiply the number of casts by itself and subtract one from the product, and the

proportion which the remainder bears to unity will be the proportion of the wagers to be

staked. Thus, in 2 successive casts we shall multiply 2 by itself, which will be 4; we shall

subtract 1; the remainder is 3; therefore a player will rightly wager 3 against 1; for if he is

striving for odd and throws even, that is, if after an even he throws either even or odd, he is

beaten, or if after an odd, an even. Thus he loses three times and wins once.

Cardano thus realizes that it is the probability, not the odds, that ought to be

multiplied.{ However, in the very next sentence following his previous correct

reasoning, he makes a mistake again when considering three consecutive casts for

an event with odds 1:1. Cardano wrongly states that the odds against the event

happening in three casts are 1:(32�1)¼ 1:8, instead of 1:(23�1)¼ 1:7. Nevertheless,

further in the book, Cardano does give the correct general rule (Ore, 1953, p. 205):

Thus, in the case of one die, let the ace and the deuce be favorable to us;we shallmultiply 6,

the number of faces, into itself: the result is 36; and two multiplied into itself will be 4;

therefore the odds are 4 to 32, or, when inverted, 8 to 1.

If three throws are necessary, we shall multiply 3 times; thus, 6multiplied into itself and

then again into itself gives 216; and 2 multiplied into itself and again into 2, gives 8; take

away 8 from 216: the result will be 208; and so the odds are 208 to 8, or 26 to 1. And if four

throws are necessary, the numbers will be found by the same reasoning, as you see in the

table; and if one of them be subtracted from the other, the odds are found to be 80 to 1.

In the above, Cardano has considered an event with probability 1/3, and correctly

gives the odds against the event happening twice as (32�1):1¼ 8:1, happening thrice

as (33�1):1¼ 26:1, and so on. Cardano thus finally reaches the following correct rule:

if the odds in favor of an event happening in one trial of an experiment are r : ðt�rÞ,
then in n independent and identical trials of the experiment, the odds against the event

happening n times are ðtn�rnÞ : rn.
Cardano also anticipated the law of large numbers (see Problem 8), although he

never explicitly stated it. Ore writes (1953, p. 170)

It is clear. . .that he [Cardano] is aware of the so-called law of large numbers in its most

rudimentary form. Cardano’smathematics belongs to the period antedating the expression

by means of formulas, so that he is not able to express the law explicitly in this way, but he

uses it as follows: when the probability for an event is p then by a large number n of

repetitions the number of times it will occur does not lie far from the value m¼ np.

Moreover, inChapter 11 of theDe ludo aleae, Cardano investigated theProblemof

Dice (see Problem 3); in the Practica arithmetice (Cardano, 1539), he discussed the

Problem of Points (see Problem 4), the Gambler’s Ruin (see Problem 5) (Coumet,

1965a), and the St Petersburg Problem (see Problem 11) (Dutka,1988); finally, in the

Opus novum de proportionibus (Cardano, 1570), Cardano also made use of what later

came to be known as Pascal’s Arithmetic Triangle (see Problem 4) (Boyer, 1950).

{Thus for the 125:91 example, the correct odds against in two trials are (2162�912)/912� 4.63:1 and for the

1:1 example, the correct odds in favor in three trials are 13:(23�13)¼ 1:7.

1.1 Discussion 7



However, in none of these problems did Cardano reach the level of mathematical

sophistication andmaturity that was later to be evidenced in the hands of his successors.

We make a final comment on Cardano’s investigations in probability. From the

Liber de ludo aleae it is clear that Cardano is unable to disassociate the unscientific

concept of luck from the mathematical concept of chance. He identifies luck with

some supernatural force that he calls the “authority of the Prince” (Ore, 1953, p. 227).

In Chapter 20 entitled On Luck in Play, Cardano states (Ore, 1953, pp. 215–216)

In these matters, luck seems to play a very great role, so that some meet with unexpected

success while others fail in what they might expect. . .

If anyone should throwwith an outcome tendingmore in one direction than it should and

less in another, or else it is always just equal to what it should be, then, in the case of a fair

game therewill be a reason and a basis for it, and it is not the play of chance; but if there are

diverse results at every placing of thewagers, then some other factor is present to a greater

or less extent; there is no rational knowledge of luck to be found in this, though it is

necessarily luck.

Cardano thus believes that there is some external force that is responsible for

the fluctuations of outcomes from their expectations. He fails to recognize such

fluctuations are germane to chance and not because of the workings of supernatural

forces. Gigerenzer et al. (1989, p. 12) thus write

. . .He [Cardano] thus relinquished his claim to founding the mathematical theory of

probability. Classical probability arrived when luck was banished; it required a climate

of determinism so thorough as to embrace even variable events as expressions of stable

underlying probabilities, at least in the long run.

8 Problem 1 Cardano and Games of Chance (1564)



Problem 2

Galileo and a Discovery

Concerning Dice (1620)

Problem. Suppose three dice are thrown and the three numbers obtained added.

The total scores of 9, 10, 11, and 12 can all be obtained in six different combinations.

Why then is a total score of 10 or 11 more likely than a total score of 9 or 12?

Solution. Table 2.1 shows each of the six possible combinations (unordered

arrangements) for the scores of 9–12. Also shown is the number of ways

(permutations or ordered arrangements) in which each combination can occur.

Forexample,readingthefirstentryunderthecolumn12,wehavea6-5-1.Thismeansthat,

togeta total scoreof12,onecouldgeta6,5,1 inanyorder.Next to the6-5-1 is thenumber

6. This is the number of different orders inwhich one can obtain a 6, 5, 1. Hence, we see

that the scores of 9–12 can all be obtained using six combinations for each. However,

because different combinations can be realized in a different number of ways, the total

numberofwaysfor thescores9,10,11,and12are25,27,27,and25, respectively.Hence,

scores of 10 or 11 are more likely than scores of 9 or 12.

2.1 Discussion

Almost a century after Cardano’s times, this problemwas asked by the GrandDuke of

Tuscany to the renowned physicist and mathematician Galileo Galilei (1564–1642)

(Fig. 2.1). The throwing of three dice was part of the game of passadieci, which

involved adding up the three numbers and getting at least 11 points to win. Galileo

gave the solution in his probability paper Sopra le scoperte dei dadi{ (Galilei, 1620)

(see Fig. 2.2). In his paper, Galileo states (David, 1962, p. 193)

Classic Problems of Probability, Prakash Gorroochurn.
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Table 2.1 Combinations and Number of Ways Scores of 9–12 that Can Be Obtained When

Three Dice are Thrown

Score

12 11 10 9

6-5-1 6 6-4-1 6 6-3-1 6 6-2-1 6

6-4-2 6 6-3-2 6 6-2-2 3 5-3-1 6

6-3-3 3 5-5-1 3 5-4-1 6 5-2-2 3

5-5-2 3 5-4-2 6 5-3-2 6 4-4-1 3

5-4-3 6 5-3-3 3 4-4-2 3 4-3-2 6

4-4-4 1 4-4-3 3 4-3-3 3 3-3-3 1

Total no. of ways 25 27 27 25

Figure 2.1 Galileo Galilei (1564–1642).
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But because the numbers in the combinations in three-dice throws are only 16, that is, 3, 4,

5, etc. up to 18, among which one must divide the said 216 throws, it is necessary that to

some of these numbers many throws must belong; and if we can find how many belong to

each, we shall have prepared the way to find out what we want to know, and it will be

enough to make such an investigation from 3 to 10, because what pertains to one of these

numbers, will also pertain to that which is the one immediately greater.

Galileo then proceeds to use a method similar to the one in the solution provided

previously. The almost casual way in which he counts the number of favorable cases

from the total number of equally possible outcomes indicates that the use of the

Figure 2.2 Extract from Galileo’s article “Sopra le scoperte dei dadi,” taken from Le Opere di

Galileo XIV (Galilei, 1620). The Soprahere appears under the name “Considerazione sopra il giuoco dei

dadi.”
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classical definition of probability was common at that time. Unbeknownst to Galileo,

the same problem had actually already been successfully solved by Cardano almost a

century earlier. The problem appeared in Chapter 13 of Cardano’s Liber de ludo aleae

(Ore, 1953, p. 198), which was published 21 years after Galileo’s death (see Fig. 2.3).

Figure 2.3 Cardano’s solution of the problem considered by Galileo, as it appears in Chapter 13 of

the Liber de ludo aleae (Cardano, 1564). The bottom left column on the right page has the two last rows

reading 9, 12, 25 and 10, 11, 27. These correspond, respectively, to a total of 25ways of obtaining a total

of 9 or 12 with three dice, and a total of 27 ways of obtaining a total of 10 or 11 with three dice.
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Problem 3

The Chevalier de M�er�e
Problem I: The Problem of Dice

(1654)

Problem. When a die is thrown four times, the probability of obtaining at least

one six is a little more than 1/2. However, when two dice are thrown 24 times, the

probability of getting at least one double-six is a little less than 1/2. Why are the

two probabilities not the same, given the fact that Pr{double-six for a pair of

dice}¼ 1/36¼1/6�Pr{a six for a single die}, and you compensate for the factor of

1/6 by throwing 6 � 4¼ 24 times when using two dice?

Solution. Both probabilities can be calculated by using the multiplication rule of

probability. In the first case, the probability of no six in one throw is 1�1/6¼ 5/6.

Therefore, assuming independence between the throws,

Pr at least one six in 4 throwsf g ¼ 1�Pr no six in all 4 throwsf g
¼ 1�ð5=6Þ4

¼ :518:

In the second case, the probability of no double-six in one throw of two dice is

1� (1/6)2¼ 35/36. Therefore, again assuming independence,

Pr at least one double-six in 24 throwsf g ¼ 1�Pr no double-six in all 24 throwsf g
¼ 1�ð35=36Þ24

¼ :491:

Classic Problems of Probability, Prakash Gorroochurn.
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3.1 Discussion

It is fairly common knowledge that the gambler Antoine Gombaud (1607–1684),

better known as the Chevalier de M�er�e,{ had been winning consistently by betting

even money that a six would come up at least once in four rolls with a single die.

However, he had now been losing other bets, when in 1654 he met his friend, the

amateur mathematician Pierre de Carcavi (1600–1684). This was almost a quarter

century after Galileo’s death. DeM�er�e had thought the oddswere favorable on betting
that he could throw at least one sonnez (i.e., double-six) with 24 throws of a pair of

dice. However, his own experiences indicated that 25 throws were required.{ Unable

to resolve the issue, the two men consulted their mutual friend, the great mathemati-

cian, physicist, and philosopher Blaise Pascal (1623–1662).} Pascal himself had

previously been interested in the games of chance (Groothuis, 2003, p. 10). Pascal

must have been intrigued by this problem and, through the intermediary of Carcavi,**

contacted the eminent mathematician, Pierre de Fermat (1601–1665),++ who was a

lawyer in Toulouse. Pascal knew Fermat through the latter’s friendship with Pascal’s

father, who had died 3 years earlier. The ensuing correspondence, albeit short,

between Pascal and Fermat is widely believed to be the starting point of the systematic

{Leibniz describes the Chevalier de M�er�e as “a man of penetrating mind who was both a player and a

philosopher” (Leibniz, 1896, p. 539). Pascal biographer Tulloch also notes (1878, p. 66): “Among the men

whomPascal evidentlymet at the hotel of the Duc deRoannez [Pascal’s younger friend], andwithwhomhe

formed something of a friendship, was thewell-knownChevalier deM�er�e, whomwe know best as a tutor of

Madame deMaintenon, andwhose graceful but flippant letters still survive as a picture of the time. Hewas a

gambler and libertine, yet with some tincture of science and professed interest in its progress.” Pascal

himself was less flattering. In a letter to Fermat, Pascal says (Smith, 1929, p. 552): “. . .he [de M�er�e] has

ability but he is not a geometer (which is, as you know, a great defect) and he does not even comprehend that

a mathematical line is infinitely divisible and he is firmly convinced that it is composed of a finite number of

points. I have never been able to get him out of it. If you could do so, it would make him perfect.” The book

by Chamaillard (1921) is completely devoted to the Chevalier de M�er�e.

{Ore (1960) believes that the difference in the probabilities for 24 and 25 throws is so small that it is unlikely

that de M�er�e could have detected this difference through observations. On the other hand, Olofsson (2007,

p. 177) disagrees. With 24 throws, the casino would consistently make a profit of 2% (51–49%) and other

gamblers would also pay for it. Furthermore, he points out that, if de M�er�e started with 100 pistoles (gold
coins used in Europe in the seventeenth and eighteenth centuries), he would go broke with probability .97

before doubling, if the true probability is .49. If the true probability is .51, de M�er�e would double before

going brokewith very high probability. Thus, Olofsson contends it is possible to detect a difference between

.49 and .51 through actual observations, and de M�er�e had enough time at his disposal for this.

}Of the several books that have been written on Pascal, the biographies by Groothuis (2003) and Hammond

(2003) are good introductions to his life and works.

**Carcavi had been an old friend of Pascal’s father and was very close to Pascal.

++Fermat is today mostly remembered for the so-called “Fermat Last Theorem”, which he conjectured in

1637 and which was not proved until 1995 by Andrew Wiles (1995). The theorem states that no three

positive integers a, b, c can satisfy the equation anþ bn¼ cn for any integer n greater than 2. A good

introduction to Fermat’s Last Theorem can be found in Aczel (1996). The book by Mahoney (1994) is an

excellent biography of Fermat, whose probability work appears on pp. 402–410 of the book.
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development of the theory of probability. In the first extant letter{ Pascal addressed to

Fermat, dated July 29, 1654, Pascal says (Figs. 3.1 and 3.2) (Smith, 1929, p. 552)

He [De M�er�e] tells me that he has found an error in the numbers for this reason:

If one undertakes to throw a six with a die, the advantage of undertaking to do it in 4 is as

671 is to 625.

If one undertakes to throw double sixes with two dice the disadvantage of the

undertaking is 24.

Figure 3.1 Extract from first extant letter from Pascal to Fermat, taken from Smith’sA Source Book

in Mathematics (Smith, 1929).

{Unfortunately, the very first letter Pascal wrote to Fermat, as well as a few other letters between the two

men, no longer exists. However, see the most unusual book by R�enyi (1972), in which he fictitiously

reconstructs four letters between Pascal and Fermat.
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But nonetheless, 24 is to 36 (which is the number of faces of two dice) as 4 is to 6 (which is

the number of faces of one die).

This is what was his great scandal which made him say haughtily that the theorems were

not consistent and that arithmetic was demented. But you can easily see the reason by the

principles which you have.

De M�er�e was thus distressed that his observations were in contradiction with his
mathematical calculations. To Fermat, however, the Problem of Dice was an

elementary exercise that he solved without trouble, for Pascal says in his July 29

letter (Smith, 1929, p. 547)

I do not have the leisure to write at length, but, in a word, you have found the two

divisions. . .of the dice with perfect justice. I am thoroughly satisfied as I can no longer

doubt that I was wrong, seeing the admirable accord in which I find myself with you.

Figure 3.2 Extract from first extant letter from Fermat to Pascal, taken from Smith’sA Source Book

in Mathematics (Smith, 1929).

16 Problem 3 The Chevalier de M�er�e Problem I: The Problem of Dice (1654)



On the other hand, deM�er�e’s erroneousmathematical reasoningwas based on the

incorrect Old Gambler’s Rule (Weaver, 1982, p. 47), which uses the concept of the

critical value of a game. The critical valueC of a game is the smallest number of plays

such that the probability the gambler will win at least one play is 1/2 or more. Let us

now explain how the Old Gambler’s Rule is derived. Recall Cardano’s “reasoning on

the mean” (ROTM, see Problem 1): if a gambler has a probability p of winning one

play of a game, then in n independent plays the gambler will win an average of np

times, which is then wrongly equated to the probability of winning in n plays. Then,

by setting the latter probability to be half, we have

C � p ¼ 1

2
:

By substituting p¼ 1/36 in the above formula, Cardano had obtained a wrong

answer of C¼ 18 for the number of throws. Furthermore, given a first game

withðp1;C1Þ, then a second game which has probability of winning p2 in each play

must have critical value C2, where

C1p1 ¼ C2p2 or C2 ¼ C1p1

p2
ðOld Gambler’s RuleÞ: ð3:1Þ

That is, the Old Gambler’s Rule states that the critical values of two games are in

inverse proportion to their respective probabilities of winning. Using

C1 ¼ 4; p1 ¼ 1=6; and p2 ¼ 1=36, we get C2 ¼ 24. But we have seen that, with 24

throws, the probability of at least one double-six is .491, which is less than 1/2. So

C2 ¼ 24 cannot be a critical value (the correct critical value is shown later to be 25),

and the Old Gambler’s Rule cannot be correct. It was thus the belief in the validity of

the Old Gambler’s Rule that made de M�er�e wrongly think that, with 24 throws, he

should have had a probability of 1/2 for at least one double-six.

Digging further, let us see how the erroneous Old Gambler’s Rule should be

corrected. By definition, C1 ¼ x1d e, the smallest integer greater than or equal to x1,

such that ð1�p1Þx1 ¼ :5, that is, x1 ¼ lnð:5Þ=lnð1�p1Þ. With obvious notation, for

the second game: C2 ¼ x2d e, where x2 ¼ lnð:5Þ=lnð1�p2Þ. Thus, the true relation-
ship should be

x2 ¼ x1 lnð1�p1Þ
lnð1�p2Þ : ð3:2Þ

We see that Eqs. (3.1) and (3.2) are quite different from each other. Even if p1 and

p2 were very small, so that lnð1�p1Þ � �p1and lnð1�p2Þ � �p2, we would get

x2 ¼ x1p1=p2 approximately. This is still different from Eq. (3.1) because the latter

uses the integers C1 and C2, instead of the real numbers x1 and x2.

The Old Gambler’s Rule was later investigated by the renowned French

mathematician Abraham de Moivre (1667–1754), who was a close friend to Isaac

Newton. In his Doctrine of Chances (de Moivre, 1718, p. 14), de Moivre solves

ð1�pÞx ¼ 1=2 and obtains x ¼ �lnð2Þ=lnð1�pÞ. For small p,
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Figure 3.3 Extract from de Moivre’s derivation of the gambling rule, taken from the first edition of

the Doctrine of Chances (de Moivre, 1718, p. 14). Note that de Moivre defines q to be b/a or (1/p)�1,

whereas in the text we use q¼ 1�p.

Table 3.1 Critical Values Obtained Using the Old Gambling Rule, de Moivre’s Gambling

Rule and the Exact Formula for Different Values of p, the Probability of the Event of Interest

Value of p Critical value C using

the Old Gambling

Rule C¼C1p1/p

(assuming C1¼ 4 for

p1¼ 1/6)

Critical value C using the

de Moivre’s Gambling

Rule C¼d.693/pe

Critical value C using

the exact formula

C¼d�ln 2/ln(1�p)e

1/216 144 150 150

1/36 24 25 25

1/6 4 5 4

1/4 3 3 3

1/2 2 2 1
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x � :693

p
ðDe Moivre’s Gambling RuleÞ ð3:3Þ

(see Fig. 3.3). Let us see if we obtain the correct answer when we apply de Moivre’s

Gambling Rule for the two-dice problem. Using x � :693=p with p¼ 1/36 gives x�
24.95 andwe obtain the correct critical valueC¼ 25. The formulaworks only because

p is small enough and is valid only for such cases.{ The other formula that could be

used, and that is valid for all values of p, is x ¼ �lnð2Þ=lnð1�pÞ. For the two-dice
problem, this exact formula gives x ¼ �lnð2Þ=lnð35=36Þ¼ 24.60 so that C¼ 25.

Table 3.1 compares critical values obtained using the Old Gambler’s Rule, de

Moivre’s Gambling Rule, and the exact formula.

We next use de Moivre’s Gambling Rule to solve the following classic problem:

Agambler has a probability of 1/N ofwinning a game,whereN is large. Show that she

must play the game about (2/3)N times in order to have a probability of at least 1/2 of

winning at least once.

To solve this problem, note that p¼ 1/N is small so that we can apply deMoivre’s

Gambling Rule in Eq. (3.3):

x � :693

1=N
� 2

3
N;

as required.

As a final note on the dice problem, Pascal himself never provided a solution to it

in his known communication with Fermat. He had undoubtedly thought the problem

was very simple. However, he devotedmuch of his time and energy on the next classic

problem.

{For example, if we apply de Moivre’s Gambling Rule to the one-die problem, we obtain x¼ .693/

(1/6)¼ 4.158 so that C¼ 5. This cannot be correct because we showed in the solution that we need only

4 tosses.
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Problem 4

The Chevalier de M�er�e
Problem II: The Problem

of Points (1654)

Problem. Two players A and B play a fair game such that the player who wins a

total of 6 rounds first wins a prize. Suppose the game unexpectedly stops when A has

won a total of 5 rounds and B has won a total of 3 rounds. How should the prize be

divided between A and B?

Solution. The division of the prize is determined by the relative probabilities of

A and Bwinning the prize, had they continued the game. Player A is one round short,

and player B three rounds short, of winning the prize. The maximum number of

hypothetical remaining rounds is (1þ 3)� 1¼ 3, each of which could be equally won

by A or B. The sample space for the game is W¼ {A1, B1A2, B1B2A3, B1B2B3}. Here

B1A2, for example, denotes the event that B would win the first remaining round and

Awould win the second (and then the game would have to stop since A is only one

round short). However, the four sample points in W are not equally likely. Event A1

occurs if any one of the following four equally likely events occurs: A1A2A3, A1A2B3,

A1B2A3, and A1B2B3. EventB1A2 occurs if any one of the following two equally likely

events occurs: B1A2A3 and B1A2B3. In terms of equally likely sample points, the

sample space is thus

W ¼ A1A2A3;A1A2B3;A1B2A3;A1B2B3;B1A2A3;B1A2B3;B1B2A3;B1B2B3f g

There are in all eight equally likely outcomes, only one of which (B1B2B3) results

in B hypothetically winning the game. Player A thus has a probability 7/8 of winning.

The prize should therefore be divided between A and B in the ratio 7:1.

Classic Problems of Probability, Prakash Gorroochurn.
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4.1 Discussion

We note that the sample space for this game is not based on how many rounds each

player has already won. Rather it depends on the maximum number of remaining

rounds that could be played.

Problem 4, also known as the Problem of Points{ or the Division of Stakes

Problem, was another problem de M�er�e asked Pascal (Fig. 4.1) in 1654. The

problem had already been known hundreds of years before the times of these

mathematicians.{ It had appeared in Italian manuscripts as early as 1380 (Burton,

2006, p. 445). However, it first came in print in Fra Luca Pacioli’s (1494) Summa

de arithmetica, geometrica, proportioni, et proportionalita.} Pacioli’s incorrect

answer was that the prize should be divided in the same ratio as the total number of

rounds the players had won. Thus, for Problem 4, the ratio is 5:3. A simple

counterexample shows why Pacioli’s reasoning cannot be correct. Suppose players

A and B need to win 100 rounds to win a game, and when they stop A has won one

round and B has won none. Then Pacioli’s rule would give the whole prize to A

even though he is a single round ahead of B and would have needed to win 99 more

rounds had the game continued!**

Cardano had also considered the Problem of Points in the Practica

arithmetice (Cardano, 1539). His major insight was that the division of stakes

should depend on how many rounds each player had yet to win, not on how

many rounds they had already won. However, in spite of this, Cardano was

unable to give the correct division ratio: he concluded that, if players A and B

are a and b rounds short of winning, respectively, then the division ratio

between A and B should be b(bþ 1):a(aþ 1). In our case, a¼ 1, b¼ 3, giving a

division ratio of 6:1.

At the opening of his book Recherches sur la Probabilit�e des Jugements en

Mati�eres Criminelles et Mati�ere Civile, the distinguished mathematician Sim�eon
Denis Poisson (1781–1840) pronounced these famous words (Poisson, 1837, p. 1):

A problem relating to the games of chance, proposed to an austere Jansenist [Pascal] by a

man of the world [de M�er�e], was at the origin of the calculus of probabilities. Its objective
was to determine the proportion into which the stake should be divided between the

players, when they decided to stop playing. . .

Poisson’s words echo the still widely held view today that probability essentially

sprung from considerations of games of chance during the Enlightenment.We should

{TheProblem of Points is also discussed in Todhunter (1865, Chapter II), Hald (2003, pp. 56–63), Petkovic

(2009, pp. 212–214), Paolella (2006, pp. 97–99), Montucla (1802, pp. 383–390), de S�a (2007, pp. 61–62),
Kaplan and Kaplan (2006, pp. 25–30), Isaac (1995, p. 55), and Gorroochurn (2011).

{For a full discussion of the Problem of Points before Pascal, see Coumet (1965b) and Meusnier (2004).

}Everything about arithmetic, geometry, and proportion.

**The correct division ratio between A and B here is approximately 53:47, as we shall soon see.
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mention, however, that several other authors have a different viewpoint. For example,

Maistrov (1974, p. 7) asserts:

Up to the present time there has been a widespread false premise that probability theory

owes its birth and early development to gambling.

Maistrov explains that gambling existed since ancient and medieval times, but

probability did not develop then. He contends that its development occurred in the

sixteenth and seventeenth century owing to economic developments, resulting in an

increase in monetary transactions and trade. This seems to indeed be the case. In a

recent work, Courtebras is of a similar opinionwhen he says (Courtebras, 2008, p. 51)

. . .behind the problems in games of chance which enable the elaboration of easily

quantifiable solutions, new attitudes are being formed toward a world characterized by the

development of towns and money, of productions and exchanges.

It is also important to note that the initial works in the field, from the times of

Cardano until those before Jacob Bernoulli, were primarily concerned with problems

of fairness or equity. Historian Ernest Coumet has thus noted that the Problem of

Points has a judicial origin (Coumet, 1970). With the Renaissance came the

legalization of both games of chance and aleatory contracts. By law, the latter had

to be fair to either party. The Problem of Points is thus a model for the repartition of

gains in arbitrary situations of uncertainty, mainly characterized by the notion of

equity. As Gregersen (2011, p. 25) explains

. . .The new theory of chances was not, in fact, simply about gambling but also about the

legal notion of a fair contract. A fair contract implied equality of expectations, which

served as the fundamental notion in these calculations. Measures of chance or probability

were derived secondarily from these expectations.

Probability was tied up with questions of law and exchange in one other crucial respect.

Chance and risk, in aleatory contracts, provided a justification for lending at interest, and

hence away of avoiding Christian prohibitions against usury. Lenders, the argument went,

were like investors; having shared the risk, they deserved also to share in the gain. For this

reason, ideas of chance had already been incorporated in a loose, largely nonmathematical

way into theories of banking and marine insurance.

An additional interesting point is that, throughout their correspondence, although

both Pascal and Fermat (Fig. 4.2) were deeply engaged in calculating probabilities,

they never actually used the word “probability” in their investigations. Instead they

talked about division ratios and used such terms as “value of the stake” or “value of a

throw” to express a player’s probability of winning. The term “probability” as a

numerical measure was actually first used in Antoine Arnauld’s (1612–1694) and

Pierre Nicole’s (1625–1695) widely influential La Logique, ou l’Art de Penser++

(Arnauld and Nicole, 1662).

{Also known as Logique de Port-Royal, or the Port-Royal Logic. Arnauld and Nicole were both friends of

Pascal and it is likely that Pascal contributed in their book. Arnauld was the main author of the book and is

often called “The Great Arnauld.”
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As a final observation, before we dig deeper into Pascal’s and Fermat’s

solutions to the Problem of Points, we comment on the significance of their

communication. It is generally believed that the theory of probability really started

through the correspondence of these mathematicians, although this notion has

occasionally been disputed by some. For example, in his classic work Cardano:

the Gambling Scholar (1953), Ore made a detailed study of Cardano’s Liber de

ludo aleae and pointed out (p. viii)

. . .I have gained the conviction that this pioneer work on probability is so extensive and in
certain questions so successful that it would seemmuchmore just to date the beginnings of

probability theory from Cardano’s treatise rather than the customary reckoning from

Pascal’s discussions with his gambling friend de M�er�e and the ensuing correspondence

with Fermat, all of which took place at least a century after Cardano began composing his

De ludo aleae.

Burton seems to share the same opinion, for he says (Burton, 2006, p. 445)

For thefirst time,wefindatransitionfromempiricismtothe theoreticalconceptofafairdie. In

making it, Cardan [Cardano] probably became the real father of modern probability theory.

On the other hand, Edwards (1982) is quite categorical:

. . .in spite of our increased awareness of the earlier work of Cardano (Ore, 1953) and

Galileo (David, 1962) it is clear that before Pascal and Fermat no more had been achieved

than the enumeration of the fundamental probability set in various games with dice or

cards.

AlthoughCardanowas the first to study probability, it was Pascal’s and Fermat’s work

however that provided the first impetus for a systematic study and development of the

mathematical theory of probability. Likewise, contemporaries of Cardano such as

Pacioli, Tartaglia, and Peverone did consider probability calculations involving

various games of chance. However, as Gouraud (1848, p. 3) explains

. . .but these crude essays, consisting of extremely erroneous analyses and having all

remained equally sterile, do not merit the consideration of either critiques or history. . .

Let us now discuss Pascal’s and Fermat’s individual contributions to theProblem

of Points. Pascal was at first unsure of his own solution to the problem, and turned to a

friend, the mathematician Gilles Personne de Roberval (1602–1675). Roberval was

not of much help, and Pascal then asked for the opinion of Fermat, who was

immediately intrigued by the problem. A beautiful account of the ensuing correspon-

dence between Pascal and Fermat can be found in a recent book by Keith Devlin,

The Unfinished Game: Pascal, Fermat and the Seventeenth Century Letter That

Made the World Modern (Devlin, 2008). An English translation of the extant letters

can be found in Smith (1929, pp. 546–565). In a letter dated August 24, 1654, Pascal

says (Smith, 1929, p. 554)

I wish to lay my whole reasoning before you, and to have you do me the favor to set me

straight if I am in error or to endorse me if I am correct. I ask you this in all faith and

sincerity for I am not certain even that you will be on my side.
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Fermat made use of the fact that the solution depended not on how many rounds

each player had already won but on how many each player must still win to win the

prize. This is the same observation Cardano had previously made, although he had

been unable to solve the problem correctly.

The solution we provided earlier is based on Fermat’s idea of extending the

unfinished game. Fermat also enumerated the different sample points like in our

solution and reached the correct division ratio of 7:1.

Pascal seems to have been aware of Fermat’s method of enumeration (Edwards,

1982), at least for two players, and also believed therewas a bettermethod. For he says

in his first extant letter, dated July 29, 1654 (Smith, 1929, p. 548)

Your method is very sound and it is the first one that came to my mind in these researches,

but because the trouble of these combinations was excessive, I found an abridgment and

indeed another method that is much shorter and more neat, which I should like to tell you

here in a fewwords; for I should like to openmy heart to you henceforth if Imay, so great is

the pleasure I have had in our agreement. I plainly see that the truth is the same at Toulouse

and at Paris{{.

Figure 4.1 Blaise Pascal (1623–1662).

{ Pascal was residing in Paris while Fermat was in Toulouse.
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Let us now examine the “shorter andmore neat”method Pascal referred to previously.

In the July 29 letter, he continues

This is theway I go about it to know thevalue of each of the shareswhen two gamblers play,

for example, in three throws and when each has put 32 pistoles at stake:

Let us suppose that the first of them has two (points) and the other one. They now play

one throw of which the chances are such that if the first wins, he will win the entire wager

that is at stake, that is to say 64 pistoles. If the other wins, they will be two to two and in

consequence, if theywish to separate, it follows that eachwill take back his wager that is to

say 32 pistoles.

Consider then, Monsieur, that if the first wins, 64 will belong to him. If he loses, 32 will

belong to him. Then if they do not wish to play this point, and separatewithout doing it, the

first should say “I am sure of 32 pistoles, for even a loss gives them to me. As for the

32 others, perhaps I will have them and perhaps you will have them, the risk is equal.

Figure 4.2 Pierre de Fermat (1601–1665).
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Therefore, let us divide the 32 pistoles in half, and give me the 32 of which I am certain

besides.” He will then have 48 pistoles and the other will have 16.

Now let us suppose that the first has two points and the other none, and that they are

beginning to play for a point. The chances are such that if the firstwins, hewillwin all of the

wager, 64 pistoles. If the other wins, behold they have come back to the preceding case in

which the first has two points and the other one.

But we have already shown that in this case 48 pistoles will belong to the one who has

two points. Therefore if they do not wish to play this point, he should say, “If I win, I shall

gain all, that is 64. If I lose, 48will legitimately belong tome. Therefore giveme the 48 that

are certain to bemine, even if I lose, and let us divide the other 16 in half because there is as

much chance that you will gain them as that I will.” Thus he will have 48 and 8, which is

56 pistoles.

Let us now suppose that the first has but one point and the other none.You see,Monsieur,

that if they begin a new throw, the chances are such that if the first wins, he will have two

points to none, and dividing by the preceding case, 56 will belong to him. If he loses, they

will be point for point, and 32 pistoles will belong to him. He should therefore say, “If you

do not wish to play, give me the 32 pistoles of which I am certain, and let us divide the rest

of the 56 in half.” From56 take 32, and 24 remains. Then divide 24 in half, you take 12 and I

take 12 which with 32 will make 44.

By these means, you see, by simple subtractions that for the first throw, he will have

12 pistoles from the other; for the second, 12 more; and for the last 8.

Pascal thus considers a fair game worth a total of 64 pistoles and which stops once a

player wins a total of three rounds. In the first case, he assumes player A has already

won two rounds and player B has won one round. Then the game suddenly stops. How

should the division be done? Pascal reasons that if Awere towin onemore round (with

probability 1/2) then hewouldwin a total of three rounds. Player Awould thenwin the

64 pistoles. On the other hand, if Awas to lose (with probability 1/2), theywould have

won two rounds each and A would win 32 pistoles. Player A’s expected win is

therefore (1/2)(64)þ (1/2)(32)¼ 48 pistoles. This gives a division ratio of 48:16 or

3:1 between A and B.

Pascal then considers a second case. Suppose A has won two rounds and B none,

when the game stops. Then, if Awere towin the next round, hewould win 64 pistoles.

If Awas to lose, then A andBwould havewon two and one rounds, respectively. They

would then be in the first case, with Awinning 48 pistoles. PlayerA’s expectedwin for

the second case is thus (1/2)(64)þ (1/2)(48)¼ 56, which gives a division ratio of 56:8

or 7:1.

Finally, for the third case, Pascal assumes A has won one round and B none. If A

wins the next round, then Awould have won two rounds and B none. This leads us to

the second case with Awinning 56 pistoles. If A loses the next round, then A and B

would have won one round each, and Awould win 32 pistoles. Player A’s expected

win for the third case is therefore (1/2)(56)þ (1/2)(32)¼ 44 pistoles giving a division

ratio of 44:20 or 11:5.

Pascal’s reasoning may be generalized as follows. Suppose the total prize is

1 dollar and the person whowins a total of R fair rounds first collects the prize. Let the
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game stop suddenly when A is short to win by a rounds and B is short to win by b

rounds, and let A’s expected win be ea,b. Then, A can either win the next round with

probability 1/2 (in which case his expectedwinwould be ea�1,b) or lose the next round

with probability 1/2 (in which case his expected win would be ea,b�1)

ea;b ¼ 1

2
ðea�1;b þ ea;b�1Þ; a; b ¼ 1; 2; . . . ;R:

ea;0 ¼ 0; a ¼ 1; 2; . . . ;R� 1:

e0;b ¼ 1; b ¼ 1; 2; . . . ;R� 1:

9>>>>>=
>>>>>;

ð4:1Þ

Note thatA’s expectedwin ea;b is also his probability pa;b ofwinning, since the prize is

1 dollar.{

The elegance of Pascal’s method becomes obvious when we apply it to the

original question posed inProblem4. Let the total prize be 1 dollar. Instead of looking

at the case where A and B havewon a total of five and three rounds first, let us assume

A and B have won five and four rounds instead. If Awins the next round, he will win

1 dollar and if he loses hewill win 1/2 dollar. His expected win is thus (1/2)(1)þ (1/2)

(1/2)¼ 3/4 dollar. Let us now look at the case when A and B have won five and three

rounds. If A wins, he will win 1 dollar. If A loses, A and B will be at five and four

wins,which is the previous case (inwhichAwins 3/4 dollar). ThusA’s expectedwin is

(1/2)(1)þ (1/2)(3/4)¼ 7/8. The division ratio is therefore 7:1, which is the same

answer as before.

Pascal’s solution is noteworthy for several reasons. It does not need the kinds of

enumeration required in Fermat’s method. The latter would have been very tedious in

those days even if the number of remaining rounds was small (�10). Pascal’s method

is recursive in nature and it uses the concept of expectation. Although the latter

concept is usually attributed to Huygens, Pascal was actually the first to use it.

Hacking correctly points out (2006)

Not until the correspondence between Fermat and Pascal do we find expectation well

understood.

Pascal realized that his recursive method would quickly become unwieldy for

large a and b. Moreover, he was unable to use it when player A is b� 1 rounds short

and player B is b rounds short. Therefore, he resorted to the Arithmetic Triangle{ for a

solution (Pascal, 1665). This triangle has ones along its two outermost diagonals, and

{See p. 44

{The Arithmetic Triangle was known well before Pascal and had also been used by Cardano in his Opus

novum (Cardano, 1570; Boyer, 1950). It is called Yang Hui’s Triangle in China in honor of the Chinese

mathematician Yang Hui (1238–1298) who used it in 1261. Others have called it Halayudha’s Triangle

since the Indianwriter Halayudha used it in the tenth century. The trianglewas first calledPascal’s Triangle

byMontmort (1708, p. 80) in hisEssay d’Analyse sur les Jeux deHazard, see Samueli andBoudenot (2009,

pp. 38–39). For a modern treatment of the Pascal’s Arithmetic Triangle, see Edwards (2002) and Hald

(2003, pp. 45–54).
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each inner entry is the sum of the two nearest top entries (see Figs. 4.3 and 4.4).

Moreover, for a given row n, the ith entry counting from left is denoted by
n

i

� �
and

has a special property. It gives the number of ways of choosing i objects out of n

identical objects. In the binomial expansion of ðxþ yÞn, n

i

� �
is equal to the

coefficient of xi and is thus called a binomial coefficient, that is,

ðxþ yÞn ¼
Xn
i¼0

n

i

� �
xiyn�i;

where n is a natural number. This is the binomial theorem, due to Pascal (1665) and

can be extended to the generalized binomial theorem, due to Newton (1665):

ð1þ xÞa ¼ 1þ axþ aða� 1Þ
2!

x2 þ � � � þ aða� 1Þ � � � ða� i þ 1Þ
i!

xi þ � � � ;

where a is any rational number and |x| G 1.

Pascal was able to relate the Problem of Points to the Arithmetic Triangle. He

correctly identified the value of aþ b� 1 with each row of the triangle, such that the

corresponding entries give the number of ways A can win 0, 1, 2, . . . , rounds. Thus, for

row aþ b� 1, the jth entry counting from left is
aþ b� 1

j

� �
, the number of ways A

canwin j rounds out of aþ b� 1.Now, suppose playerA is short bya rounds and player

B by b rounds. Player Awins if he wins any of the remaining a, aþ 1, . . . , aþ b� 1

rounds. Pascal showed that the number of ways this can happen is given by the sum{

aþ b� 1

a

� �
þ aþ b� 1

aþ 1

� �
þ � � � þ aþ b� 1

aþ b� 1

� �

� aþ b� 1

0

� �
þ aþ b� 1

1

� �
þ � � � þ aþ b� 1

b� 1

� �
; ð4:2Þ

Value of a + b – 1 1 

1 1 1 

1 2 1 2 

1 3 3 1 3 

1 4 6 4 1 4 

… … … … …

Figure 4.3 A modern representation of the Arithmetic Triangle.

{ In the following, we will use the fact that
n

r

� �
� n

n� r

� �
.
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which is the sum of the first b entries in the Arithmetic Triangle for row aþ b� 1.

Similarly, player Bwins if hewins any of the remaining b, bþ 1, . . . , aþ b� 1 rounds.

The number of ways this can happen is given by the sum

aþ b� 1

b

� �
þ aþ b� 1

bþ 1

� �
þ � � � þ aþ b� 1

aþ b� 1

� �
; ð4:3Þ

which is the sumof the lasta entries in theArithmetic Triangle for row aþ b� 1. Pascal

was thus able to give the general division rule for a fair game betweenA and B from the

entries of the Arithmetic Triangle, counting from the left:

(sumof the first b entries of row a+ b – 1) : (sumof the last a entries of row a+ b –1)

AlthoughPascal solved only the casewhenAandBwere b� 1 and b rounds short

in his correspondence with Fermat, he was able to prove the general division rule

above in his Trait�e du Triangle Arithm�etique{ (Pascal, 1665).{ Applying this simple

rule to our question in Problem 4, we have a¼ 1, b¼ 3, aþ b� 1¼ 3, and a division

of stakes of (1þ 3þ 3):1¼ 7:1 between A and B, as required. Using Eq. (4.2) we can

also obtain the probability of A winning a fair game:

p*a;b ¼
1

2aþb�1

aþ b� 1

a

� �
þ aþ b� 1

aþ 1

� �
þ � � � þ aþ b� 1

aþ b� 1

� �� �
:

Let us now generalize Pascal’s idea when players A and B have probabilities p

and q (¼1� p) of winning each round. Suppose A and B are a and b rounds,

respectively, short of winning the prize, when the game suddenly stops. If the game

had continued, the maximum number of possible more rounds would have been

aþ b� 1. Player Awins the prize by winning any of a, aþ 1, . . . , aþ b� 1 rounds.

Now A can win j rounds out of aþ b� 1 rounds in
aþ b� 1

j

� �
ways, so A’s

probability of winning the prize is

pa;b ¼
Xaþb�1

j¼a

aþ b� 1

j

� �
pjqaþb�1�j: ð4:4Þ

Equation (4.4) first appeared in the second edition of Pierre R�emond de

Montmort’s} (1678–1719) Essay d’Analyse sur les Jeux de Hazard** (Montmort,

{Unfortunately, the English translation of Pascal’s Trait�e in Smith (1929, pp. 67–79) is not complete, as

only one application of the Arithmetic Triangle is included. In particular, the application of the triangle to

theProblem of Points is missing. However, the full Trait�e in French can be found in theOeuvres Compl�etes

de Pascal, Vol. II (Pascal, 1858, pp. 415–439). The Trait�e also marks the beginning of modern

combinatorial theory.

{ In Pascal’s Oeuvres Completes, Vol. II (Pascal, 1858, pp. 434–436).

} See Problem 7 for more on Montmort.

**An Analytical Essay on the Games of Chance.
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1713, pp. 244–245) as the first formula for theProblem of Points and corresponds to a

division ratio of pa;b : ð1� pa;bÞ between A and B. The solution had been communi-

cated to Montmort by John Bernoulli (1667–1748) in a letter that is reproduced in the

Essay (Montmort, 1713, p. 295).

Having received Fermat’s method of enumeration for two players, Pascal

makes two important observations in his August 24 letter. First, he states that his

friend Roberval believes there is a fault in Fermat’s reasoning and that he has tried

to convince Roberval that Fermat’s method is indeed correct. Roberval’s argu-

ment was that, in Problem 4{ for example, it made no sense to consider three

hypothetical additional rounds, because in fact the game could end in one, two, or

perhaps three rounds. The difficulty with Roberval’s reasoning is that it leads us to

write the sample space as W¼ {A1, B1A2, B1B2A3, B1B2B3}. Since there are three

ways out of four for A to win, a na€ıve application of the classical definition of

probability results in the wrong division ratio of 3:1 between A and B{ (instead of

the correct 7:1). The problem here is that the sample points in W above are not all

equally likely, so that the classical definition cannot be applied. It is thus

important to consider the maximum number of hypothetical rounds, namely

three, for us to be able to write the sample space in terms of equally likely sample

points, that is,

W ¼ A1A2A3;A1A2B3;A1B2A3;A1B2B3;B1A2A3;B1A2B3;B1B2A3;B1B2B3f g;

from which the correct division ratio of 7:1 can deduced.

Pascal’s second observation concerns his belief that Fermat’s method was not

applicable to a game with three players. In the August 24, 1654 letter, Pascal says

(Smith, 1929, p. 554)

When there are but two players, your theory which proceeds by combinations is very just.

But when there are three, I believe I have a proof that it is unjust that you should proceed in

any other manner than the one I have.

Let us now explain how Pascal made a slip when dealing with the Problem of

Points with three players. Pascal considers the case of three players A, B, C who

are respectively 1, 2, and 2 rounds short of winning. In this case, the maximum of

further rounds before the game has to finish is (1þ 2þ 2)� 2¼ 3.} With three

maximum rounds, there are 33¼ 27 possible combinations in which the three

players can win each round. Pascal correctly enumerates all the 27 ways but now

makes a mistake: he counts the number of favorable combinations that lead to A

{Recall that, in this fair game, two playersA andB are, respectively, one and three rounds short ofwinning a

prize, when the game stops.

{This is exactly the same wrong line of reasoning that d’Alembert later used when calculating the

probability of at least one head when a coin is tossed twice. See Problem 12.

}The general formula is: maximum number of remaining rounds ¼ (sum of the number of rounds each

player is short of winning) � (number of players) þ 1.
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winning the game as 19. As can be seen in Table 4.1, there are 19 combinations

(denoted by ticks and crosses) for which A wins at least one round. But out of

these, only 17 lead to Awinning the game (the ticks), because in the remaining two

(the crosses) either B or C wins the game first. Similarly, Pascal incorrectly counts

the number of favorable combinations leading to B and C winning as 7 and 7,

respectively, instead of 5 and 5.

Pascal thus reaches an incorrect division ratio of 19:7:7. Now Pascal again

reasons incorrectly and argues that, out of the 19 favorable cases for A winning the

game, six of these (namely A1B2B3, A1C2C3, B1A2B3, B1B2A3, C1A2C3, and C1C2A3)

result in either both A and B winning the game or both A and C winning the game.

So he argues the net number of favorable combinations for A should be 13þ
(6/2)¼ 16. Likewise he changes the number of favorable combinations for B and C,

finally reaching a division ratio of 16:51/2:5
1/2. But he correctly notes that the answer

cannot be right, for his own recursive method gives the correct ratio of 17:5:5. Thus,

Pascal at first wrongly believed Fermat’s method of enumeration could not be

generalized to more than two players. Fermat was quick to point out the error in

Pascal’s reasoning. In his September 25, 1664 letter, Fermat explains (Smith, 1929,

p. 562)

In taking the exampleof the threegamblersofwhomthefirst lacksonepoint, andeachof the

others lack two,which is the case inwhich you oppose, I findhere only 17 combinations for

thefirst and5 foreachof theothers; forwhenyousay that thecombinationacc isgood for the

first, recollect that everything that is done after one of the players haswon isworth nothing.

But this combination havingmade the first win on the first die, what does it matter that the

third gains two afterwards, since even when he gains thirty all this is superfluous? The

consequence, as you have well called it “this fiction,” of extending the game to a certain

number of plays servesonly tomake the rule easy and (according tomyopinion) tomake all

the chances equal; or better, more intelligibly to reduce all the fractions to the same

denomination.

Table 4.1 Possible CombinationsWhen A, B, and C are 1, 2, and 2 Rounds Short ofWinning

the Game, Respectively

A1A2A3 � B1A2A3 � C1A2A3 �
A1A2B3 � B1A2B3 � C1A2B3 �
A1A2C3 � B1A2C3 � C1A2C3 �
A1B2A3 � B1B2A3 X C1B2A3 �
A1B2B3 � B1B2B3 C1B2B3

A1B2C3 � B1B2C3 C1B2C3

A1C2A3 � B1C2A3 � C1C2A3 X

A1C2B3 � B1C2B3 C1C2B3

A1C2C3 � B1C2C3 C1C2C3

The ticks and crosses indicate the combinations that Pascal incorrectly chose to correspond toAwinning the

game.However, the crosses cannot bewinning combinations forA becauseB1B2A3 results in Bwinning and

C1C2A3 results in C winning.
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Fermat thus correctly argues that a combination such as A1C2C3 cannot be counted as

favorable to bothA andC, for onceA haswon the first round, he haswon the game and

the remaining rounds do not matter. Similarly, both B1B2A3 and C1C2A3 cannot be

counted as wins for A because B and C have already won the game, respectively, by

winning the first two rounds, and the third round does not matter. Thus, there are only

17 winning combinations for A (the ticks). Similarly, there are five winning

combinations for B (namely B1B2A3, B1B2B3, B1B2C3, B1C2B3, and C1B2B3), and

five winning combinations for C (namely B1C2C3, C1B2C3, C1C2A3, C1C2B3,

C1C2C3). Thus, the correct division ratio should be 17:5:5.

In the same letter, Fermat further continues and gives an alternative to themethod

of counting that can be used to get the correct probability of A winning:

The first may win in a single play, or in two or in three.

If hewins in a single throw, it is necessary that hemakes the favorable throwwith a three-

faced die at the first trial. A single diewill yield three chances. The gambler then has 1/3 of

the wager because he plays only one third. If he plays twice, he can gain in two ways,—

either when the second gambler wins the first and he the second, or when the third wins the

throw and when he wins the second. But two dice produce 9 chances. The player then has

2/9 of the wager when they play twice. But if he plays three times, he can win only in two

ways, either the second wins on the first throw and the third wins the second, and he the

third; or when the third wins the first throw, the second the second, and he the third; for if

the second or the third player wins the two first, he will win the wager and the first player

will not. But three dice give 27 chances ofwhich the first player has 27 of the chances when

they play three rounds. The sum of the chances which makes the first gambler win is

consequently 1/3, 2/9, and 2/17, which makes 17/27.

Fermat’s reasoning is based on thewaiting time for a given number of “successes.” Let

us generalize Fermat’s idea using modern notation. Note that both Pascal and Fermat

consideredonly fair games, but herewe shall assumeAandB’s probabilities ofwinning

one round are p and q¼ 1� p, respectively. NowA is a rounds short of winning and the

maximum number of possible more rounds is aþ b� 1. He can win either on the ath

round, or the (aþ 1)th round, . . . , or the (aþ b� 1)th round. This means that,

respectively, he can either win (a� 1) rounds out of a total of (a� 1) rounds and then

win the ath round, or win (a� 1) rounds out of a total of a rounds and then win the

(aþ 1)th round, . . . or win (a� 1) rounds out of a total of (aþ b� 2) rounds and then

win the (aþ b� 1)th round. Thus A’s probability of winning can also be written as

pa;b ¼
a�1

a�1

 !
pa�1 � pþ

a

a�1

 !
pa�1q � pþ

aþ1

a�1

 !
pa�1q2 � pþ���þ

aþb�2

a�1

 !
pa�1qb�1 � p

¼ paþpa
a

1

 !
qþpa

aþ1

2

 !
q2þ���þpa

aþb�2

b�1

 !
qb�1

¼ pa
Xb�1

j¼0

a�1þ j

j

 !
qj:

ð4:5Þ

32 Problem 4 The Chevalier de M�er�e Problem II: The Problem of Points (1654)



The reader might recognize that this second reasoning is based on the

negative binomial distribution.{ The latter is also sometimes called the Pascal

distribution although it is Fermat who first actually made use of it for the case

p¼ 1/2. Equation (4.5) first appeared in the second edition of Montmort’s Essay

d’Analyse sur les Jeux deHazard{ (Montmort, 1713, p. 245) as the second formula for

the Problem of Points.}

Both Fermat and Pascal therefore reached the same answer, albeit using

different approaches. But whose method was more groundbreaking? Which of

the two was the more significant figure in the foundation of the calculus of prob-

abilities? David is clearly in favor of Fermat. For example, she writes (David, 1962,

p. 88).

HadPascal left it at this, onewould havemarvelled at the quick intelligencewhichwas able

to generalise from such small arithmetical examples. The continuation of this present

letter, however, and of succeeding letters does to a certain extent throw doubt as towhether

he really understood what he was about.

Similarly, Devlin (2008, p. 62) says

A detailed description of Pascal’s recursive solution to the problem of the points quickly

becomes too technical for this book. But my main reason for not including it is that

Fermat’s solution is simply much better.

On the other hand, R�enyi (1972, p. 82) states

The witty solution of the problem of rightful distribution (the Problem of Points) comes

certainly from Pascal, and this, a recursive procedure making superfluous the actual

counting of the individual cases, is in itself a significant contribution to the foundation of

probability theory.

{ In general, consider a set of Bernoulli trials (seeProblem 8) with probability of success p and probability

of failure q¼ 1� p. Let X be the number of failures before the rth success occurs. Then X is said to have

a negative binomial distribution with parameters p and r, and PrfX ¼ xg ¼ xþ r� 1

r� 1

� �
pr�1qx � p¼

xþ r� 1

x

� �
prqx for x¼ 0, 1, 2, . . ..To understandwhyX is said to have a negative binomial distribution,

note that
rþ x� 1

x

� �
ð�1Þx � �r

x

� �
, so that PrfX ¼ xg ¼ �r

x

� �
prð�qÞx. Pr{X ¼ x} is thus the

(xþ 1)th term in the expansion of prð1� qÞ�r
, which is a binomial expression with a negative index. The

negative binomial distribution is discussed in more details in Chapter 5 of Johnson et al. (2005)

{ In the first edition of 1708,Montmort discussed theProblemof Points, but only for a fair game (Montmort,

1708, pp. 165–178).

} For the Generalized Problem of Points, see pp. 86–88.
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Edwards (2003, pp. 40–52) further adds

In section 3 [of the Trait�e du Triangle Arithm�etique]{ Pascal breaks new ground, and this

section, taken together with his correspondence with Fermat, is the basis of his reputation

as the father of probability theory.

The correspondence between Pascal and Fermat clearly shows the latter as the

consummate mathematician very much at ease with the calculus of probabilities.

Fermat was fully conversant with the existing probability principles of the time and

knew how to apply them to the old Problem of Points. On the other hand, Pascal’s

approach was more trailblazing and general, and his genius lies in that he was able to

devise new ways to deal with old problems. Moreover, Pascal was the first to have

solved the initial significant problem in the calculus of probabilities, namely the

Problem of Points.

Figure 4.4 Pascal’s Arithmetic Triangle, taken from the Oeuvres Completes Vol. 2 (Pascal, 1858,

p. 416).

{The Trait�e must be taken into account in a discussion of the relative contributions of Pascal and Fermat

toward the foundation of the probability calculus, for Fermat had already received a copy of it from Pascal

prior to his correspondence with the latter.
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We have explained how Pascal, one of the greatest mathematicians of his times,

made a mistake when dealing with three players in the Problem of Points. This slip

should perhaps not be judged too harshly. Indeed, such is the character of the

calculus of probabilities that simple-looking problems can deceive even the sharpest

minds. In his celebrated Essai Philosophique sur les Probabilit�es (Laplace, 1814a,
English edition, p. 196), the eminent French mathematician Pierre-Simon Laplace

(1749–1827) said

. . . the theory of probabilities is at bottom only common sense reduced to calculus.

There is no doubt that Laplace is right, but the fact remains that blunders and fallacies

continue to persist in the field of probability, oftenwhen “common sense” is applied to

problems. In another famous essay on probability,writtenmore than a century ago, the

English mathematician Morgan Crofton (1826–1915) made these very pertinent

remarks (Crofton, 1885):

From its earliest beginnings, a notable feature in our subject has been the strange and

insidiousmanner inwhich errors creep in – oftenmisleading themost acuteminds, as is the

case of D’Alembert{ – and the difficulty of detecting them, even when one is assured of

their presence by the evident incorrectness of the result. This is probably in many cases

occasioned by the poverty of language obliging us to use one term in the same context for

different things – thus introducing the fallacy of ambiguous idle; e.g., the same word

“probability” referring to the same event may sometimes mean its probability before a

certain occurrence, sometimes after; thus the chance of a horse winning the Derby is

different after the Two Thousand from what it was before. Again, it may mean the

probability of the event according to one source of information, as distinguished from its

probability taking everything into account; for instance, as astronomer thinks he can notice

in a newly-discovered planet a rotation fromeast towest; the probability that this is the case

is of course that of his observations in like cases turning out to be correct, if we had no other

sources of information; but the actual probability is less, because we know at least that the

vast majority of the planets and satellites revolve from west to east. It is easy to see that

such employment of terms in the same contextmust prove a fruitful source of fallacies; and

yet, without worrisome repetitions, it cannot always be avoided.

Our final discussion concerns Pascal’s further use ofmathematical expectation in

a famous argument favoring belief inGod.{The argument appears in Pascal’sPens�ees

{D’Alembert will be further discussed in Problems 11, 12, and 13.

{Religion had an indelible impact on Pascal’s short life. Pascalwent through his first religious conversion to

Jansenism in 1646 at the age of 23, while twomale nurses were attending to his injured father for a period of

threemonths. Jansenismwas a distinctmovement within the Catholic Church characterized by deep prayer,

recognition of human sinfulness, asceticism, and predestination. Themovementwas in a bitter feudwith the

Jesuit establishment and the Pope. In 1647, Pascal was very ill and his physicians recommended avoiding

stress. Pascal then turned to worldly pleasures. However, following a nearly fatal accident on the Pont de

Neuilly, Pascal underwent an ecstatic second conversion on the night of November 23, 1654, the so-called

“night of fire.” This was soon after his probability correspondence with Fermat. Thereafter, Pascal gave up

mathematics and retreated to the Jansenists at the Port-Royal, only to return to mathematics once in 1658.

He died in 1662 at the age of 39 as one of the greatest “could-have-been” in the history of mathematics, but

having done enough to still rank as one of the greatest. See Groothuis (2003) for more details.
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(Pascal, 1670 Fig. 5.5) and is commonly known asPascal’s Wager.{TheWager is not

an argument that God exists. Rather it uses a decision-theoretic approach to argue that

it is prudentiallymore rational to believe inGod. Hacking has given Pascal’sWager an

even higher importance than Pascal’s work on probability with Fermat. He writes

(Hacking, 1972):

Pascal’s wager was a decisive turning point in probability theory. Pascal is celebrated for

the probability correspondencewith Fermat, but that is not his most profound contribution

to probability. Pascal’s thought showed that the mathematics of games of chance had quite

general applications. He made it possible for the doctrine of chances (a theory involving

“objective” frequencies, whose primitive concept is expectation, or average winnings) to

become the art of conjecture (a “subjective” theory about degrees of confidence).

According to Hacking, Pascal gave three versions of his wager, although Jordan

identifies a fourth versionwithin Pascal’swritings (Jordan, 2006, p. 24). Herewe shall

focus on what Jordan dubs the “canonical version.” Pascal’s announces his wager as

follows (Palmer, 2001, p. 327):

. . .even though there were an infinite number of chances, of which only one were in your

favour, you would still be right to wager one in order to win two; and you would be acting

wrongly, being obliged to play, in refusing to stake one life against three in a game, where

out of an infinite number of chances there is one in your favour, if there were an infinity of

infinitely happy life to bewon.But here there is an infinity of infinitely happy life to bewon,

one chance of winning against a finite number of chances of losing, and what you are

staking is finite. That leaves no choice; wherever there is infinity, and where there are not

infinite chances of losing against that of winning, there is no room for hesitation, youmust

give everything. And thus, since you are obliged to play, you must be renouncing reason if

you hoard your life rather than risk it for an infinite gain, just as likely to occur as a loss

amounting to nothing.

Using modern notation, Pascal’s argument can be represented in the decision matrix

in Table 4.2. Here, p is the probability that God exists and is assumed to be extremely

small (but nonzero).

The variousU’s represent utilities (or “values”) for various decisions given the

true states of nature. For example, U¼ xmeans the utility of wagering against God

Table 4.2 Decision Matrix in Pascal’s Wager

Decision True state of nature

God exists (prob. p) God does not exist (prob. 1� p)

Wager for U¼¥ U¼ y

Wager against U¼ x U¼ z

{ Pascal’s Wager is also discussed in Hacking (1972), Jordan (2006), Elster (2003, pp. 53–74), Palmer

(2001, pp. 286–302), Oppy (2006, Chapter 5), Erickson and Fossa (1998, p. 150), Sorensen (2003, p. 228),

and Joyce (1999, Chapter 1).
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(i.e., believing that God does not exist) given that He exists. Pascal contends that

wagering for God when He exists brings the infinite happiness of an eternity in

heaven and has infinite utility; on the other hand, x, y, and z are all finite. Then, even

if the probability p that God exists is extremely small but nonzero, the expected

utility of wagering for God is

EUfor ¼ ð¥ÞðpÞ þ ðyÞð1� pÞ ¼ ¥:

On the other hand, the expected utility of wagering against God is

EUagainst ¼ ðxÞðpÞ þ ðyÞð1� pÞ ¼ pðx� yÞ þ y � EUfor:

Thus, the expected utility of wagering for God is infinitely bigger than the

expected utility of wagering against God. Hacking calls the decision criterion based

Figure 4.5 Cover of the first edition of Pascal’s Pens�ees (Pascal, 1670).
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on the expected utility for any nonzero p “an argument based on dominating

expectation” (Hacking, 1972).

What are we to make of Pascal’s Wager? Sure enough it has attracted a lot of

criticism. Since Pascal was exclusively referring to the Christian God in his Wager,

Denis Diderot (1713–1784) remarked (Diderot, 1875, LIX)

An Imam could reason just as well.

This is the so-called “many-gods” objection to Pascal’s Wager. It argues that Pascal

does not include other religious alternatives in his argument, each of which could lay

claim to an infinite gain. Another well-known criticism is echoed byRichardDawkins

(b. 1941) in The God Delusion (Dawkins, 2006, p. 104):

Believing is not something you can decide to do as a matter of policy. At least, it is not

something I can decide to do as an act of will. I can decide to go to church and I can decide

to recite theNicene Creed, and I can decide to swear on a stack of bibles that I believe every

word inside them. But none of that can make me actually believe it if I don’t. Pascal’s

wager could only ever be an argument for feigning belief in God. And the God that you

claim to believe in had better not be of the omniscient kind or he’d see through the

deception.

The essential argument made by Dawkins here is that one cannot consciously decide

to believe in God, a fact that undermines the whole premise of Pascal’s Wager. Other

critiques of Pascal’s Wager can be found in Chapter 5 of Jordan (2006). However,

although Pascal’s premises are debatable, the logic behind hismathematical argument

is valid. As Hacking (1972) explains

Nowhere in this paper shall I imply that Pascal’s arguments are persuasive. But this is not

because they are invalid (in the logician’s sense) but because the premisses of the

arguments are, at best, debatable.
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Problem 5

Huygens and the Gambler’s

Ruin (1657)

Problem. Two players A and B, having initial amounts of money a and (t�a)

dollars, respectively, play a game inwhich the probability that Awins a round is p and

the probability that B wins is q¼ 1�p. Each time A wins, he gets one dollar from B,

otherwise he gives B one dollar. What is the probability that A will eventually get all

of B’s money?

Solution. Letwa;t be the probability that A eventuallywins all the t dollars (i.e., ruins

B), starting with a dollars. Then, conditioning on the first round, we can obtain the

following difference equation for wa;t:

wa;t ¼ pwaþ1;t þ qwa�1;t ð5:1Þ
with wt;t � 1;w0;t � 0: To solve the above difference equation, we let wa;t ¼ la,

where l is a constant. Therefore, Eq. (5.1) becomes

la ¼ plaþ1 þ qla�1

pl2�lþ q ¼ 0

l ¼ 1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�4pq

p
2p

¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�4pþ 4p2

p
2p

¼ 1� ð1�2pÞ
2p

¼ q

p
; 1:

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.
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In the case p 6¼ q, we have two distinct roots so thatwa;t ¼ C þ Dðq=pÞa, whereC
and D are arbitrary constants. Substituting wt;t � 1;w0;t � 0, we have

C þ Dðq=pÞt ¼ 1

C þ D ¼ 0;

giving C ¼ �D ¼ �½ðq=pÞt�1��1
. Therefore, for p 6¼ q, we have

wa;t ¼ ðq=pÞa�1

ðq=pÞt�1
:

For p ¼ q, we consider the above expression in the limit as z ¼ q=p approaches 1:

wa;t ¼ lim
z! 1

za�1

zt�1

¼ lim
z! 1

aza�1

tzt�1

¼ a

t
:

Hence, we have

wa;t ¼

ðq=pÞa�1

ðq=pÞt�1
; p 6¼ q;

a

t
; p ¼ q:

8>>>><
>>>>:

ð5:2Þ

5.1 Discussion

Thegroundbreakingwork ofPascal andFermat, decisive as itwas, did not get published

in any of the journals of the time. Pascal had communicated to theAcad�emie Parisienne
{ in 1654, that he would soon publish the foundations of a brand new science: Alea

geometria or the Mathematics of Chance (Pascal, 1858, pp. 391–392). However, this

project never came to fruition. Pascal was busy with other projects and fighting inner

religious battles. As for Fermat, he was not interested in publishing his mathematical

works himself and has rightly been called the “Prince ofAmateurs.”{Destiny had left it

{ Founded in 1635 by the mathematician and music theorist Marin Mersenne (1588–1648), the Acad�emie

Parisiennewould in 1666 grow into theAcad�emie des Sciences.SeeDroesbeke andTassi (1990, pp. 24–25).

{ See, for example, Bell’sMen ofMathematics (Bell, 1953, pp. 60–78). Samueli andBoudenot (2009, p. 36)

report that Fermat publishedonly onemanuscript during his lifetime, althoughhismathematicalworkswere

quite extensive.
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to the prominent Dutch astronomer and mathematician Christiaan Huygens

(1629–1695) to popularize his two famous contemporaries’ work (Fig. 5.1).

In 1655, a few months after Pascal and Fermat’s correspondence, Huygens

visited France. There he became aware of theProblem of Points, although he did not

meet any of the two Frenchmen. However, Huygens met the mathematicians Claude

Mylon (1618–1660), who was a friend of Carcavi, and Gilles de Roberval,

with whom Pascal had previously discussed de M�er�e’s questions. Back in the

Netherlands, Huygens wrote a small manuscript on probability, which he sent to his

mentor, the Dutch mathematician Franciscus van Schooten (1615–1660). The latter

translated Huygens’ manuscript into Latin and included it in his book Exercita-

tionum mathematicarum. Huygens’ treatise came out in 1657 under the name De

ratiociniis in aleae ludo{ (Fig. 5.2) and, at 18 pages, was the first published book on

Figure 5.1 Christiaan Huygens (1629–1695).

{On the Calculations in Games of Chance. AnEnglish translation of this bookwas published in 1692 by the

Scottish physician John Arbuthnott (1667–1735) under the title “Of the Laws of Chance, or, a Method of

Calculation of the Hazards of Game, Plainly demonstrated, And applied to Games as present most in Use.”

However, Arbuthnott’s work was not just a translation; he included a preface, solutions to Huygens’

problems, and comments of his own.
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probability (Huygens, 1657). Although neither Pascal nor Fermat is mentioned in

the book, Huygens is quick to acknowledge in the preface (David, 1962, p. 114):

It should be said, also, that for some time some of the best mathematicians of France{ have

occupied themselves with this kind of calculus so that no one should attribute to me the

honour of the first invention. This does not belong to me. But these savants, although they

put each other to the test by proposing to each other many questions difficult to solve, have

hidden their methods. I have had therefore to examine and to go deeply for myself into this

matter by beginning with the elements, and it is impossible for me for this reason to affirm

Figure 5.2 First page of Huygens’ De ratiociniis in aleae ludo, taken from van Schooten’s

Exercitationum mathematicarum (Huygens, 1657).

{Although he did so indirectly, Huygens thus became the first to acknowledge Pascal and Fermat as the

founders of the probability calculus. See Pichard (2004, p. 18).
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that I have even started from the same principle. But finally I have found thatmy answers in

many cases do not differ from theirs.

It appears from the above that Huygens did not get the solutions to the problems

Pascal and Fermat had previously discussed, and had to work them out for himself.

However, historian Ernest Coumet has cast some doubts on this premise (Coumet,

1981, p. 129). Referring to a 1656 letter from Huygens to van Schooten, Coumet

advances the hypothesis that Huygens might have received hints on the solutions of

these problems from Pascal through the intermediary of de M�er�e. Moreover, it is

known that Carcavi did later communicate the essential results, but not the detailed

solutions, of Pascal and Fermat to Huygens.{

The De ratiociniis contained 14 propositions and concluded with five exercises

for the reader. It is the fifth exercise that is of interest here (see Fig. 5.3):

Figure 5.3 The last four problems in Huygens’ De ratiociniis in aleae ludo, taken from van

Schooten’s Exercitationum mathematicarum (Huygens, 1657). The very last problem (Problem 5) is

the famous Gambler’s Ruin Problem.

{See Courtebras (2008, p. 76).
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A and B taking 12 Pieces of Money each, play with 3 Dice on this Condition, That if the

Number 11 is thrown, A shall give B one Piece, but if 14 shall be thrown, then B shall give

one to A; and he shall win the Game that first gets all the Pieces of Money. And the

Proportion of A’s Chance to B’s is found to be, as 244,140,625 to 282,429,536,481.

We now describe, using modern notation, the solution that Huygens later

provided in Volume 14 of the Oeuvres Compl�etes (Huygens, 1920). The reader

should note that Huygens was the first to have formalized the use of mathematical

expectations{. In Proposition III of his book, Huygens (1657) explicitly states

If I have p chances of obtaining a and q chances of obtaining b, and if every chance can

happen as easily, it is worth to me as much as ðpaþ qbÞ=ðpþ qÞ.
In modern terms, if the probability of a player winning an amount a is p/(p þ p)

and the probability of herwinning an amount b is p/(p þ p), then the expected value of

her win W is

EW ¼
X
i

wiPr W ¼ wif g

¼ a � p

pþ q
þ b � q

pþ q

¼ paþ qb

pþ q
:

Similarly, let I ¼ 1 if a player wins a game, the probability of the latter event

being p, and let I ¼ 0 otherwise. Then the expectation of I is

EI ¼ 1ðpÞ þ 0ð1�pÞ ¼ p:

The player’s expectation towin in a game, ormore simply her expectation, is thus

her probability to win.

Coming back to Huygens’ fifth exercise, let Ei be A’s expectation of ruining B

when he haswon a net amount i fromB. Leta be the probability of obtaining a score of

14, andb the probability of a score of 11, when three dice are thrown, conditional on a

throw of either a 14 or an 11. Huygens first considers the hypothetical cases of A

ruining BwheneverA leads by two points, and of B ruining Awhenever A lags by two

points. This is equivalent to saying that A and B both start with two units of money

and whoever wins all four units ruins his opponent. The problem then is to find the

value of E0, which is A’s expectation of ruining B at the start of the game (and also at

any time A and B have won equal amounts). We have E2 � 1, E�2 � 0, and

E1 ¼ að1Þ þ bE0 ¼ aþ bE0;

E�1 ¼ aE0 þ bð0Þ ¼ aE0;

E0 ¼ aE1 þ bE�1:

{Although Pascal was the first to have actually used it, as we noted in Problem 4.
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Huygens also makes use of a probability tree, the first indeed, to illustrate the last

set of relationships.{ Eliminating E�1 and E1, we have

E0 ¼ a2

a2 þ b2
:

This implies that B’s probability of ruining A is b2=ða2 þ b2Þ, giving a relative
probability for A and B of a2=b2. Huygens then considers the case when both players

start with four and eight units of money each, and obtains probability ratios of a4=b4

and a8=b8, respectively (see Fig. 5.4). Huygens states that for the case of n units of

money the relative probability is an=bn, without proving this claim by induction. By

using a=b ¼ 5=9{ and n¼ 12, we obtain a probability ratio of

a

b

� �12

¼ 5

9

� �12

¼ 244; 140; 625

282; 429; 536; 481
;

which is the answer Huygens gave in the De ratiociniis (see Fig. 5.3).

Figure 5.4 Extract fromHuygens’ proof of the formula for theGambler’s Ruin Problem, taken from

the Oeuvres Completes, Vol. 14 (Huygens, 1920).

{See also Edwards (1983) and Shoesmith (1986).

{This is the ratio of the probability of obtaining a 14 to the probability of obtaining an 11 with three dice.
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Although Huygens is usually credited with the Gambler’s Ruin Problem,{ the

problemwas actually communicated to him at a later stage by Fermat. The latter in turn

hadbeenasked the problembyPascal in1656.TheGambler’sRuinProblem thus seems

to actually originate from Pascal.{ Edwards (1983) traces Pascal’s own solution to the

differenceequationfromtheProblemofPoints.}Thesolutionweprovided inProblem5

was first given by Jacob Bernoulli in the Ars Conjectandi (Bernoulli, 1713, p. 99).

An even more difficult related problem at the time was the Problem of the

Duration of the Play (see, e.g., Roux, 1906, p. 18). This was first treated in

Montmort’s Essay d’Analyse sur les Jeux de Hazard (Montmort, 1708, p.184), then

in de Moivre’s De Mensura Sortis (de Moivre, 1711). Montmort considers a game

with two players of equal skill, each having three counters initially. He writes

We can, by the method in this Problem, solve the following: Determine the duration of a

gamewhere onewould play always by counting excesswins according to the conditionswe

have explained, p.178. One will find, for example, that if we play according to these rules

with three counters each the odds that the gamewill end in seven rounds are 37 to 27; & in

five rounds an odds of 7 to 9. One will find in the formula 1
4
þ 3

42
þ 32

43
þ 33

44
þ 34

45
þ&c:the

reason for the odds that the game will finish in a certain number of rounds . . .

Thus by adding the first three terms of the above series we obtain probability of

37/64 giving odds of 37 to 27; by adding the first two terms we obtain a probability

of 7/16, giving odds of 7 to 9.

The general Problem of the Duration of the Play can be answered by finding the

probability mass function of N, the number of games before either A or B is ruined.

Suppose A and B initially have a and t�a dollars, and their probabilities of winning

one game are p and q¼ 1�p, respectively. Let u
ðnÞ
a be the probability that A is ruined

on the nth game, starting with a dollars. Then, conditioning on the first game,

we obtain

uðnÞa ¼ pu
ðn�1Þ
aþ1 þ qu

ðn�1Þ
a�1 ; ð5:3Þ

where

u
ðnÞ
0 � u

ðnÞ
t � 0; for n � 1;

u
ð0Þ
0 � 1;

u
ð0Þ
a � 0; for aH0:

ð5:4Þ

{The gambler’s ruin problem is also discussed in Ibe (2009, p. 220), Mosteller (1987, p. 54), Rosenthal

(2006, p. 75), Andel (2001, p. 29), Karlin and Taylor (1975, pp. 92–94), Ethier (2010, Chapter 7), and

Hassett and Stewart (2006, p. 373).

{However, historian Ernest Coumet (1965a), cites an interesting aragraph from Cardano’s Practica

arithmeticae generalis omnium copiosissima & utilissima, Chapter LXI, S 17 (Cardano, 1539), which

discusses a problem very similar to the Gambler’s Ruin. See p. 109 (footnote) for more.

} See Problem 4.
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Wenow follow Pierre-SimonLaplace (1749–1827)who solved the problem in its

full generality through themethod of probability generating functions (Laplace, 1812,

p. 225).{The readermightwish to review thismethod inProblem9 beforemoving on.

We first define the probability generating function of the number of games (N1) before

A is ruined:

GaðsÞ � EsN1 ¼
X¥
n¼0

uðnÞa sn:

Equation (5.3) becomes

X¥
n¼0

uðnÞa sn ¼ p
X¥
n¼1

u
ðn�1Þ
aþ1 sn þ q

X¥
n¼1

u
ðn�1Þ
a�1 sn

¼ ps
X¥
n¼0

u
ðnÞ
aþ1s

n þ qs
X¥
n¼0

u
ðnÞ
a�1s

n

¼ ps
X¥
n¼0

u
ðnÞ
aþ1s

n þ qs
X¥
n¼0

u
ðnÞ
a�1s

n:

Therefore, we have

GaðsÞ ¼ psGaþ1ðsÞ þ qsGa�1ðsÞ; ð5:5Þ
where, fromEq. (5.4),G0ðsÞ � 1 andGtðsÞ � 0. To solve this difference equation, we

let GaðsÞ ¼ ja. Equation (5.5) then becomes

1 ¼ psj þ qsj�1)j1; j2 ¼
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�4pqs2

p
2ps

:

Using these two roots, we can write the general solution of Eq. (5.5) as

GaðsÞ ¼ C1j
a
1 þ C2j

a
2: ð5:6Þ

Since G0ðsÞ � 1 and GtðsÞ � 0, we have

C1 þ C2 ¼ 1;

C1j
t
1 þ C2j

t
2 ¼ 0:

(

Solving for C1 and C2 and substituting in Eq. (5.6), we finally obtain

GaðsÞ ¼ EsN1 ¼ q

p

� �a jt�a
1 �jt�a

2

jt1�jt2
:

{See also Feller (1968, p. 349).
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Similarly, the generating function for the number of games (N2) before B is

ruined is

EsN2 ¼ ja1�ja2
jt1�jt2

:

Since PrfN ¼ ng ¼ PrfN1 ¼ ng þ PrfN2 ¼ ng, the probability generating func-
tion of the number of games until either A or B is ruined is

EsN ¼ EsN1 þ EsN2 ¼ ðq=pÞaðjt�a
1 �jt�a

2 Þ þ ðja1�ja2Þ
jt1�jt2

: ð5:7Þ

A closed-form expression for PrfN ¼ ng could be obtained by extracting the

coefficient of sn in the generating function above, but is complex.{However, Eq. (5.7)

can be differentiated to obtain the expected duration of the game{:

EN ¼ d

ds
EsN

����
s¼1

¼
1

q�p
a� tf1�ðq=pÞag

1�ðq=pÞt

2
4

3
5; p 6¼ q;

aðt�aÞ; p ¼ q ¼ 1=2:

8>>><
>>>:

{ See Feller (1968, pp. 352–354).

{An alternative method would be to solve the following difference equation for EN¼Da:Da¼ pDaþ 1 þ
qDa-1 þ 1, subject to D0 ¼ 0 and Da ¼ 0.
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Problem 6

The Pepys–Newton

Connection (1693)

Problem. Aasserts that hewill throw at least one six with six dice. B asserts that he

will throw at least two sixes by throwing 12 dice. C asserts that he will throw at least

three sixes by throwing 18 dice. Which of the three stands the best chance of carrying

out his promise?

Solution. The solution involves the application of the binomial distribution. LetX be

the number of sixeswhen n balanced dice are thrown independently, n¼ 1, 2, . . .Then

X � Bðn; 1=6Þ and

PrfX ¼ xg ¼ n

x

� �
ð1=6Þxð5=6Þn�x; x ¼ 0; 1; 2; . . . ; n:

For A, X � Bð6; 1=6Þ and
Pr X � 1f g ¼ 1�PrfX ¼ 0g

¼ 1�ð5=6Þ6

¼ :665:

For B, X � Bð12; 1=6Þ and
PrfX � 2g ¼ 1�PrfX ¼ 0g�PrfX ¼ 1g

¼ 1�ð5=6Þ12�12ð1=6Þð5=6Þ11

¼ :619:
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For C, X � Bð18; 1=6Þ and
PrfX � 3g ¼ 1�PrfX ¼ 0g�PrfX ¼ 1g�PrfX ¼ 2g

¼ 1�ð5=6Þ18�18ð1=6Þð5=6Þ17�153ð1=6Þ2ð5=6Þ16

¼ :597:

Thus,A ismore likely thanBwho, in turn, ismore likely thanCof carrying out his

promise.

6.1 Discussion

The above problem is of historical significance because it was posed to none other

than Sir Isaac Newton (1643–1727) (Fig. 6.2) by naval administrator, Member of

Figure 6.1 Pepys’ November 22, 1693 accompanying letter to Newton, taken from Pepys (1866).
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Parliament, and diarist Samuel Pepys (1633–1703) in 1693.{The question was sent to

Newton by Mr. Smith, the writing-master at Christ’s Hospital. The accompanying

letter from Pepys is shown in Fig. 6.1.

Pepys’ original question required the probability for “exact” numbers of sixes,

rather than “at least” a certain number of sixes. In his reply to Pepys (Fig 6.1), Newton

made the latter change stating the original question was ambiguous. Newton’s correct

answer was that the probabilities are in decreasing order for A, B, and C, stating the

following reason (Pepys, 1866, p. 257)

If the question be thus stated, it appears by an easy computation, that the expectation ofA is

greater than that of B or C; that is, the task of A is the easiest; and the reason is because A

has all the chances of sixes on his dyes for his expectation, but B and C have not all the

chances on theirs; for when B throws a single six, or C but one or two sixes, they miss of

their expectations.

Figure 6.2 Extract from Newton’s letter of November 26, 1693 to Pepys, taken from Pepys (1866).

{The Pepys–Newton connection is also discussed inDavid (1962, Chapter 12), Schell (1960), Pedoe (1958,

pp. 43–48), and Higgins (1998, p. 161).
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However, as Stigler (2006) has noted, although Newton’s answer was correct, his

reasoning was not completely beyond reproach. The ordering in the three probabili-

ties is not true in general, and depends crucially on their being of the form

PrfX � npg.{ As Pepys was not convinced of the answer and thought that C would

have the highest probability, Newton wrote back to him, giving details of the

calculations he used and the exact probabilities for the first two cases, namely

31,031/46,656 and 1,346,704,211/2,176,782,336. David (1962, p. 128) notes that

Newton stopped at 12 dice and that the “arithmetic would have been formidable for 18

dice and Huygens would have used logarithms.”

The Pepys–Newton problem seems to be a rare venture Newton made into

probability. David (1962, p. 126) states that

. . .Newton did not research in the probability calculus; he may have disapproved of

gambling. . .

Figure 6.3 Sir Isaac Newton (1643–1727).

{ Stigler gives an example, taken from Evans (1961), in which the ordering in not true: Pr{X � 1|n¼ 6,

p¼ 1/4}¼ .822 G Pr{X � 2|n¼ 12, p¼ 1/4}¼ .842.
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Mosteller (1987, p. 34) adds

As far as I know this is Newton’s only venture into probability.

However, Newton did use probabilistic ideas and methods on some occasions in

his writings (Sheynin, 1971). Gani (2004) states

The correspondence with Pepys, outlined earlier, provides convincing evidence that

Newton was conversant with the calculus of probabilities of his time.

In any case, when asked mathematical questions, presumably of the probabilistic

type, Newton used to recommend his good friend Abraham de Moivre (1667–1754):

“Go to Mr. de Moivre; he knows these things better than I do.” (Bernstein, 1996,

p. 126). The feeling was mutual, for de Moivre dedicated the first edition of his epic

Doctrine of Chances (de Moivre, 1718) to Newton:

The greatest help I have received in writing on this subject having been from your

incomparable works, especially your method of series, I think it my duty publicly to

acknowledge that the improvements I have made in the matter here treated of are

principally derived from yourself. The great benefit which has accrued to me in this

respect, requires my share in the general tribute of thanks due to you from the learned

world. But one advantage, which is more particularly my own, is the honour I have

frequently had of being admitted to your private conversation, wherein the doubts I have

had upon any subject relating to Mathematics have been resolved by you with the greatest

humanity and condescension. Those marks of your favour are the more valuable to me

because I had no other pretence to them, but the earnest desire of understanding your

sublime and universally useful speculations. . ..
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Problem 7

Rencontres with

Montmort (1708)

Problem. Suppose you have a jar containing n balls numbered 1, 2, 3, . . . , n,

respectively. They are well mixed and then drawn one at a time. What is the

probability that at least one ball is drawn in the order indicated by its label (e.g., the

ball labeled 2 could be the second ball drawn from the jar)?

Solution. There are n! permutations (or ordered sequences) of the n balls {1, 2, . . . ,

n}. Assume that the jth element in a permutation represents the jth ball drawn. Let Pj

(j¼ 1, 2, . . . , n) be the property that, in a given permutation, the jth ball drawn has

label j, and letAj denote the set of permutations with propertyPj.We now compute the

total number of permutations, Ln, for which at least one ball is drawn in the order

indicated by its label. We have

Ln � jA1 [ A2 [ � � � [ Anj

¼
X
i

jAij �
X
iGj

jAi \ Ajj þ
X

iGjGk

jAi \ Aj \ Akj

� � � � þ ð�1Þnþ1jA1 \ A2 \ � � � \ Anj:

In the last line, we have used the principle of inclusion and exclusion.{ Now

jAi \ Ajj ¼ ðn� 2Þ! and there are
n

2

� �
such combinations, and similarly for the

Classic Problems of Probability, Prakash Gorroochurn.
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{ See, for example, Johnson et al. (2005, Chapter 10) and Charalambides (2002, p. 26).
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others. Therefore,

Ln ¼
n

1

0
@

1
Aðn� 1Þ!�

n

2

0
@

1
Aðn� 2Þ!þ

n

3

0
@

1
Aðn� 3Þ!� � � � þ ð�1Þnþ1ð1Þ

¼ n!

1!
� n!

2!
þ n!

3!
� � � � þ ð�1Þnþ1 n!

n!

¼ n! 1� 1

2!
þ 1

3!
� � � � þ ð�1Þnþ1

n!

8<
:

9=
;:

Hence, the probability that at least one ball is drawn in the order indicated by

its label is

pn � Ln

n!
¼ 1� 1

2!
þ 1

3!
� � � � þ ð�1Þnþ1

n!
: ð7:1Þ

7.1 Discussion

This problem is the best-known contribution to the theory of probability of the French

mathematician Pierre R�emond de Montmort (1678–1719).{ The latter included it in

his treatise Essay d’Analyse sur les Jeux de Hazard{ (Montmort, 1708) (Fig. 7.1), a

work largely inspired by the then deceased Jacob Bernoulli. The original problem

went under the heading of the game of Treize} (see Fig. 7.2) and is also known as the

Probl�eme des Rencontres** (Montmort, 1708, pp. 54–64). It involves the throwing of

13 cards numbered 1, 2, . . . , 13. The cards are then drawn out singly and the problem
asks for the probability that, once at least, the number on a card coincides with the

number of the order in which it was drawn. In his 1865 classic A History of the

Mathematical Theory of Probability From the Time of Pascal to That of Laplace,

which still ranks as one of the best history books on probability ever written, the great

mathematical historian Isaac Todhunter (1820–1884) (Fig. 7.5) notes, with his usual

attention to detail (1865, p. 91):

{For a biography of Montmort, see Hacking (1980c).

{An Analytical Essay on the Games of Chance.

}The comprehensive book by van Tenac (1847) gives a full description of various games of the time. The

game of Treize appears on p. 98.

** Problem of Coincidences. The Probl�eme des Rencontres is further discussed in Hald (2003, Chapter 19),

Chuang-Chong and Khee-Meng (1992, pp. 160–163), MacMahon (1915, Chapter III), Riordan (1958,

Chapter 3) and Dorrie (1965, pp. 19–21).
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In his first edition Montmort did not give any demonstrations of his results; but in his

second edition he gives two demonstrations which he had received from Nicolas

Bernoulli. . .

(see Fig. 7.3). Indeed, the 1708 publication of the first edition of Essay d’Analyse

prompted the reaction from three renownedmathematicians of the time, namely John

Bernoulli (1667–1748) (Fig. 7.4) (archrival of the older brother Jacob), Nicholas

Bernoulli{ (1687–1759) (nephew of Jacob and John, and student of the former), and

Abraham de Moivre (1667–1754). First was a somewhat harsh letter from John

pointing out errors and omissions in Montmort’s book, as well as general solutions to

Figure 7.1 Cover of the first edition of the Essay d’Analyse sur les Jeux de Hazard.

{Also known as Nicholas I Bernoulli.
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some of the problems Montmort had previously considered. On the other hand,

Nicholas’ remarks were more constructive and started a fruitful correspondence

between him and Montmort.{ John’s and Nicholas’ input led to the publication by

Montmort in 1713 of a greatly expanded and improved second edition of the Essay

d’Analyse. In the new edition, Montmort reproduced the letters from both John

and Nicholas, giving credit to both of them. However, Montmort was not equally

Figure 7.2 Montmort’s “Jeux de Treize” from the first edition of theEssay (Montmort, 1708, p. 54).

{ It was through this correspondence that the so-called St Petersburg problem was first enunciated by

Nicholas Bernoulli. This problemwent on to gain immortal status through its later publication byNicholas’

younger cousin, Daniel Bernoulli. See Problem 11.
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kind to de Moivre. In his 1711 De Mensura Sortis, which contained many of the

problems inMontmort’s 1708 book, deMoivre had been quite critical of the latter (de

Moivre, 1711; Hald, 1984):

By thy exhortation,most distinguished sir, I have solved certain problems pertaining to the

die, and have revealed the principles bywhich their solutionmay be undertaken; and now I

have published them by command of the Royal Society. Huygens was the first that I know

who presented rules for the solution of this sort of problems, which a French author has

very recently well illustrated with various examples; but these distinguished gentlemen do

not seem to have employed that simplicity and generality which the nature of the matter

demands: moreover, while they take upmany unknown quantities, to represent the various

conditions of gamesters, they make their calculation too complex; and while they suppose

that the skill of gamesters is always equal, they confine this doctrine of gameswithin limits

too narrow. . .

Figure 7.3 Nicholas Bernoulli’s proof of the solution to the Game of Treize, as it appears in the

second edition of Montmort’s Essay (Montmort, 1713, p. 301).
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In the second edition of his book, Montmort replied measure for measure

(Montmort, 1713, p. xxvii):

M. Moivre was right that I would need his book [De Mensura Sortis] to answer to the

critique hemade ofmine in hisAdvertisement. His commendable intention to promote and

elevate his work hasmade him demeanmine and dispute the novelty ofmymethods. As he

has thought it possible to attack me without me complaining, I believe I can answer him

without giving him reason to complain against me. . .

However, by 1718, when the first edition of de Moivre’s Doctrine of Chances

came out, the twomen seemed to havemade up. In the preface of his book, deMoivre

(1718, p. ii) writes

Since the printing of my specimen [de Mensura Sortis], Mr. de Montmort, author of the

Analyse des Jeux du Hazard, published a second edition of that book, in which he has

particularly given proofs of his singular genius, and extraordinary capacity, which

testimonyIgiveboth to truth, andwith the friendshipwithwhichhe ispleased tohonourme.

Figure 7.4 John Bernoulli (1667–1748).
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Coming back to the game of Treize, Montmort attacks the problem by first giving

the solution for a few specific cases. Using the same reasoning as for these cases, he

then gives the following recursive equation for pn (Montmort, 1708, p. 58):

pn ¼ ðn� 1Þpn�1 þ pn�2

n
; n � 2; p0 ¼ 0; p1 ¼ 1: ð7:2Þ

To understand how Eq. (7.2) is derived, let us write qn ¼ 1� pn, where qn is the

probability of a derangement of n balls, that is, a permutation for which no ball in the

ith position has label i (i¼ 1, 2, . . . , n). Consider a particular derangement. Suppose

the ith ball drawn has label j ð6¼ iÞ. Then the jth ball drawn can either have label iwith
probability 1=n (and the remaining (n � 2) balls are also “deranged”) or the jth ball

drawn can have a label different from iwith probability (1� 1=n) (and the remaining

(n � 1) balls, i.e., with ball i excluded, are also “deranged”). Therefore, we have

qn ¼ 1

n
qn�2 þ 1� 1

n

� �
qn�1:

Replacing qn ¼ 1� pn, we obtain Eq. (7.2). Using the latter formula, Montmort

calculates p13 ¼ 109,339,663/172,972,800 � .632120558. Montmort also gives the

Figure 7.5 Isaac Todhunter (1820–1884).
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explicit formula we derived in our solution for pn (Montmort, 1708, p. 59). Using a

result from Leibniz,{ he shows that

lim
n!¥

pn ¼ 1� e�1ð� :632120558Þ:

David (1962, p. 146) mentions that this was perhaps the first exponential limit in

the calculus of probability. Coming back to pn, we make two observations. First, its

value settles down to .6321 (to 4 d.p.) as soon as n¼ 7. It remains the same (to 4 d.p.)

even if n¼ 106. The reason for this behavior can be understood from the series of

rapidly decreasing terms in Eq. (7.1). The second observation relates to the relatively

large value of pn itself, for n � 7. If the ball in jar experiment with n¼ 7 balls is

repeatedmany times, in slightly less than 2 out of 3 repetitions, at least one ball will on

average will be drawn in the order indicated by its label. These are pretty good odds.

In the 1751 memoir, Calcul de la probabilit�e dans le jeu de rencontre, the great
mathematician Leonhard Euler (1707–1783) also solved the Probl�eme des Rencon-

tres, independently of Nicolas Bernoulli (Euler, 1751). Compared to his works in

mathematical analysis, Euler’s contributions in probability were modest, although he

did write four papers on the Genoese Lottery. His other probability contributions are

described in Chapter 12 of Debnath (2010).

{Namely the well-known formula ex ¼ 1 þ x þ x2/2! þ x3/3! þ . . . for all x.
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Problem 8

Jacob Bernoulli and his

Golden Theorem (1713)

Problem. Show that the probability of an equal number of heads and tails when a

fair coin is tossed 2m times is approximately 1=
ffiffiffiffiffiffiffiffi
pm

p
for large m.

Solution. LetX be the number of heads for 2m independent tosses of a fair coin. Then

X�B(2m, 1/2) and

PrfX ¼ xg ¼ 2m

x

 !
1

2

� �x
1

2

� �2m�x

¼ 1

22m

2m

x

 !
; x ¼ 0; 1; . . . ; 2m:

The probability of an equal number of heads and tails is

PrfX ¼ mg ¼ 1

22m

2m

m

 !

¼ 1

22m
� ð2mÞ!
ðm!Þ2 :

Applying Stirling’s formula N! � ffiffiffiffiffiffi
2p

p
NNþ1=2 e�N for large N, we have

PrfX ¼ mg � 1

22m
�
ffiffiffiffiffiffi
2p

p ð2mÞ2mþ1=2
e�2mffiffiffiffiffiffi

2p
p

mmþ1=2 e�m
� �2

¼ 1

22m
�
ffiffiffiffiffiffi
2p

p ð2mÞ2mþ1=2
e�2m

2pm2mþ1e�2m

¼ 1ffiffiffiffiffiffiffi
pm

p :

ð8:1Þ

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.

62



8.1 Discussion

The last formula implies that, for a fair coin, the probability of an equal number of

heads and tails is inversely proportional to
ffiffiffiffi
m

p
. Table 8.1 shows that, as more

coins are tossed, it becomes less likely that there will be an equal number of heads

and tails.

This last statement might appear as a direct contradiction of Bernoulli’s Law of

Large Numbers. Let us briefly explain this law before dealing with the apparent

contradiction. Bernoulli’s law is the simplest formof theWeakLawof LargeNumbers

(WLLN) and considers n independent tosses of a coinwith probability of heads p such

that the total number of heads is Sn.
{Then Bernoulli’s law states that the proportion of

heads converges in probability to p as n becomes large, that is,

lim
n!¥

Pr
Sn

n
� p

����
���� < «

� 	
¼ 1; ð8:2Þ

where « > 0 is an arbitrarily small number.{ In other words, consider an experiment

that consists of tossing a coin n times, yielding a sequence of heads and tails. Suppose

the experiment is repeated a large number of times, resulting in a large number of

sequences of heads and tails. Let us consider the proportion of heads for each

sequence. Bernoulli’s law implies that, for a given large n, the fraction of sequences

(or experiments) for which the proportions of heads is arbitrarily close to p is high,

and increases with n. That is, the more tosses we perform for a given experiment, the

Table 8.1 The Probability of an Equal Number of Heads and TailsWhen a Fair Coin is Tossed

2m Times

Number of tosses of a fair coin (2m) Prob. of an equal number of heads and tails

10 .1262

20 .0892

50 .0564

100 .0399

500 .0178

1,000 .0126

10,000 .0040

100,000 .0013

1,000,000 .0004

{ In general, independent and identically random variables each of which can take only two values are

eponymously called Bernoulli random variables.

{This limit statement itself means that for any « > 0 and d > 0, no matter how small, an N can be found

sufficient large so that, for all n � N, we have PrfjSn=n� pj < «g � 1� d.
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greater the probability that the proportion of heads in the corresponding sequencewill

be very close to the true p. This fact is very useful in practice. For example, it gives us

confidence in using the frequency interpretation of probability.{

Let us now return to the apparent contradiction. Applying Bernoulli’s law to our

case of a fair coin,we see that the proportion of heads in 2m tosses should bevery close

to 1/2 with increasing probability as m increases. Doesn’t this then mean that the

probability of an equal number of heads and tails should increasewithm? The answer

is no. In fact, it is still possible for the proportion of heads to be ever closer to 1/2while

the difference in the number of heads and tails is ever larger. Consider Table 8.2.As the

number of tosses increases, we see that the proportion of heads gets closer to 1/2 in

spite of the fact the absolute difference between the number of heads and tails

increases. Thus, there is no contradiction with Table 8.1.

Digging further, we now prove that, as the number of tosses of a fair coin

increases, it is increasingly likely that the absolute difference in the number of

heads and tails becomes arbitrarily large, even as the proportion of heads converges

to 1/2.

Let X be the number of heads in n independent tosses of a fair coin. Then X�B

(n, 1=2) and the absolute difference between the number of heads and tails is

X � ðn� XÞj j ¼ 2X � nj j. For any D> 0, we have

Prf 2X � nj j > Dg ¼ 1� Prf 2X � nj j � Dg
¼ 1� Prf�D <¼ 2X � n � Dg

¼ 1� Pr
n

2
� D

2
� X � n

2
þ D

2

� 	
:

Table 8.2 As the Number of Tosses Increases, the Proportion of Heads Gets Closer to .5. Yet,

at the same time, the absolute difference between the number of heads and tails keeps on

increasing

Number of tosses of

a fair coin (2m)

Proportion of

heads

Number

of heads

Difference in the Number

of heads and tails

1,000 .400 400 200

5,000 .450 2,250 500

10,000 .530 5,300 600

50,000 .520 26,000 2,000

100,000 .490 49,000 2,000

500,000 .495 247,500 5,000

1,000,000 .497 497,000 6,000

{The various interpretations of probability are discussed in Problem 14.
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We now use the normal approximation{ XUNðn=2; n=4Þ so that

Prf 2X � nj j > Dg � 1� Pr
�Dffiffiffi
n

p � Z � Dffiffiffi
n

p
� 	

;

where Z�N(0, 1). As n!¥; we have

Prf 2X � nj j > Dg! 1� PrfZ ¼ 0g ¼ 1� 0 ¼ 1:

Thus, it is increasingly likely that the absolute difference in the number of heads

and tails exceeds any finite number, however large, as the number of tosses of a fair

coin increases. This is in spite of the fact that the ratio of the number of heads to the

total number of tosses is increasingly likely to be very close to 1/2. The absolute

difference is likely to increase because this difference becomes ever more variable as

the number of tosses increases:

var 2X � nj j ¼ var 2X � nð Þ
¼ 4 var X

¼ 4 n=4ð Þ
¼ n;

which becomes infinitely large as n!¥.
The great Swiss mathematician Jacob Bernoulli{ (1654–1705) had every right to

be proud of his WLLN, which he first enunciated in the fourth part of the Ars

Conjectandi} (Bernoulli, 1713) (Figs. 8.1–8.3). Beforewe dig deeper into Bernoulli’s

celebrated law, let us recall Bernoulli’s use of the binomial distribution. He is

considered to have been the first to explicitly use it.** In the first part of the Ars

Conjectandi (p. 45), Bernoulli considers a game consisting of n independent trials in

each of which a player has the same probability p of bringing about a particular event.

Such trials are now eponymously called Bernoulli trials. Further, Bernoulli considers

{ In general, if X�B(n, p), then for large n, X�N(np, npq) approximately, where q¼ 1� p. The history of

this approximation is given in Problem 10.

{Also known as James Bernoulli.

}The Art of Conjecturing. Bernoulli probably got the name of his book from Arnauld and Nicole’s

celebrated La Logique, ou l’Art de Penser (Arnauld and Nicole 1662), which in Latin is Logica, sive Ars

Cogitandi.

**Both Pascal and Montmort had previously indirectly worked with the binomial distribution, but only for

the symmetric case of p¼ 1/2.
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the probability that the player brings about the event a total of m times out of n, and

gives the probability as

nðn� 1Þðn� 2Þ � � � ðn�mþ 1Þ
1 � 2 � 3 � � � � �m pmð1� pÞn�m � nðn� 1Þðn� 2Þ � � � ðmþ 1Þ

1 � 2 � 3 � � � � � ðn�mÞ pmð1� pÞn�m:

In modern notation, suppose an experiment consists of n Bernoulli trials each

with “success” probability p, and let X be the number of successes. Then X is said to a

have a B(n, p) distribution, and the probability that X¼ x is given by

pXðxÞ ¼ PrfX ¼ xg

¼ n!

x!ðn� xÞ! p
xð1� pÞn�x

¼ n

x

 !
pxð1� pÞn�x; x ¼ 0; 1; . . . ; n:

Let us now come back to Bernoulli’s WLLN, which he called his “golden

theorem,”{ On p. 227 of the Ars Conjectandi, Bernoulli says

Nicolaus Bernoulli
(1623–1708)

Nicolaus Bernoulli
(1662–1716)

Nicolaus I Bernoulli
(1687–1759)

Nicolaus II Bernoulli
(1695–1726)

Daniel Bernoulli
(1700–1782)

Daniel Bernoulli
(1751–1834)

Jacob Bernoulli
(1654–1705)

Jacob Bernoulli
(1667–1748)

Jacob II Bernoulli
(1710–1790)

Jacob II Bernoulli
(1759–1789)

Jacob III Bernoulli
(1744–1807)

Figure 8.1 The Bernoulli family tree.

{The name “law of large numbers” was first given later by Poisson (1781–1840).
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This is therefore the problem that I now wish to publish here, having considered it

closely for a period of twenty years, and it is a problem of which the novelty as well

as the high utility together with its grave difficulty exceed in value all the remaining

chapters of my doctrine. Before I treat of this “Golden Theorem” I will show that a

few objections, which certain learned men have raised against my propositions, are

not valid.

Gouraud (1848, p. 19) eloquently puts the Ars Conjectandi in context as

follows:

. . .The calculus of probabilities had beenwalking like the chancewhose name it claimed to

erase from the dictionary of human knowledge. We had indeed, here and there, in France

for the first time, on the occasion of a difficulty in a game, in Holland, twenty years later, in

a matter of public economy, in England finally, after another twenty years, regarding a

similar problem, evaluated fairly accurately some probabilities and some chances, but

nobody had thought of defining what chance was and what probability was; we had not

further explained under what law and on the basis of what philosophy, we were applying

mathematics to such matters; wewere lacking in principles as in definitions, and finally, if

it was true that thanks to the genius of Fermat we possessed a method, that method itself

still needed to be studied in radically greater depth to serve the new analysis. It is not

Figure 8.2 Jacob Bernoulli (1654–1705).
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surprising thatwe had allwaited to give the calculus of probabilities the share of attention it

deserved, that it finally emerged from this state of experimentation, to show itself in the

definite character a doctrine.

The first days of the XVIIIth century were destined to finally see the accomplishment of

this great progress. Another few years and thanks to the fruitful vigils of one of the finest

geniuses of modern analysis, the organization that it lacked was to be acquired.

Historian Ivor Grattan-Guinness has edited a book that includes Bernoulli’s Ars

Conjectandi as one of the landmark writings in western mathematics.{

Let us now discuss the relevant part of Bernoulli’s Ars Conjectandi in greater

detail and try to understand how Bernoulli obtained his celebrated theorem. First

Bernoulli enunciates his concept of probability (Bernoulli, 1713){

Certainty of some thing is considered either objectively and in itself and means none other

than its real existence at present or in the future; or subjectively, depending on us, and

consists in the measure of our knowledge of this existence. . . (p. 210)

Figure 8.3 Cover of the Ars Conjectandi.

{The book contains a full analysis of the Ars Conjectandi by Schneider (2005b).

{The three sets of translations which follow are taken fromOscar Sheynin’s translations of Chapter 4 of the

Ars Conjectandi (Sheynin, 2005).
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As to probability, this is the degree of certainty, and it differs from the latter as a part from

thewhole. Namely, if the integral and absolute certainty, which we designate by letter a or

by unity 1, will be thought to consist, for example, of five probabilities, as though of five

parts, three of which favor the existence or realization of some event, with the other ones,

however, being against it, we will say that this event has 3
5
a, or 3

5
, of certainty (p. 211).

In the first paragraph above, Bernoulli points to certainty being either logically or

subjectively determined. The subjective interpretation is an epistemic concept,{ that

is, it relates to our degree of knowledge. In the second paragraph, Bernoulli defines

probability as “the degree of certainty” that “differs from the latter (i.e., certainty) as a

part from the whole.” Bernoulli thus conceives probability as either objective or

epistemic. Further in his book, Bernoulli introduces a priori and a posteriori

probabilities (p. 224):

. . .what we are not given to derive a priori, we at least can obtain a posteriori, that is, can
extract it from a repeated observation of the results of similar examples. Because it should

be assumed that each phenomenon can occur and not occur in the same number of cases in

which, under similar circumstances, it was previously observed to happen and not to

happen. Actually, if, for example, it was formerly noted that, from among the observed

three hundred men of the same age and complexion as Titius now is and has, two hundred

died after ten years with the others still remaining alive, we may conclude with sufficient

confidence that Titius also has twice as many cases for paying his debt to nature during the

next ten years than for crossing this border.

The a priori probability Bernoulli refers to in the above is the classical definition.

On the other hand the a posteriori probability is the frequency concept, by which

Bernoulli plans to estimate the a priori probability. Bernoulli’s “program” is thus

enunciated as follows:

To make clear my desire by illustration, I suppose that without your knowledge three

thousand white pebbles and two thousand black ones are hidden in an urn, and that, to

determine [the ratio of] their numbers by experiment, you draw one pebble after another

(but each time returning the drawn pebble before extracting the next one so that their

number in the urnwill not decrease), and note howmany times is awhite pebble drawn, and

how many times a black one. It is required to know whether you are able to do it so many

times that itwill become ten, a hundred, a thousand, etc., timesmore probable (i.e., become

at last morally certain) that the number of the white and the black pebbles which you

extractedwill be in the same ratio, of 3 to 2, as the number of pebbles themselves, or cases,

than in any other different ratio. (p. 226)

Let the number of fertile cases be to the number of sterile cases precisely or approximately

as r to s; or to the number of all the cases as r to r þ s, or as r to t so that this ratio is

contained between the limits (r þ 1)/t and (r� 1)/t. It is required to show that it is possible

to take such a number of experiments that it will be in any number of times (for example, in

c times) more likely that the number of fertile observations will occur between these limits

rather than beyond them, that is, that the ratio of the number of fertile observations to the

number of all of themwill be not greater than (r þ 1)/t and not less than (r� 1)/t. (p. 236)

{See Problem 14.
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Thus, Bernoulli’s aim was to determine how many times an experiment ought to

be repeated before one can be “morally” certain that the relatively frequency of

an event is close enough to its true probability, given that the true probability of the

event is a known quantity. In modern notation,{ let hn be the frequency of an event with

probability p¼ r/t, where t¼ r þ s and n is the number of independent trials.

Bernoulli’s aim is to show that for any given small positive number « ¼ 1=t and
given large natural number c, we can find an n such that

Pr hn � pj j � 1=tf g
Pr hn � pj j > 1=tf g > c; ð8:3Þ

which is equivalent to

Pr hn � pj j � 1

t

� 	
>

c

cþ 1
:

That is, we can find an n such that hn is within a tolerance 1=t of pwith probability
greater than c=ðcþ 1Þ. Bernoulli first considers the expression ðpþ qÞn ¼
ðrþ sÞnt�n, where q ¼ 1� p ¼ s=t. We have

ðrþ sÞn �
Xn
x¼0

n

x

� �
rxsn�x ¼

Xks
i¼�kr

fi; ð8:4Þ

where

fi � krþ ks

krþ i

� �
rkrþisks�i; i ¼ �kr;�krþ 1; . . . ; ks:

In the above, k ¼ n=t is chosen to be a positive integer, for convenience. To prove
Eq. (8.3), Bernoulli shows that the central termof the series inEq. (8.4) plus k terms on

each side is larger than c times the sum of the kðr� 1Þ terms of the left tail and the

kðs� 1Þ terms of the right tail. Since f�iðk; r; sÞ � fiðk; s; rÞ for i ¼ 0; 1; . . . ; kr, it
suffices for Bernoulli to rigorously prove that

Pk
i¼1

fi

Pks
i¼kþ1

fi

� c;

which he was able to do as long as

n � max m1tþ stðm1 � 1Þ
rþ 1

;m2tþ rtðm2 � 1Þ
sþ 1

� 	

{Bernoulli’s original method is fully described in Stigler (1986, pp. 66–70), Uspensky (1937, Chapter VI),

Henry (2004), R�enyi (2007, p. 195), Schneider (2005b), Liagre (1879, pp. 85–90), Montessus (1908,

pp. 50–57).
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with

m1 � lnfcðs� 1Þg
lnð1þ r�1Þ ; m2 � lnfcðr� 1Þg

lnð1þ s�1Þ :

Next, Bernoulli gives an examplewith r¼ 30, s¼ 20, so that p¼ 3/5. Hewants to

have a high certainty that hn � 3=5j j � 1=ð30þ 20Þ, that is, 29=50 � hn � 31=50.
Bernoulli chooses c¼ 1000 that corresponds to amoral certainty of 1000/1001. Then,

how large a sample size is needed so that

Pr hn � 3

5

����
���� < 1

50

� 	
>

1000

1001

is satisfied?With thesenumbers,Bernoulli obtainsm1¼ 301,m1tþ stðm1 � 1Þ=ðrþ 1Þ
¼ 24,750, andm2¼ 211,m2tþ rtðm2 � 1Þ=ðsþ 1Þ¼ 25,500. Therefore,with a sample

size of n¼ 25,500, there is more than a 1000/1001 probability (i.e., it is morally certain)

that 29=50 � hn � 31=50.
The sample size of n¼ 25,500 that Bernoulli calculates is disappointingly large

andmay have been amajor reasonwhy he did not finish theArs Conjectandi before he

died.{ As Stigler (1986, p. 77) explains

. . .Bernoulli’s upper bound was a start but it must have been a disappointing one, both to

Bernoulli and to his contemporaries. To find that 25,550 experiments are needed to learn

the proportion of fertile to sterile caseswithin one part in fifty is to find that nothing reliable

can be learned in a reasonable number of experiments. The entire population of Basel was

then smaller than 25,550; Flamsteed’s 1725 catalogue listed only 3,000 stars. The number

25,550 was more than astronomical; for all practical purposes it was infinite. I suspect that

JacobBernoulli’s reluctance to publish his deliberations of twenty years on the subject was

due more to the magnitude of the number yielded by his first and only calculation than to

any philosophical reservations he may have had about making inferences based upon

experimental data.

The abrupt ending of the Ars Conjectandi (Figure 2.1) would seem to support this-

Bernoulli literally quit when he saw the number 25,550. . .

However, this should in no way belittle Bernoulli’s major achievement. His law

was the first limit theorem in probability. It was also the first attempt to apply the

calculus of probability outside the realm of games of chance. In the latter, the

calculation of odds through classical (or mathematical) reasoning had been quite

successful because the outcomes were equally likely. However, this was also a

limitation of the classical method. Bernoulli’s law provided an empirical framework

{ It was thus left to Nicholas Bernoulli (1687–1759), Jacob Bernoulli’s nephew, to publish the Ars

Conjectandi in 1713, 8 years after his uncle’s death. Nicholas Bernoulli later refined Jacob Bernoulli’s

rather loose bound for the law of large numbers (Montmort, 1713, pp. 388–394), and also interested

de Moivre in the problem, which culminated in de Moivre’s discovery of the normal approximation to the

binomial distribution (seeProblem10 formore details).Meusnier (2006)writes “Concerning his uncle, his

cousins, the historiography, the bernoullian probabilistic project in its different components, for all of it,

Nicolas is an outstanding nephew, in all the meanings of the term.”
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that enabled the estimation of probabilities even in the case of outcomes that were

not equally likely. Probability was no longer only a mathematically abstract

concept. Rather, now it was a quantity that could be estimated with increasing

confidence as the sample size became larger. It is not that the latter fact was

completely unknown: most mathematicians before had tacitly assumed it to be

“obvious.” But Bernoulli was the first to rigorously prove that this should be so.

Tabak (2004, p. 36) further adds

In his book Jacob Bernoulli showed that there was a robust and well-defined structure for

the class of independent random processes. . . Bernoulli succeeded in demonstrating the

existence of a deep structure associated with events that until then had simply been

described as unpredictable.

Nowadays, few textbooks giveBernoulli’s original proof because there is amuch

simpler one using Chebyshev’s inequality that was discovered in 1853,{ much later

than Bernoulli’s times. Chebyshev’s inequality states for any random variable Xwith

mean m and variance s2 < ¥, we have

Pr X � mj j � «f g � s2

«2

for any «> 0. Setting X ¼ Sn=n we have m ¼ p and s2 ¼ pq=n, so that

Pr
Sn

n
� p

����
���� � «

� 	
� pq

n«2
� 1

4n«2
! 0; as n!¥;

and Bernoulli’sWLLN is proved.{Although Chebyshev’s inequality is very useful, it

is cruder than Bernoulli’s result. To see this, let us write the above inequality as

Pr
Sn

n
� p

����
���� < «

� 	
� 1� pq

n«2
:

Wenow solve 1� pq=ðn«2Þ ¼ 1000=1001,where p¼ 1� q¼ 3/5 and « ¼ 1=50,
obtaining n¼ 600,600. This is much larger than the sample size of n¼ 25,500 from

Bernoulli’s result. In Problem 10, we shall see that the sample size can be greatly

reduced by using the Central Limit Theorem (CLT).

We mentioned before that Bernoulli’ law belongs to the class of weak laws. It is

worth noting that there is a stronger form of Bernoulli’s law, known as Borel’s Strong

Law of Large Numbers (SLLN).} The latter also considers n independent tosses of a

{The inequality was first proved in 1853 by Iren�ee-Jules Bienaym�e (1796–1878) and later in 1867 by

Pafnuty Lvovich Chebyshev (1821–1894). Chebyshev’s inequality is thus often more appropriately called

Bienaym�e-Chebyshev’s inequality.

{Here we have used the fact that the maximum value of pq¼ p(1� p) is 1/4.

}Due to the eminent French mathematician Emile Borel (1871–1956).
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coin with probability of heads p and total number of heads Sn. Borel’s SLLN states

that the proportion of heads converges almost surely to p, that is,

Pr lim
n!¥

Sn

n
¼ p

� 	
¼ 1: ð8:5Þ

The reader might find it difficult to understand the difference between Eqs. (8.2)

and (8.5). So let us spend some time to explain this. Again, consider an experiment

that consists of tossing a coin a large number n times, yielding a sequence of heads

and tails. The experiment is repeated a large number of times, resulting in a large

number of sequences of heads and tails. We look at the proportion of heads for each

sequence. Bernoulli’s law states that, for a given large n, the fraction of sequences for

which the proportions of heads is arbitrarily close to p is large, and increases with n.

Thus, for a given large n and a given sequence, there is a high probability that the

proportion of heads will be close to p. Now consider the following scenario: for a

given large n, one particular sequence is among those for which the proportion of

heads is very close to p, but for an even larger n (say n0) the proportion of heads for that
sequence drifts away from p (see Fig. 8.4). Can Bernoulli’s law guarantee this will not

happen? The answer is no. Bernoulli’s law only tells us that most sequences will be

close to p for a given large n, but cannot assure us that they will each remain close for

even larger n. This is where the strong law comes in. It explicitly states that scenarios

like the onewe have just described above are so unlikely that they have a probability of

zero. That is, the strong law not only states that, for a given sequence, the proportion

of heads will most likely be close to p for a reasonably large n, but also that the

proportion of heads will most likely remain close to p for all larger values of n in that

sequence. In contrast to Bernoulli’s WLLN, Borel’s SLLN thus deals with the whole

infinite sequence of heads and tails, and asserts that the set of sequences for which

Number of tosses

ε
ε

Proportion of
heads 

p

n n'

Figure 8.4 For a given large n, one particular sequence for which the proportion of heads is very

close to p. However, for an even larger n (say n0) the proportion of heads for that sequence drifts away
from p. The question is: what do the weak and strong laws say about such a scenario? The weak law

cannot guarantee it will not happen; on the other hand, the strong law says it has probability zero.
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jSj=j � pj > « for j > n, where n is reasonably large, has probability zero. Eq. (8.3)

can therefore also be written as{

lim
n!¥

Pr
Sj

j
� p

����
���� > «; for j ¼ nþ 1; nþ 2; . . .

� 	
¼ 0:

The reader should realize that just because the event fjSj=j � pj > «; j > ng, where
n is large, has a probability of zero does not mean it is impossible.{ Rather, it means that

the event is so rare that assigning it any nonzero probability, however small, would

overestimate its chance of occurring. In fact, as a consequence of the first Borel-

Cantelli lemma,} the probability of zero also means that, as the number of repetitions of

the experiment of tossing the coin is increased without bound, the event

fjSj=j � pj > «; j > ng occurs over only finitely many such repetitions. Thus, we speak

of “almost sure convergence” rather than “sure convergence”whenwe refer to the strong

lawof largenumbers.Letus give anexplicit example, again in the context of coin tossing,

to make this point clear. Consider a coin-tossing experiment for which Xi ¼ 1 if the ith

toss is a head (with probability p) and Xi ¼ 0 otherwise (with probability 1� p). In the

long run, we would expect the proportion of heads to be p, that is, we would expect

lim
n!¥

X1 þ X2 þ � � � þ Xn

n
¼ p; for all v 2 W:

But this is not true for allv 2 W. For example, letv* ¼ f0; 0; . . .g, the sequence
of all tails. For this v*,

lim
n!¥

X1 þ X2 þ � � � þ Xn

n
¼ 0:

The strong law, though, tells us thatv* is so unlikely that Prfv*g ¼ 0. Therefore,

we speak of “almost sure convergence” becausewe do not have convergence for allv,
but have convergence for almost all v, such that the set ofv’s for which convergence
does not occur has probability zero.

One question that still needs to be answered inBorel’s SLLN is, howdowemodel

an infinite sequence of heads and tails? In Bernoulli’s WLLN, we toss a coin a large

(and finite) number of times n, repeat this experiment several times, and show

convergence in probability as n increases, but still remains finite. On the other hand, in

Borel’s SLLN, the proportion of heads in the whole infinite sequence is p almost

surely.Oneway of conceptualizing an infinite sequence of heads and tails is to identify

{We also note that another way of stating Eq. (8.3) is limn!¥ PrfjSj=j � pj > «; for j ¼ n; nþ 1; . . .g ¼ 0,

which can be written more compactly as limn!¥ Prfsupj�n jSj=j � pj > «g ¼ 0. The latter equation

implies that almost sure convergence of Sn=n is the same as convergence in probability to zero of

supj�n jSj=j � pj.
{To give a simple example of why this is true, consider choosing a real number X uniformly in [0, 1]. All

events of the form {X¼x} are so rare that they are assigned zero probability. Yet some x¼ x0 gets chosen

after all, showing that {X¼x0} is not impossible. For more details, see Sz�ekely (1986, p. 198).

}The first Borel-Cantelli lemma states that if A1;A2; . . . is a sequence of arbitrary events such thatP¥
j¼1 PrfAjg < ¥, then Pr{Aj occurs infinitely often} ¼ 0.
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the sequence of heads (1’s) and tails (0’s) with the binary expansion of a real number

in [0,1]. That is, the sequence X1;X2;X3; . . . of heads and tails corresponds to the real
number U in [0,1] such that

U ¼ X1

2
þ X2

22
þ X3

23
þ � � �

For example, the sequenceHHTH (i.e., 1,1,0,1) corresponds to 1/2 þ 1/4 þ 0/8

þ 1/16¼ 13/16. Conversely, .23 is .001111101. . . in binary and corresponds to the

sequence TTHHHHHTH. . .{

To summarize, Bernoulli’s WLLN is about weak convergence (or convergence

in probability): it states that, for a given large number of tosses n, there is a large

fraction of sequences for which the proportion of heads will be close to the true p, and

that this fraction gets ever closer to one as n increases. However, this leaves out the

possibility for the proportion of heads in a particular sequence to drift away from p for a

larger n. On the other hand,Borel’s SLLN is about strong (or almost sure) convergence:

it states that, with probability one, the proportion of heads in a sequencewill be close to

p for a reasonably large n and remain close to p for every larger n. Borel’s SLLN thus

says more about the behavior of the sequences, and also implies Bernoulli’s law.

Of course, several key developments and extensionsweremade byothers since the

pioneering works of Bernoulli and Borel. It is important to note that these investiga-

tions did not delve into the further detection of stability of proportions (and ofmeans in

general), but rather into the conditions under which such stability could be achieved.

Let us outline extensions to Bernoulli’s law first. A major development came

through Sim�eon Denis Poisson’s{ (1781–1840) (Fig. 8.5) proof that the Bernoulli’s

law of large numbers still holds if the probability of heads is not held constant from

trial to trial (Poisson, 1837). Then, in 1867, Pafnuty Lvovich Chebyshev (1821–1894)

observed that it was not necessary for Sn to be the sum of Bernoulli random variables

for the law of large numbers to hold (Chebyshev, 1867) (Fig 8.6). He showed that if

X1;X2; . . . ;Xn is a sequence of any independent random variables such thatEXi ¼ mi

and varXi ¼ s2
i � K < ¥, where K is a uniform upper bound for each s2

i , then

lim
n!¥

Pr
1

n

Xn
i¼1

Xi � 1

n

Xn
i¼1

mi

�����
����� < «

( )
¼ 1:

{The readermight alsowonder what type of numbers in [0, 1] correspond to sequences that do not converge

to p almost surely. This issue is addressed on p. 198 when we discuss Borel’s normal numbers.

{Poisson’s other significant contributions include the introduction of the concepts of a randomvariable, of a

cumulative distribution function, and of the probability density function as the derivative of the distribution

function (Sheynin, 1978). Moreover, he derived the so-called Poisson distribution (Poisson 1837,

pp. 205–206). Poisson’s proof is based on approximating the Bðn; pÞdistribution as p tends to zero and n

tends to infinity such that np¼ l remains constant. He showed that ifX � Bðn; pÞ then, under the conditions
just stated, PrfX � mg ¼Pm

x¼0ðe�llxÞ=x! The Poisson probability mass function is thus

PrfX ¼ xg ¼ ðe�llxÞ=x! for l> 0 and x¼ 0, 1, 2, . . . However, a form of the Poisson distribution had

already previously appeared in de Moivre’s De Mensura Sortis (Hald, 1984, p. 219).
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To prove the last result, Chebyshev used his famous inequality, as follows.

Applying Chebyshev’s inequality

Pr
1

n

Xn
i¼1

Xi � 1

n

Xn
i¼1

mi

�����
����� � «

( )
� var½1=nPn

i¼1 Xi	
«2

¼ var
Pn

i¼1 Xi

n2«2

¼
Pn

i¼1 s
2
i

n2«2
:

Since si
2 � K < ¥, we have

Pr
1

n

Xn
i¼1

Xi � 1

n

Xn
i¼1

mi

�����
����� � «

( )
�

Pn
i¼1 s

2
i

n2«2

� nK

n2«2

¼ K

n«2

! 0;

as n! 0.

Figure 8.5 Sim�eon Denis Poisson (1781–1840).
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In 1906, Andrei Andreevich Markov (1856–1922) (Fig. 8.7), who was

Chebyshev’s student, showed that independence of the Xi’s was not necessary for

the last equation to hold as long as ðvarPiXiÞ=n2 ! 0 when n!¥ (Markov, 1906).

In 1929, Aleksandr Yakovlevich Khintchine (1894–1959) (Fig. 8.9) proved that when

the Xi’s are independent and identically distributed (IID), the sufficient condition for

the WLLN to hold is simply E Xij j < ¥ (Khintchine, 1929). However, the necessary

and sufficient condition for the WLLN for any sequence of random variables was

given in 1927 byAndreyNikolaevich Kolmogorov (1903–1987) (Kolmogorov, 1927)

(Figs. 8.8)

lim
n!¥

E
L2
n

1þ L2
n

 !
¼ 0;

where Ln ¼ ðSn � E SnÞ=n and Sn ¼
Pn

i¼1 Xi.

Regarding Borel’s SLLN, the first key generalization was provided by Francesco

Paolo Cantelli (1875–1966) in 1917 (Cantelli, 1917) (Fig. 8.10). He showed that if

Figure 8.6 Pafnuty Lvovich Chebyshev (1821–1894).
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X1;X2; . . . ;Xn is a sequence of independent random variables with finite fourth

moment and EjXk � E Xkj4 � C < ¥, then

Pr lim
n!¥

Sn � E Sn

n
¼ 0

� 	
¼ 1:

Figure 8.7 Andrei Andreevich Markov (1856–1922).

Figure 8.8 Andrey Nikolaevich Kolmogorov (1903–1987).
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In 1930, Kolmogorov provided another sufficient condition for a sequence

X1;X2; . . . ;Xn of independent random variables with finite variance to converge

almost surely{ (Kolmogorov, 1930):

var Xk

k2
< ¥:

Finally, Kolmogorov showed in his landmark book that E Xij j < ¥ was both

necessary and sufficient for a sequence of IID random variables to converge almost

surely to m (Kolmogorov, 1933).

Having come thus far, it would be unfortunate if we did not comment on yet

another important limit theorem, namely the Law of the Iterated Logarithm (LIL).

Consider the sum Sn ¼ X1 þ X2 þ � � � þ Xn of IID random variables, where without

Figure 8.9 Aleksandr Yakovlevich Khintchine (1894–1959).

{ In analogy with Chebyshev, Kolmogorov used his own inequality to prove his version of the strong law.

Kolmogorov’s inequality states that for any sequence X1;X2; . . . ;Xn of independent random variables such

that var Xk ¼ sk
2 < ¥, then Prfmax1�k�njSk � ESkj � «g � ðPks

2
kÞ=«2:
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loss of generality we assume each Xi has mean zero and variance one. The SLLN

states that for large n, Sn=n gets close to zero and subsequently remains close to it. The

Central Limit Theorem{ states that for large n, Sn=
ffiffiffi
n

p
has an approximate N(0, 1)

distribution, so that the probability that Sn=
ffiffiffi
n

p
exceeds any given value can be

estimated. However, none of these give themagnitudes of fluctuations of Sn=
ffiffiffi
n

p
about

zero. This where the LIL comes in, by giving bounds for the fluctuations. It was first

proved by Khintchine (1924) for independent and identically distributed Bernoulli

random variables and later generalized by Kolmogorov (1929). Using the above

notation, Khintchine’s LIL states that

lim
n!¥

sup
Snffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n ln ln n
p ¼ 1:

The implication is that the magnitude of fluctuations of Sn=
ffiffiffi
n

p
is of the orderffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 ln ln n
p

. Further, suppose the constants c1 and c2 are such that c1 >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln ln n

p
> c2.

Then the LIL implies that, with probability one, Sn=
ffiffiffi
n

p
will exceed 
c2 infinitely

often but will exceed 
c1 only finitely often.

Figure 8.10 Francesco Paolo Cantelli (1875–1966).

{To be further discussed in Problem 10.
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Problem 9

De Moivre’s Problem (1730)

Problem. A fair die is thrown n independent times. Find the probability of obtaining

a sum equal to t, where t is a natural number.

Solution. Let Xj be the score on the die on the jth (j¼ 1, 2, . . . , n) throw and let Tn be

the sum of the scores obtained. Then

Tn ¼ X1 þ X2 þ � � � þ Xn;

where, for all j¼ 1, 2, . . . , n,

Pr Xj ¼ x
� � ¼ 1

6
; for x ¼ 1; 2; . . . ; 6:

We now take the probability generating function of Tn, remembering that the Xj’s are

independent and have the same distribution:

EsTn ¼ EsX1þX2þ���þXn

¼ EsX1 EsX2 � � �EsXn

¼ EsXjð Þn:
Now

EsXj ¼
X6
x¼1

sxPrfXj ¼ xg

¼ 1

6
ðsþ s2 þ � � � þ s6Þ

¼ 1

6
� sð1� s6Þ

1� s
; jsjG1:

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.
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Therefore,

EsTn ¼ 1

6n
sð1� s6Þ
ð1� sÞ

� �n

¼ 1

6n
sn
Xn
i¼0

n

i

 !
ð�s6Þi

X¥
k¼0

�n

k

 !
ð�sÞk

¼ 1

6n

Xn
i¼0

n

i

 !
ð�1Þis6iþn

X¥
k¼0

nþ k � 1

k

 !
sk;

where we have made use of the fact that
�n

k

� �
� nþ k � 1

k

� �
�1ð Þk. Now,

PrfTn ¼ tg is the coefficient of st in EsTn and can be obtained by multiplying the

coefficient of s6iþn in the first summation above with the coefficient of st�ð6iþnÞ in the
second summation, then summing over all i, and finally dividing by 6n, that is,

Pr Tn ¼ tf g ¼ 1

6n

Xðt�nÞ=6b c

i¼0

n

i

0
@

1
Að�1Þi

nþ ðt� 6i � nÞ � 1

t� 6i � n

0
@

1
A

¼ 1

6n

Xðt�nÞ=6b c

i¼0

ð�1Þi n

i

� �
t� 6i � 1

n� 1

� �
: ð9:1Þ

In the above, ðt� nÞ=6b c is the greatest integer smaller than or equal to ðt� nÞ=6
and is obtained by setting n� 1 � t� 6i � 1.

9.1 Discussion

This classic problemwas first investigated inmuch detail butwith no general formulas

by Jacob Bernoulli in the Ars Conjectandi (Bernoulli, 1713, p. 30). In his analysis,

Bernoulli first gives all the ways of producing a certain total score with three dice. He

then proceeds to outline principles throughwhich the total scoreswithmore than three

dice can be enumerated.

The first explicit formula was given by the eminent French mathematician

Abraham de Moivre{ (1667–1754) in the De Mensura Sortis (de Moivre, 1711

Hald, 1984). As part of Problem 5, de Moivre considers the problem of finding “the

{Although deMoivrewas born in France, he emigrated to Englandwhen hewas very young due to religious

persecution. He spent the rest of his life and career in England. See Hacking (1980b) for more biographical

details.
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number of chances by which a given number of points may be thrown with a given

number of dice.” De Moivre considers n dice each with f faces such that the total

required is p þ 1. He then gives without proof the following formula for the number

of ways of obtaining a total of p þ 1:

p

1

p� 1

2

p� 2

3
� � �

� �
� q

1

q� 1

2

q� 2

3
� � � n

1

� �
þ r

1

r� 1

2

r� 2

3
� � � n

1

n� 1

2

� �

� s

1

s� 1

2

s� 2

3
� � � n

1

n� 1

2

n� 2

3

� �
þ � � �

ð9:2Þ

where p� f ¼ q, q� f ¼ r, r� f ¼ s, and so on. The above formula needs to be

continued until a zero or negative factor is obtained. If we generalize the formula we

derived in Eq. (9.1) to the case of a die with f faces, we obtain

Pr Tn ¼ tþ 1jf facesf g ¼ 1

f n

X¥
i¼0

ð�1Þi n

i

� �
t� fi

n� 1

� �
:

When the latter is expanded, we obtain the same expression as in Eq. (9.2) above.

While deMoivre did not prove his result in theDeMensura Sortis, he later did so in the

Miscellanea analytica (de Moivre, 1730). He is thus the first to make use of

probability generating functions, a technique that was to be later given its name and

fully developed by Laplace (1812, 1814b, 1820). It is interesting to note that, in

between de Moivre’s two aforementioned publications, Montmort claimed that he

had already derived the formula on p. 141 of the 1708 edition of his book (Montmort,

1713, p. 364). Although this is not actually true, Montmort seems to have been aware

of the formula before it came out in deMoivre’sDeMensura Sortis (Todhunter, 1865,

pp. 84–85).

DeMensura Sortis is also noteworthy because it is there that deMoivre first gave

his explicit definition of classical probability (de Moivre, 1711; Hald, 1984):

If p is the number of chances by which a certain event may happen, and q is the number of

chances by which it may fail, the happenings as much as the failings have their degree of

probability; but if all the chances bywhich the event may happen or fail were equally easy,

the probability of happening will be to the probability of failing as p to q.

DeMoivre was also the first to explicitly define independence (de Moivre, 1718)

and conditional probability (de Moivre, 1738). On p. 4 of the first edition of the

Doctrine of Chances (de Moivre, 1718), de Moivre states

. . .if a Fraction expresses the Probability of an Event, and another Fraction the Probability
of another Event, and those two Events are independent; the Probability that both Events

will Happen will be the Product of those two Fractions.
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On p. 7 of the second edition of the Doctrine of Chances{ (de Moivre, 1738),

de Moivre writes

. . .the Probability of the happening of two Events dependent, is the product of the

Probability of the happening of one of them, by the Probabilitywhich the otherwill have of

happening, when the first shall have been consider’d as having happened; and the same

Rule will extend to the happening of as many Events as may be assign’d.

In modern notation, the conditional probability of an event A, given that an event

B has already occurred, is given by

Pr AjBf g � PrfA \ Bg
PrfBg ;

where PrfBgH0. If A and B are independent, then PrfAjBg ¼ PrfAg so that

PrfA \ Bg ¼ PrfAgPrfBg.
Let us nowmake some remarks on themethod of probability generating functions.

This method turns out to be useful in at least three commonly encountered situations.

The first has to do when one is dealing with the sum of independent discrete{ random

variables, as was the case in Problem 9. The second occurs when one wishes to

calculate slightly more complex probabilities than those requiring the simple binomial,

negative binomial, or hypergeometric distribution. An example of the second situation

is the following classic problem, also discussed in slightly modified form by deMoivre

in the second edition of the Doctrine of Chances (de Moivre, 1738):

Find the probability of obtaining a first run of three heads (i.e., three consecutive

heads) in n tosses of a coin for which the probability of a head is p.

Let hn be the probability above. A standard way of solving the problem is to

condition on the first tosses. By looking in this “backward” manner, there are only

threeways of obtaining a first run of three heads in n tosses: the first toss could be a tail

and then a first run of three heads occurs in the remaining (n� 1) tosses, or the first two

tosses could be head and tail in that order and then a first run of three heads occurs in

the remaining (n� 2) tosses, or finally the first three tosses could be two heads and one

tail in that order and then a first run of three heads occurs in the remaining (n� 3)

tosses, that is,

hn ¼ qhn�1 þ pqhn�2 þ p2qhn�3; ð9:3Þ

with q ¼ 1-p; h1 ¼ h2 � 0 and h3 � p3. Although Eq. (9.3) can be solved recursively

for any hn, a better alternative is to define the probability generating function

H3ðsÞ ¼
P¥

n¼1 hns
n. Equation (9.3) then becomes

{DeMoivre also treated conditional probability in the first edition of the Doctrine of Chances (de Moivre,

1718, pp. 6–7), but he did not explicitly state the definition there.

{Note that continuous random variables do not have probability generating functions since Pr{X¼ x}¼ 0

for all x if X is continuous.
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X¥
n¼1

hnþ3s
n ¼ q

X¥
n¼1

hnþ2s
n þ pq

X¥
n¼1

hnþ1s
n þ p2q

X¥
n¼1

hns
n

1

s3

X¥
n¼4

hns
n ¼ q

s2

X¥
n¼3

hns
n þ pq

s

X¥
n¼2

hns
n þ p2q

X¥
n¼1

hns
n

1

s3
H3ðsÞ � p3s3
� � ¼ q

s2
H3ðsÞ þ pq

s
H3ðsÞ þ p2qH3ðsÞ

H3ðsÞ ¼ p3s3

1� qs� qps2 � qp2s3
: ð9:4Þ

To obtain an exact expression for hn, one can factorize the denominator in the

above, then expandH3(s) into partial fractions, and finally extract the coefficient of s
n.

Alternatively, a standardmathematical package can be used to expandH3(s) up to any

powers of s. For example, the first ten terms of H3(s) are listed in Table 9.1.

We can proceed in a similarmanner to find the generating functionHr(s) ofNr, the

number of tosses until the first run of r heads occurs. It can be shown that (e.g., see

DasGupta, 2011, p. 27),

HrðsÞ ¼ prsr

1� qsf1þ psþ � � � þ ðpsÞr�1g ¼ prsrð1� psÞ
1� sþ qprsrþ1

:

Since H
=
r ð1Þ ¼ ENr and H

==
r ð1Þ ¼ ENrðNr � 1Þ, we also have

ENr ¼
Xr
j¼1

1

p

� �j

;

var Nr ¼ 1� p1þ2r � qprð1þ 2rÞ
q2p2r

:

Table 9.1 The Probability hn of Three Consecutive Heads in n Tosses of a Coin

(the Probability of a Head is p)

Value of n hn¼ coefficient of sn

3 p3

4 p3� p4

5 p3� p4

6 p3� p4

7 p7� p6� p4 þ p3

8 �p8 þ 3p7� 2p6� p4 þ p3

9 �2p8 þ 5p7� 3p6� p4 þ p3

10 �3p8 þ 7p7� 4p6� p4 þ p3

The expressions were obtained by expanding H3(s) in Eq. (9.4) as powers of s; the coefficient of sn then

gives hn.
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A third instance where probability generating functions can be useful is in the

calculation of the expectation of rational functions of a random variable. A classic

example is the following{:

Given that X � B(n, p), calculate E 1
1þX

.

First note that the probability generating function of X is

EsX ¼
Xn
x¼0

sxPrfX ¼ xg

¼
Xn
x¼0

sx
n

x

� �
pxð1� pÞn�x

¼
Xn
x¼0

n

x

� �
ðpsÞxð1� pÞn�x

¼ ðpsþ 1� pÞn:

Integrating the above with respect to s,

ðt
0

EsX ds ¼
ðt
0

ðpsþ 1� pÞn ds;

) E
tXþ1

X þ 1
¼
ðt
0

ðpsþ 1� pÞn ds:

Setting t¼ 1, we have,

E
1

1þ X
¼
ð1
0

ðpsþ 1� pÞn ds

¼ ðpsþ 1� pÞnþ1

ðnþ 1Þp

" #1
s¼0

¼ 1� ð1� pÞnþ1

ðnþ 1Þp :

As a final illustration of the usefulness of probability generating functions, we

solve the Generalized Problem of Points{:

{ See also Grimmet and Stirzaker (2001, p. 162).

{ For a full discussion of the Problem of Points for two players and some discussion for three players, see

Problem 4.
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Players A1, A2, . . . , An play a game such that their respective probabilities of winning

one round are p1, p2, . . . , pn, where
P

i pi¼ 1. At some point in the game, the players

are respectively a1, a2, . . . , an rounds short of winning the game. What is the

probability that player A1 will win the game?

This problem was first solved through the method of generating functions by

Pierre-Simon Laplace (1749–1827) in the Th�eorie Analytique des Probabilit�es
(Laplace, 1812, p. 207). Let ua1;a2;...;an be the required probability. By conditioning

on the next round, we obtain the difference equation

ua1;a2;...;an ¼ p1ua1�1;a2;...;an þ p2ua1;a2�1;...;an þ � � � þ pnua1;a2;...;an�1:

The boundary conditions are

u0;a2;...;an ¼ 1; a2; . . . ; anH0;
ua1;0;...;an ¼ 0; a1; a3; . . . ; anH0;

..

.

ua1;a2;...;0 ¼ 0; a1; . . . ; an�1H0:

Wedefine themultivariate probability generating functionGðs1; s2; . . . ; snÞ � G,

where

G¼
X¥
a1¼1

X¥
a2¼1

� � �
X¥
an¼1

ua1 ;a2;:::;an s1
a1 s2

a2 � � � snan

¼
X¥
a1¼1

X¥
a2¼1

� � �
X¥
an¼1

p1ua1�1;a2 ;...;an þ p2ua1 ;a2�1;...;an þ� � �þ pnua1 ;a2 ;...;an�1

� 	
s1

a1 s2
a2 � � � snan

¼ p1
X¥
a1¼1

X¥
a2¼1

� � �
X¥
an¼1

ua1�1;a2 ;...;an s1
a1 s2

a2 � � �snan þ p2
X¥
a1¼1

X¥
a2¼1

� � �
X¥
an¼1

ua1 ;a2�1;...;an s1
a1 s2

a2 � � �snan

þ�� �þ pn
X¥
a1¼1

X¥
a2¼1

� � �
X¥
an¼1

ua1;a2 ;...;an�1s1
a1 s2

a2 � � � snan

¼ p1 s1
X¥
a1¼1

X¥
a2¼1

� � �
X¥
an¼1

ua1�1;a2 ;...;an s1
a1 s2

a2 � � �snan þ s1
X¥
a2¼1

� � �
X¥
an¼1

u0;a2 ;...;an s2
a2 � � �snan

 !

þp2 s2
X¥
a1¼1

X¥
a2¼1

� � �
X¥
an¼1

ua1 ;a2�1;...;an s1
a1 s2

a2 . . .sn
an þ s2

X¥
a1¼1

X¥
a3¼1

� � �
X¥
an¼1

ua1 ;0;...;an s1
a1 s3

a3 � � � snan
 !

þ�� �þ pn sn
X¥
a1¼1

X¥
a2¼1

� � �
X¥
an¼1

ua1 ;a2 ;...;an�1s1
a1 s2

a2 � � �snan þ sn
X¥
a1¼1

X¥
a2¼1

� � �
X¥

an�1¼1

ua1 ;a2 ;...;0s1
a1 s2

a2 � � �sn�1
an�1

 !

¼ p1 s1Gþ s1
X¥
a2¼1

� � �
X¥
an¼1

1:s2
a2 � � �snan

 !
þ p2 s2Gþ s2

X¥
a1¼1

X¥
a3¼1

� � �
X¥
an¼1

0:s1
a1 s3

a3 � � �snan
 !

þ� � �þ pn snGþ sn
X¥
a1¼1

X¥
a2¼1

� � �
X¥

an�1¼1

0:s1
a1 s2

a2 � � �sn�1
an�1

 !

¼ p1s1Gþ p1s1
X¥
a2¼1

� � �
X¥
an¼1

s2
a2 � � � snan þ p2s2 þ�� �þ pnsnð ÞG:
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Therefore,

G¼ p1s1
P¥

a2¼1 � � �
P¥

an¼1 s
a2
2 � � � sann

1� p1s1� p2s2� � � �� pnsn

¼ p1s1
P¥

a2¼1 s
a2
2 � � �P¥

an¼1 s
an
n

1� p1s1� p2s2� �� �� pnsn

¼ p1s1s2 � � � sn
1� s2ð Þ 1� s3ð Þ � � � 1� snð Þ 1� p1s1� p2s2� � � �� pnsnð Þ :

Therefore the probability that player A1 wins the game is

ua1;a2;...;an ¼ coeff: of sa11 s
a2
2 � � � sann in

p1s1s2 � � � sn
1� s2ð Þ 1� s3ð Þ � � � 1� snð Þ 1� p1s1 � p2s2 � � � � � pnsnð Þ :

Similarly, the probabilities that players A2, A3, . . . , An win the game are,

respectively,

coeff: of sa11 s
a2
2 � � � sann in

p2s1s2 � � � sn
1� s1ð Þ 1� s3ð Þ � � � 1� snð Þ 1� p1s1 � p2s2 � � � � � pnsnð Þ ;

coeff: of sa11 s
a2
2 � � � sann in

p3s1s2 � � � sn
1� s1ð Þ 1� s2ð Þ 1� s4ð Þ � � � 1� snð Þ 1� p1s1 � p2s2 � � � � � pnsnð Þ ;

..

.

coeff: of sa11 s
a2
2 � � � sann in

pns1s2 � � � sn
1� s1ð Þ 1� s2ð Þ � � � 1� sn�1ð Þ 1� p1s1 � p2s2 � � � � � pnsnð Þ :

Thus, in Problem 4, we had for two players p1 ¼ p2 ¼ 1=2 and a1 ¼ 1; a2 ¼ 3.

Therefore, the probability that A wins is{

coeff: of s1s
3
2 in

s1s2=2

1� s2ð Þ 1� s1=2� s2=2ð Þ ¼
7

8
;

giving a division ratio of 7:1 between A and B. This is the same answer we obtained in

Problem 4. On p. 30, we also considered an example with three players such that p1 ¼
p2 ¼ p3 ¼ 1=3 anda1 ¼ 1; a2 ¼ 2; anda3 ¼ 2.Therefore, the probability thatAwins is

coeff: of s1s
2
2s

2
3 in

s1s2s3=3

1� s2ð Þ 1� s3ð Þ 1� s1=3� s2=3� s3=3ð Þ ¼
17

27
:

The probability that B wins is

coeff: of s1s
2
2s

2
3 in

s1s2s3=3

1� s1ð Þ 1� s3ð Þ 1� s1=3� s2=3� s3=3ð Þ ¼
5

27
;

resulting in a division ratio of 17/27:5/27:5/27¼ 17:5:5 between A, B, and C, again the

same answer we obtained previously.

{This answer was obtained by doing two successive series expansions of (s1s2/2)/[(1�s2)(1�s1/2�s2/2)]

using the software Scientific Workplace 5.50, Build 2890.
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Problem 10

De Moivre, Gauss, and the

Normal Curve (1730, 1809)

Problem. Consider the binomial expansion of ð1þ 1Þn, where n is even and large.
Let M be the middle term and Q be the term at a distance d from M. Show that

Q � M e�2d2=n: ð10:1Þ

Solution. We let n ¼ 2m, where m is a positive integer. Then

Q

M
¼

2m
mþ d

� �

2m
m

� � ¼
2m

m� d

� �

2m
m

� �

¼ ð2mÞ!=½ðmþ dÞ!ðm� dÞ!�
ð2mÞ!=½ðm!Þ2�

¼ ðm!Þ2
ðmþ dÞ!ðm� dÞ! :

Applying Stirling’s formula N! � ffiffiffiffiffiffi
2p

p
NNþ1=2 e�Nfor large N, we have

Q

M
� m2mþ1 e�2m

ðmþ dÞmþdþ1=2
e�m�d � ðm� dÞm�dþ1=2

e�mþd

¼ m2mþ1

ðmþ dÞmþdþ1=2ðm� dÞm�dþ1=2

� m2

m2 � d2

� �m
m� d

mþ d

� �d

:

Classic Problems of Probability, Prakash Gorroochurn.
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Taking logarithms on both sides, with d/m small, we have

ln
Q

M
� �m ln 1� d2

m2

� �
þ d ln

1� d=m

1þ d=m

� �

� ð�mÞ � d2

m2

� �
þ ðdÞ � 2d

m

� �

¼ � d2

m
:

Writing m ¼ n=2, we have Q ¼ M e�2d2=n, as required.

10.1 Discussion

The above result was first obtained byAbraham deMoivre (1667–1754) (Fig. 10.3) in

an attempt to approximate the symmetric binomial distribution. De Moivre started

this work in the Miscellanea analytica (de Moivre, 1730) and finished it in a

November 13, 1733 paper entitled Approximatio ad summam terminorum binomii

(a þ b)nin seriem expansi. De Moivre later himself translated the paper in English

and incorporated it in the second edition of his Doctrine of Chances{ (de Moivre,

1738) (see Figs. 10.1 and 10.2). DeMoivre’s derivationwas slightly different from the

one presented above and is worth revisiting. FromQ=M ¼ ðm!Þ2=½ðmþ dÞ!ðm� dÞ!�
(see solution), it follows that

Q

M
¼ m!

ðmþ dÞðmþ d � 1Þ � � � ðmþ 1Þm!
� mðm� 1Þ � � � ðm� d þ 1Þðm� dÞ!

ðm� dÞ!

¼ mðm� 1Þ � � � ðm� d þ 1Þ
ðmþ dÞðmþ d � 1Þ � � � ðmþ 1Þ

¼ m

mþ d
� ðm� 1Þðm� 2Þ � � � ðm� d þ 1Þ
ðmþ 1Þðmþ 2Þ � � � ðmþ d � 1Þ :

{TheDoctrine of Chances appears in Grattan-Guinness’ LandmarkWritings inWesternMathematics, and

a full analysis is written by Schneider (2005a). See also Stigler (1986, pp. 70–88).
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Taking logarithms on both sides,

ln
Q

M

� �
¼ ln

m

mþ d

� �
� ðm� 1Þðm� 2Þ � � � ðm� d þ 1Þ
ðmþ 1Þðmþ 2Þ � � � ðmþ d � 1Þ

� �

¼ ln
1

1þ d=m

� �
þ
Xd�1

i¼1

ln
m� i

mþ i

� �

¼ �lnð1þ d=mÞ þ
Xd�1

i¼1

ln
1� i=m

1þ i=m

� �
:

Now, lnð1þ d=mÞ � d=m for small d=m, and ln
1�i=m
1þi=m

� �
� �2i=m for small

i=m. Therefore,

Figure 10.1 Cover of the first edition of the Doctrine of Chances.
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ln
Q

M

� �
� � d

m
�
Xd�1

i¼1

2i

m

¼ � d

m
� 2

m
� ðd � 1Þd

2

¼ � d2

m
:

Since m ¼ n=2, de Moivre obtains Q ¼ Me�2d2=n.

If we divide both sides of de Moivre’s result by 2n and let X � Bðn; 1=2Þ, in
modern notation we obtain

Pr X ¼ n

2
þ d

n o
� Pr X ¼ n

2

n o
e�2d2=n: ð10:2Þ

To be able to approximate the symmetric binomial distribution, de Moivre had

first also calculated the ratio of the middle term M to the sum of all the terms in the

Figure 10.2 Extract from de Moivre’s approximation of the binomial distribution, taken from the

second edition of the Doctrine of Chances (de Moivre 1738).
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expansion of (1 þ 1)n, where n is large and even. This ratio is the same as the

following probability, which we derived in Problem 8:

Pr X ¼ n

2

n o
� 2ffiffiffiffiffiffiffiffi

2pn
p ðn largeÞ: ð10:3Þ

Again, deMoivre’s methodwas different from the onewe used inProblem 8 and

will now be described. With n¼ 2m, we have

M ¼
n

n=2

 !
¼

2m

m

 !

¼ ð2mÞð2m� 1Þ � � � ðmþ 2Þðmþ 1Þ
mðm� 1Þ � � � ð2Þð1Þ

¼ 2 � ðmþ 1Þ
ðm� 1Þ �

ðmþ 2Þ
ðm� 2Þ � � �

mþ ðm� 1Þ
m� ðm� 1Þ :

Figure 10.3 Abraham de Moivre (1667–1754).
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Taking logarithms on both sides,

lnM ¼ ln 2þ ln
1þ 1=m

1� 1=m

� �
þ ln

1þ 2=m

1� 2=m

� �
þ � � � þ ln

1þ ðm� 1Þ=m
1� ðm� 1Þ=m
	 


:

Now,

ln
1þ 1=m

1� 1=m

� �
¼ 2

1

m
þ 1

3m3
þ 1

5m5
þ � � �

� �
;

ln
1þ 2=m

1� 2=m

� �
¼ 2

2

m
þ 23

3m3
þ 25

5m5
þ � � �

� �
;

� � �
ln

1þ ðm� 1Þ=m
1� ðm� 1Þ=m
	 


¼ 2
m� 1

m
þ ðm� 1Þ3

2m3
þ ðm� 1Þ5

5m5
þ � � �

" #
:

By adding the above equations “vertically” (i.e., adding together the first term on

the right side of each equation, then the second term, and so on),

lnM ¼ ln 2þ 2

m
1þ 2þ � � � þ ðm� 1Þ½ � þ 2

3m3
13 þ 23 þ � � � þ ðm� 1Þ3
h i

þ 2

5m5
15 þ 25 þ � � � þ ðm� 1Þ5
h i

þ � � �

Now, each of the sums in the square brackets above multiplied by the corre-

sponding term before the brackets can be written as a polynomial inm (involving the

so-called “Bernoulli numbers”). De Moivre adds the highest powers of each polyno-

mial and obtains (2m � 1)ln(2m � 1) � 2m ln m. For the sum of the second highest

powers, he obtains (1/2)ln(2m � 1). The sum of the other highest powers are more

difficult to obtain, but de Moivre shows that, asm!¥, these become 1=12,�1=360,
1=1260, �1=1680, . . .Therefore, de Moivre is able to write

lnM � ln 2þ ð2m� 1Þlnð2m� 1Þ � 2m lnmf g þ 1

2
lnð2m� 1Þ þ ln T ;

where ln T¼ 1=12 � 1=360 þ 1=1260 � 1=1680 þ � � �, so that

M

2n
� 2Tðn� 1Þn�1ðn=2Þ�nðn� 1Þ1=2

2n
¼ 2Tðn� 1Þn

nn
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p :

Now ðn� 1Þn=nn ! e�1 as n!¥, and de Moivre lets T=e ¼ 1=B, so that the

above equation becomes

n

n=2

� �

2n
� 2

B
ffiffiffi
n

p ;

where lnB¼ 1� 1=12 þ 1=360� 1=1260 þ 1/1680� � � �Regarding the constantB,
de Moivre (1738, p. 236) says (see Fig. 10.2)
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When I first began that enquiry, I contended myself to determine at large the Value of B,

which was done by the addition of some Terms of the above-written Series, but as I

perceived that it converged but slowly, and seeing at the same time that what I had done

answeredmy purpose tolerablywell, I desisted fromproceeding farther, till myworthy and

learned friend,Mr. James Stirling, who applied himself after me to that enquiry, found that

the Quantity B did denote the Square-Root of the Circumference of a Circle whose Radius

is Unity, so that if that Circumference be called c, the Ratio of the middle Term to the Sum

of all the Terms will be expressed by 2/
ffiffiffiffiffi
nc

p
. . .

In the above, de Moivre says his friend James Stirling has found that B ¼ ffiffiffiffiffiffi
2p

p
.{

Using this and since PrfX ¼ n=2g ¼ n

n=2

� �
2�n de Moivre is thus able to reach

Eq. (10.3).

Combining Eqs. (10.2) and (10.3), de Moivre is finally able to show in his 1733

paper that

Pr X ¼ n

2
þ d

n o
� 2ffiffiffiffiffiffiffiffi

2pn
p e�2d2=n; ð10:4Þ

where X�Bin(n, 1/2). This is the normal approximation to the binomial distri-

bution for the case p¼ 1/2. Speaking of the above result, deMoivre (1738, p. 234) says

I’ll take the liberty to say, that this is the hardest Problem that can be proposed on the

Subject of Chance, for which reason I have reserved it for the last, but I hope to be forgiven

if my Solution is not fitted to the capacity of all Readers; however I shall derive from it

some Conclusions that may be of use to every body.

To say that the conclusionsmay be of use to everybody is an understatement, for

deMoivre’s result is the firstCentral Limit Theorem (CLT).{This suggests that hewas

actually the first to discover the normal curve (Pearson, 1924), although the credit is

usually given to Carl Freidrich Gauss (1777–1855).} In all fairness, it must be

{Stirling had actually shown that n! � ffiffiffiffiffiffi
2p

p
nnþ1=2 e�n in Example 2 of Proposition 28, in his Methodus

differentialis (Stirling, 1730). This was the same year that de Moivre published hisMiscellanea analytica.

Although de Moivre had first discovered n! / nnþ1=2 e�nfor large n, the formula later earned the name of

only Stirling. Pearson (1924) says “I consider that the fact that Stirling showed that deMoivre’s arithmetical

constant was
ffiffiffiffiffiffi
2p

p
does not entitle him to claim the theorem, and that it is erroneous to term it Stirling’s

Theorem.”On the other hand, Bressoud (2007, p. 293) writes “Even though it was a joint effort, the formula

that wewill find is called Stirling’s formula. This is primarily deMoivre’s own fault.When he published his

result he gave Stirling credit for finding the constant, but his language was sufficiently imprecise that the

attribution of the constant to Stirling could easily be misread as crediting him with the entire identity.”

{The name “Central Limit Theorem”was given by Pólya (1920). Two books entirely devoted to the CLTare

Adams (2009) and Fischer (2010).

} Some might consider the normal or Gaussian curve to be an example of Stigler’s law of eponymy: no

scientific discovery is named after its original discover (Stigler, 1980).By self-application, Stigler attributed

his law to the sociologist Robert KingMerton (1910–2003). DeMoivre seems to have been “dealt a double

blow” in so far as due credit is concerned, given his substantial work in establishing Stirling’s formula (see

footnote above).
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mentioned that de Moivre recognized neither the universality nor importance of the

normal curve he had discovered. In particular, he did not recognize that he had derived

the N(n=2, n=4) as an approximation to the B(n, 1=2) distribution, although he did

realize the importance of the quantity
ffiffiffi
n

p
. He noted that the accuracy of an estimated

proportion was inversely proportional to the quantity
ffiffiffi
n

p
.{ About 50 years later,

Pierre-Simon Laplace (1749–1827) generalized de Moivre’s results for general p in

Chapter 3 of his Th�eorie Analytique des Probabilit�es (Laplace, 1812, pp. 275–282),
by showing that, for X�B(n, p),

lim
n!¥

Pr
X=n� pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1� pÞ=np � z

( )
¼
ðz
�¥

1ffiffiffiffiffiffi
2p

p exp � u2

2

� �
du:

The above formula is the celebrated de Moivre–Laplace Theorem. It is a case of

convergence of distribution, which is an even weaker form of convergence than

convergence in probability.

De Moivre’s result in Eq. (10.4) is also a refinement of Bernoulli’s law of large

numbers for the symmetric case (p¼ 1/2). To see why, recall that{ Bernoulli’s law

states, for any natural number c, one can find a sample of size n such that

Pr Ps � pj j � 1

t

� �
H

c

cþ 1
;

where

n � max m1tþ stðm1 � 1Þ
rþ 1

;m2tþ rtðm2 � 1Þ
sþ 1

� �
;

m1 � lnfcðs� 1Þg
lnð1þ r�1Þ ; m2 � lnfcðr� 1Þg

lnð1þ s�1Þ ;

p ¼ r

t
; t ¼ rþ s:

For example, let us take r¼ 30, s¼ 30, and c¼ 1000. We have p¼ 1=2 and we

wish to find how large a sample size is needed so that

Pr Ps � 1

2

����
���� � 1

60

� �
H

1000

1001
:

Using the values of r, s, and c, we obtain m1 ¼ m2 ¼ 336, so that, according

to Bernoulli’s result, the required sample size is n¼ 39,612. Now let us re-

estimate the required sample size using de Moivre’s result in Eq. (10.4). Letting

{Today, we would say that the standard deviation of an estimated proportion is inversely proportional to
ffiffiffi
n

p
.

{ See Problem 8, p. 70.
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Ps ¼ X=n, we have

Pr Ps � 1

2

����
���� � d

n

� �
¼ Pr

1

2
� d

n
� Ps � 1

2
þ d

n

� �

¼ Pr
n

2
� d � X � n

2
þ d

n o
:

ð10:5Þ

Using de Moivre’s result in Eq. (10.4), Eq. (10.5) becomes

Pr Ps � 1

2

����
���� � d

n

� �
�
ðd
�d

2ffiffiffiffiffiffiffiffi
2pn

p exp � 2u2

n

� �
du ¼ 1� 2Fð�2d=

ffiffiffi
n

p Þ; ð10:6Þ

where Fð � Þ is the cumulative distribution function of the standard normal distribu-

tion. If we substitute « ¼ d=n, Eq. (10.6) becomes

Pr Ps � 1

2

����
���� � «

� �
� 1� 2Fð�2«

ffiffiffi
n

p Þ:

Let us now take « ¼ 1=60 and set the probability above to 1000=1001. Solving
1� 2Fð� ffiffiffi

n
p

=30Þ ¼ 1000=1001 using standard normal tables, we obtain, according

to de Moivre’s result, a sample size of n¼ 9742. This is much less than Bernoulli’s

sample size of n¼ 39,612.

De Moivre also considered the nonsymmetrical binomial case ðp 6¼ 1=2Þ. He
sketched a generalization of his method and showed how the terms in the general

binomial expression ðaþ bÞn, a 6¼ b, could be approximated, but his investigations

here did not go very far.

We now describe some of the studies leading to Gauss’ own derivation of the

normal distribution, which occurred in the context of putting the method of least

squares on a theoretical foundation. The method of least squares was first published

by Adrien-Marie Legendre (1752–1833) (Legendre, 1805, pp. 72–80) (Fig. 10.4).{

Legendre introduces the method in a purely algebraic way as one of finding the n

unknown quantities x1; x2; . . . ; xn such the following set ofm equations are satisfied

as “nearly” as possible (see Fig. 10.5):

a11x1 þ a12x2 þ � � � þ a1nxn ¼ y1;
a21x1 þ a22x2 þ � � � þ a2nxn ¼ y2;
� � �
am1x1 þ am2x2 þ � � � þ amnxn ¼ ym:

Legendre explains that, ifm¼ n, it is easy to uniquely determine the unknowns.{

However, inmany physical and astronomical problemswe havemH n. In these cases,

{For a comprehensive survey of the early history of the method of least squares, see the book byMerriman

(1877).

{Provided the set of equations is consistent.
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one wishes to minimize the errors «1; «2; . . . ; «m, where

«1 ¼ a11x1 þ a12x2 þ � � � þ a1nxn � y1;

«2 ¼ a21x1 þ a22x2 þ � � � þ a2nxn � y2;

� � �
«m ¼ am1x1 þ am2x2 þ � � � þ amnxn � ym:

In the above, the aij’s are known constants. Legendre then states the least

squares principle as follows (Legendre, 1805, p. 72; Smith, 1929, p. 577) (seeFig. 10.5):

Of all the principles which can be proposed for that purpose, I think there is none more

general, more exact, and more easy of application, than that of which we havemade use in

the preceding researches, and which consists of rendering the sum of the squares of the

errors aminimum. By thismeans there is established among the errors a sort of equilibrium

which, preventing the extremes from exerting an undue influence, is very well fitted to

reveal that state of the system which most nearly approaches the truth.

Thus, one wishes to minimize

Xm
i¼1

«i
2 ¼

Xm
i¼1

ai1x1 þ ai2x2 þ � � � þ ainxn � yið Þ2: ð10:7Þ

By differentiating Eq. (10.7) partially with respect to each of x1; x2; . . . ; xn and
equating to zero each time, one obtains the following normal equations:

Figure 10.4 Adrien-Marie Legendre (1752–1833).
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Xm
i¼1

a2i1

 !
x1 þ

Xm
i¼1

ai1ai2

 !
x2 þ � � � þ

Xm
i¼1

ai1ain

 !
xn ¼

Xm
i¼1

ai1yi;

Xm
i¼1

ai2ai1

 !
x1 þ

Xm
i¼1

a2i2

 !
x2 þ � � � þ

Xm
i¼1

ai2ain

 !
xn ¼

Xm
i¼1

ai2yi;

� � �
Xm
i¼1

ainai1

 !
x1 þ

Xm
i¼1

ainai2

 !
x2 þ � � � þ

Xm
i¼1

a2in

 !
xn ¼

Xm
i¼1

ainyi:

The above n equations can now be solved for the n unknowns x1; x2; . . . ; xn. As a
special case of the above method, Legendre considers the case when n independent

observations a1; a2; . . . ; an are made on an unknown quantity x. The method of least

squares then tries to minimize the quantity ðx� a1Þ2 þ ðx� a2Þ2 þ � � � þ ðx� anÞ2,
which happens when the latter’s derivative with respect to x is set to zero, that is,

ðx� a1Þ þ ðx� a2Þ þ � � � þ ðx� anÞ ¼ 0:

Figure 10.5 Legendre’s Method of Least Squares, taken from the Nouvelles M�ethodes (Legendre,

1805).
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) x ¼ 1

n

Xn
i¼1

ai ¼ �a;

which is the sample mean of the ai’s.
{

Legendre’s clarity of exposition and the usefulness of least squares ensured that

his method quickly gained wide acceptance. However, his claim of priority on the

method was soon challenged by Gauss. Both Legendre and Gauss were among the

greatest mathematicians of their times. In the Theoria motus corporum coelestium

(Gauss, 1809, English edition, p. 270), Gauss states (Fig. 10.6)

Our principle, whichwe havemade use of since the year 1795, has lately been published by

LEGENDRE in the work Nouvelles methodes pour la determination des orbites des

cometes, Paris, 1806, where several other properties of this principle have been explained,

which, for the sake of brevity, we here omit.

Figure 10.6 Carl Friedrich Gauss (1777–1855).

{To confirm that the sum of squares is indeedminimized at x ¼ �a, one can show that its second derivative,

evaluated at x ¼ �a, is positive.
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Legendre took umbrage at Gauss’ claim, especially his use of the term “our

principle.” In an 1809 letter to Gauss, Legendre writes{

I will therefore not conceal from you, Sir, that I felt some regret to see that in citing my

memoir p. 221 you say principium nostrum quo jam inde ab anno 1795 usi sumus etc.

There is no discovery that one cannot claim for oneself by saying that one had found the

same thing some years previously; but if one does not supply the evidence by citing the

place where one has published it, this assertion becomes pointless and serves only to do

a disservice to the true author of the discovery. In Mathematics it often happens that one

discovers the same things that have been discovered by others and which are well

known; this has happened to me a number of times, but I have never mentioned it and I

have never called principium nostrum a principle which someone else had published

before me.

It seems that Gauss did indeed use least squares before Legendre’s publication{

but did not get his work published before 1805. Similarly, the Irish-born mathemati-

cian Robert Adrain (1775–1843) independently developed and used least squares

around 1806. However, the priority of discovery goes to Legendre for having first

published the method.

In the Theoria motus, Gauss set out to give a probabilistic justification for the

principle of least squares (Gauss, 1809, English edition, pp. 257–260) (see Fig. 10.7).

Recall that, when n observations a1; a2; . . . ; an are made on an unknown quantity x,

Legendre’s principle of least squares states the sum of squares of the errors, that is

ðx� a1Þ2 þ ðx� a2Þ2 þ � � � þ ðx� anÞ2, is minimized when x ¼ �a. However,

Legendre provided no theoretical basis as to why the sum of squares of the errors

ought to be minimized. Gauss’ aim was to find the type of distribution, given a set of

independent measurements a1; a2; . . . ; an for an unknown value x, which leads to the
sample mean as the most probable value of x. In doing so, he formally derived the

normal distribution, a feat that enabled him to coin his name on this distribution.}

Moreover, hewas also able to justify themethod of least squares.We now describe his

derivation.** Given the independent observations a1; a2; . . . ; an on x, let the proba-

bility density of the ith error «i ¼ ai � x be

f«ð«ijxÞ ¼ fð«iÞ ¼ fðai � xÞ:

Therefore, the density of each ai is

faðaijxÞ ¼ f«ð«ijxÞ ¼ fðai � xÞ:

{The following English translation is taken from Plackett (1972).

{See, for example, Adams (2009, p. 28).

}The first derivation of the normal law of error was actually given one year earlier by Adrain in the paper

Research concerning the probabilities of the errors which happen in making observations (Adrain, 1808).

The paper went largely unnoticed until it was reprinted in 1871. For more details, see Merriman (1877, pp.

163–164).

** See also Whittaker and Robinson (1924, pp. 218–220).
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Then Gauss uses Laplace’s form of Bayes Theorem{ to obtain the posterior

distribution of x, given the observations

f ðxja1; a2; . . . ; anÞ ¼ f ða1; a2; . . . ; anjxÞf ðxÞÐ
f ða1; a2; . . . ; anjxÞf ðxÞdx : ð10:8Þ

Next, Gauss follows Laplace again by assuming a uniform prior on x, that is,

f ðxÞ ¼ 1, based on the principle of indifference.{ Since the observations are inde-

pendent, Eq. (10.8) becomes

f ðxja1; a2; . . . ; anÞ ¼ faða1jxÞfaða2jxÞ � � � faðanjxÞÐ
faða1jxÞfaða2jxÞ � � � faðanjxÞdx

¼
Qn

i¼1 fðai � xÞÐ Qn
i¼1 fðai � xÞdx :

Now, f ðxja1; a2; . . . ; anÞ, hence ln f ðxja1; a2; . . . ; anÞ, is maximizedwhen x ¼ �a.
This happens when Xn

i¼1

d

dx
ln fðai � xÞ ¼ 0: ð10:9Þ

Figure 10.7 Gauss’ derivation of the normal distribution, taken from the English translation of

Gauss’ Theoria motus (Gauss, 1809).

{ See Problem 14, p. 141.

{ See Problem 14, pp. 135–137.
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When x ¼ �a, we also have

Xn
i¼1

ðai � xÞ ¼ 0: ð10:10Þ

Comparing Eqs. (10.9) and (10.10), we see that

d

dx
ln fðai � xÞ ¼ k1ðai � xÞ;

where k1 is a constant. To solve the above differential equation, we write

Ð
dlnfðai � xÞ ¼ �k1

Ð ðai � xÞdðai � xÞ

lnfðai � xÞ ¼ � k1

2
ðai � xÞ2 þ k2

fðai � xÞ ¼ k3 e
�k1ðai�xÞ2=2

) fð«iÞ ¼ k3 e
�k1«

2
i =2;

where k2; k3 are constants. Since
Ð¥
�¥ fð«iÞd«i ¼ k3

Ð ¥
�¥ e

�k1«
2
i =2 d«i ¼ 1, we can

make the substitution u ¼ «i
ffiffiffiffiffiffiffiffiffiffi
k1=2

p
and use

Ð¥
�¥ e�u2 du ¼ ffiffiffi

p
p

to show that

k3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1=ð2pÞ

p
. Writing h 	 ffiffiffiffiffiffiffiffiffiffi

k1=2
p

, Gauss finally obtains the normal density

Nð0; 1
2h2

Þ (see Fig. 10.7):

fð«iÞ ¼ hffiffiffi
p

p e�h2«2i : ð10:11Þ

Having derived the normal density, it is then easy for Gauss to argue that the joint

density

fð«1Þfð«2Þ � � �fð«nÞ ¼ hffiffiffi
p

p
� �n

e
�h2
Pn
i¼1

«2i

is maximized when the sum of squares of the errors, that is,
Pn

i¼1 «i
2, is minimized,

just justifying the principle of least squares. In his own words (Gauss, 1809, English

edition, p. 260)

It is evident, in order that the product

W ¼ hmp�m=2 e�hhðvvþv0v0þv00v00þ���Þ

may become a maximum, that the sum

vvþ v0v0 þ v00v00 þ etc:;

must become aminimum.Therefore, that will be themost probable system of values of the

unknown quantities p, q, r, s, etc., in which the sum of the squares of the differences

between the observed and computed values of V, V0, V00, etc. is a minimum. . .
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This completes Gauss’ probabilistic justification of the method of least squares.

Any description of Gauss’ derivation of the normal curve would be incomplete

without any mention of Laplace, a French mathematician of unrivalled analytic

superiority. As early as 1774, on his work on the theory of errors, Laplace had

proposed the double exponential function{

f ðxÞ ¼ m

2
e�mjxj; � ¥GxG¥; mH0;

as a lawof error (Laplace, 1774a, pp. 634–644).Now, aswe have described,Gauss had

proved that the distribution that results in the samplemean as themost likely value of a

set of observations is the normal distribution in Eq. (10.11). In the M�emoire sur les

approximations des formules qui sont fonctions de tr�es grands nombres et sur leur

application aux probabilit�es (Laplace, 1810a), Laplace provided the first formal

statement of the CLTafter deMoivre’s work in theMiscellanea analytica (deMoivre,

1730). Laplace considered the sum Sn ¼ X1 þ X2; . . .þ Xn, where the Xi’s are

independent and identically distributed discrete random variables with probability

mass function

Pr Xi ¼ ih

2m

� �
¼ 1

2mþ 1
; for hH0; i ¼ 0; 1; . . . ; 2m:

Byusingcharacteristic functions{ for thefirst time,Laplaceshowed that, for largen,

Pr �u � Sn

n
� m � u

� �
�

ffiffiffi
2

p

s
ffiffiffi
p

p
ðu
0

e�x2=ð2s2Þdx;

wherem ¼ EXi ¼ h=2 ands2 ¼ var Xi ¼ 1=3. Equippedwith this result, Laplacewas
able to further reinforce Gauss’ result on the normal curve. In the Suppl�ement au

M�emoire sur les approximations des formules qui sont fonctions de tr�es grands

nombres (Laplace, 1810b), Laplace essentially argued that if the errors in Gauss’

derivation were the sum of a large number of random variables, then the CLT implies

that the errors are approximately normally distributed. This fact gives further validity to

Gauss’ derivation of the normal curve.

Let us now outline some of the key developments in the CLT after de Moivre’s

and Laplace’s initial works on it. Just like in the case of the law of large numbers,}

the aim of these investigations was to further relax the conditions under which

the CLT can hold. The first rigorous proof of the CLT was provided by Alexander

Mikhailovich Lyapunov (1857–1918) (Fig. 10.8) in 1901 for the case of mutually

independent random variables X1;X2; . . . ;Xn such that EXi ¼ mi, var Xi ¼ s2
iG¥,

and EjXij2þd
G¥ where d H 0 (Lyapunov, 1901). Let Sn ¼ X1 þ X2 þ � � � þ Xn,

{Now called Laplace’s (first) distribution.

{The characteristic function of a random variable X is defined by fXðtÞ ¼ E eitX, where i ¼ ffiffiffiffiffiffiffi�1
p

.

} See Problem 8.
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mn ¼ m1 þ m2 þ � � � þ mn, and B2
n ¼ s2

1 þ s2
2 þ � � � þ s2

n. Then if

lim
n!¥

1

B2þd
n

Xn
j¼1

E Xj � mj

�� ��2þd ¼ 0;

we have

lim
n!¥

Pr
Sn �mn

Bn

� z

� �
¼
ðz
�¥

1ffiffiffiffiffiffi
2p

p exp � u2

2

� �
du:

Note that Liapunov’s CLT requires the existence of moments beyond the

second order. A simpler but less general form of the above is due to the Finnish

mathematician Jarl Waldemar Lindeberg (1876–1932) (Lindeberg, 1922) and the

Figure 10.8 Alexander Mikhailovich Lyapunov (1857–1918)
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French mathematician Paul Pierre L�evy (1886–1971) (L�evy, 1925): If X1;X2; . . . ;Xn

are IID random variables with common mean EXi ¼ m and common variance

var Xi ¼ s2G¥, then

lim
n!¥

Pr
X1 þ X2 þ � � � þ Xn � nm

s
ffiffiffi
n

p � z

� �
¼
ðz
�¥

1ffiffiffiffiffiffi
2p

p exp � u2

2

� �
du:

Sufficient and necessary conditions for the CLT were provided by Lindeberg

(1922) and William Feller (1906–1970) (Feller, 1935), respectively: Let

X1;X2; . . . ;Xn be independent random variables such that EXi ¼ mi and

var Xi ¼ s2
iG¥. Let Sn ¼ X1 þ X2 þ � � � þ Xn, mn ¼ m1 þ m2 þ � � � þ mn, and

B2
n ¼ s2

1 þ s2
2 þ � � � þ s2

n. Then

lim
n!¥

Pr
Sn �mn

Bn

� z

� �
¼
ðz
�¥

1ffiffiffiffiffiffi
2p

p exp � u2

2

� �
du

and

lim
n!¥

max
1�i�n

si

Bn

¼ 0

if and only if, for any «H0,

lim
n!¥

1

B2
n

Xn
i¼1

ð
jx�mi jH«Bn

ðx� miÞ2fXi
ðxÞdx

( )
¼ 0: ð10:12Þ

In the above, fXi
ðxÞis the probability density of each Xi.

What are the implications of the CLT? Briefly, it implies that, for the simplest

case, the sum (or sample mean) of IID random variables with finite second moments

can be approximated by a normal distribution for “large enough” sample sizes. It is

immaterial whether the original random variables themselves have a normal distri-

bution or not, or whether they are discrete or continuous.{This result is of tremendous

importance in as much as it enables us to make probability statements about sums or

means of random variables. It also leads, under certain conditions, to useful normal

approximations for various distributions such as the binomial, the Poisson, the chi-

square, and the gamma distributions. Finally, the CLT is extremely important in

inferential problems involving the sample mean.

A look at Eq. (10.12) reveals the basic condition for the CLT to hold in large

enough sample sizes. First note that{

{Note that the theorem does not say that any random variablewill become approximately normal for large

sample sizes, it makes a statement of approximate normality regarding the sum (and sample mean) of the

random variables.

{ In the formulas which follow, if the random variable is discrete we replace the density function with the

mass function, and the integration with a summation.
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1

B2
n

Xn
i¼1

ð
jx�mi jH«Bn

ðx� miÞ2fXi
ðxÞdx � 1

B2
n

Xn
i¼1

ð
jx�mi jH«Bn

«2B2
nfXi

ðxÞdx

¼ «2
Xn
i¼1

ð
jx�mi jH«Bn

fXi
ðxÞdx

¼ «2
Xn
i¼1

PrfjXi � mijH«Bng

� «2max
1�i�n

PrfjXi � mijH«Bng:

Condition (10.12) therefore implies, as n!¥,

max
1�i�n

PrfjXi � mijH«Bng! 0:

Thus for the CLT to hold, the Lindeberg–Feller conditions state that no single

random variable should dominate the sum, that is, each ðXi � miÞ=si is small relative

to the sum ðSn � mnÞ=Bn as n increases.{

{See Spanos (1986, pp. 174–175).
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Problem 11

Daniel Bernoulli and the

St. Petersburg Problem (1738)

Problem. A player plays a coin-tossing game with a fair coin in a casino. The casino

agrees to pay the player 1 dollar if heads appears on the initial throw, 2 dollars if head

first appears on the second throw, and in general 2n�1 dollars if heads first appears on

the nth throw. How much should the player theoretically give the casino as an initial

down-payment if the game is to be fair (i.e., the expected profit of the casino or player

is zero)?

Solution. The player wins on the nth throw if all previous (n� 1) throws are tails and

the nth thrown is a head. This occurs with probability ð1=2Þn�1ð1=2Þ ¼ 1=2n and the

player is then paid 2n�1 dollars by the casino. The casino is therefore expected to pay

the player the amount

X¥
n¼1

1

2n
� 2n�1 ¼

X¥
n¼1

1

2
¼ ¥:

Thus it seems that no matter how large an amount the player initially pays the casino,

she will always emerge with a profit. Theoretically, this means that only if the player

initially pays the casino an infinitely large sum will the game be fair.

11.1 Discussion

This problem has been undoubtedly one of the most discussed in the history of

probability and statistics. The problem was first proposed by Nicholas Bernoulli

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.
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(1687–1759) in a letter to Pierre R�emond de Montmort (1678–1719) in 1713.{ It was

published in Montmort’s second edition of the Essay d’Analyse sur les Jeux de

Hazard (Montmort, 1713, p. 402) (see Fig. 11.1):

Fourth Problem. A promises to give one ecu to B, if with an ordinary die he scores a six,

two ecus if he scores a six on the second throw, three ecus if he scores this number on the

Figure 11.1 Extract from letter sent to Montmort by Nicholas Bernoulli, taken from the second

edition of Montmort’s Essay (Montmort, 1713). The St. Petersburg Problem first appears here

(Quatri�eme Probl�eme, Cinqui�eme Probl�eme).

{An even earlier version of the St. Petersburg Problem appears in Cardano’s Practice arithmetice and is as

follows: “A rich and a poor man play for equal stakes. If the poor man wins, on the following day the stakes

are doubled and the process continues; if the rich man wins once, the play is ended once and for all.” See

Coumet (1965a) and Dutka (1988) for more details.
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third throw, four ecus if he gets it on the fourth throw,& so on.We askwhat the expectation

of B is.

Fifth Problem. We ask the same thing if A promises B ecus according to the sequence 1, 2,

4, 8, 16, etc., or 1, 3, 9, 27, etc., or 1, 4, 9, 16, 25, etc., or 1, 8, 27, 64, etc., instead of 1, 2, 3, 4,

5, etc. like before.

The problem was then taken up again by Daniel Bernoulli (1700–1782){ and

published in a similar form toProblem11 in the St. PetersburgAcademyProceedings

in 1738 (Bernoulli, 1738) (Fig. 11.2). Almost every prominent mathematician of the

time discussed the problem, which from then on became known as the St. Petersburg

Problem or the St. Petersburg Paradox.{

What is paradoxical about the problem? It is the solution. Our solution seems to

imply that the player is expected to be paid an infinite amount ofmoney, but in fact she

willmost likely be paidmuch less than that. To seewhy, let us calculate how likely it is

that she will win within the first few tosses. Let Y be the random variable “the number

of independent tosses of the fair coin till the player wins.” The probabilities of

winning within, say, the first three, four, and five tosses are, respectively,

PrfY � 3g ¼ PrfY ¼ 1g þ PrfY ¼ 2g þ PrfY ¼ 3g

¼ 1

2

� �
þ 1

2

� �1
1

2

� �
þ 1

2

� �2
1

2

� �

¼ :875;

PrfY � 4g ¼ :938;

PrfY � 5g ¼ :969:

Thus, it is very likely that the player will have won within the five tosses. Given

that this actually occurs, the player will be paid 24¼ 16 dollars by the casino. So

paying the casino 16 dollars would seem fair for all intents and purposes. And yet our

solution appears to imply that the player should pay the casino an infinite amount to

make the game fair. On one hand, the theory seems to predict the player is expected to

emergewith a huge profit however large a sum she pays the casino. On the other hand,

even paying the casino 1000 dollars seems unfair since most certainly the player will

end up being paid at most 16 dollars.

There have been numerous attempts to get around this conundrum. We now

outline some of them. First let us consider Jean le Rond d’Alembert’s (1717–1783)

take on the matter. d’Alembert rejected the solution we presented earlier, namely

that the player should pay the casino an infinite amount. In the Croix ou Pile article

{Daniel Bernoulli was the younger cousin of Nicholas Bernoulli.

{The St. Petersburg paradox is also discussed in Clark (2007, p. 196), Samuelson (1977), Shackel (2008),

Keynes (1921, pp. 316–323), Nickerson (2004, p. 182), Parmigiani and Inoue (2009, p. 34), Epstein (2009,

pp. 111–113), Chernoff and Moses (1986, p. 104), Chatterjee (2003, p. 190), Sz�ekely (1986, p. 27), and

Everitt (2008, p. 117).
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of the Encyclop�edie he states,{ regarding the infinite solution (d’Alembert, 1754,

Vol. IV, p. 513):

. . .& there is some scandal here that deserves to occupy the Algebraists.

Elsewhere, d’Alembert has claimed that there is no paradox at all, based on an

argument that we now describe. First, d’Alembert distinguishes between two types of

Figure 11.2 Daniel Bernoulli (1700–1782).

{See also Fig. 12.3.
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probabilities, which he calls “metaphysical” and “physical” probabilities.{According

to d’Alembert, an event is metaphysically possible if its probability is mathematically

greater than zero. On the other hand, an event is physically possible if it is not so rare

that its probability is very close to zero. In the Opuscules Math�ematiques

(d’Alembert, 1761, p. 10), d’Alembert thus states (see Fig. 11.3)

One must distinguish between what is metaphysically possible, & what is physically

possible. In the first class are all things whose existence is not absurd; in the second are all

things whose existence not only has nothing that is absurd, but also has nothing that is very

extraordinary either, and that is not in the everyday course of events. It is metaphysically

possible, that we obtain a double-six with two dice, one hundred times in a row; but this is

physically impossible, because this has never happened, & will never happen.

In the famous article Doutes et Questions sur le Calcul des Probabilit�es,
d’Alembert (1767, pp. 282) addresses the St. Petersburg Problem:

Thus I ask if one has to look very far for the reason of this paradox, & if it does not belie the

eyes that this supposed infinite sum owed by Paul{ [the player] at the beginning of the

game, is only apparently infinite, only because it is based on a false assumption; namely on

the assumption that head can never happen, & that the game can last forever?

Figure 11.3 D’Alembert’s definition of metaphysical and physical probability, taken from the

Opuscules (Vol. 2) (d’Alembert, 1761, p. 10).

{ See also Arne Fisher’s The Mathematical Theory of Probabilities (Fisher, 1922, pp. 51–52).

{The use of Paul and Pierre (or Peter) as opponents in games of chances has its origins inMontmort’sEssay

d’Analyse (Montmort, 1708). Gordon (1997, p. 185) makes the following amusing point: “Note that Pierre

Montmortwas hardly neutral betweenPierre and Paul.We still root for Peter and tend to look at things from

his point of view. For example, we shall use the letter p, which we have used for the probability of success,

for the probability that Peter wins a game; q, corresponding to failure, is the probability Paul wins.”
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It is however true, & even clear, that this assumption is mathematically possible. Only

physically speaking is it false.

Finally, in the Opuscules, d’Alembert explains why he believes the “infinite-

expectation” solution (which we presented in our solution) is wrong (p. 8):

. . . when the probability of an event is very small, it must be regarded & treated as zero;

& one must not multiply (as it has been prescribed till now) that probability with the gain,

so as to obtain the stake or expectation.

Thus d’Alembert believes that very small probabilities ought to be treated as

zero. Although d’Alembert does not explicitly give a cutoff probability to decide

when a metaphysically possible event becomes physically impossible, he gives an

example of a coin that is tossed 100 times to illustrate the notion of physical

impossibility (d’Alembert, 1761, p. 9). Let us therefore take a probability

p � 1=2100 to denote physical impossibility, and use d’Alembert’s arguments to

solve the St. Petersburg Problem. In our solution, the casino is now expected to play

the player an amount.

X99
n¼1

1

2n
� 2n�1 þ

X¥
n¼100

0� 2n�1 ¼ 49:5:

Thus, according to d’Alembert and using a probability cutoff of 2�100, the

player should give the casino an upfront payment of $49.50 for the game to be fair.

However, how shouldwe decide at what point a probability becomes so small{ that it

should be treated as zero? D’Alembert does not provide any convincing argument

for a cutoff and his views on the St. Pertersburg Problem have largely been

superseded today.

The great naturalist, Georges-Louis Leclerc, Comte de Buffon (1707–1788)

favored a solution similar to d’Alembert, except that he considered a probability less

than 1=10,000 (�1/213.29) to be “morally” impossible. With this prescription, the

casino is expected to pay the player an amount{

X13
n¼1

1

2n
� 2n�1 þ

X¥
n¼14

0� 2n�1 ¼ 6:5;

so that the player should give the casino an upfront payment of $6.50 for the game to

be fair. Buffon was also one of the foremost empiricists of his times. He employed a

child to toss a coin until a head was obtained, and the game was repeated 2084 times

(Todhunter, 1865, p. 346). Buffon reports that there were 1061 games that produced

one crown, 494 games that produced two crowns, and so on. The total amount was

{The issue of small probabilities is also treated in Problem 24.

{ In his own calculations, Buffon seems to have arbitrarily changed the payment to (9/5)n�1 for a first head on

the nth head (Coolidge, 1990, p. 174). In this way he is able to obtain an upfront payment of 5 crowns, which

matches his empirical results.
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10,057 crowns in 2084 games, implying an average upfront payment of about 5

crowns.

On the other hand, mathematicians such as the Marquis de Condorcet

(1743–1794), Sim�eon Denis Poisson (1781–1840), and Eug�ene Charles Catalan

(1814–1894) argued that no casino could pay an infinite amount and that its fortune

should be restricted. Let us therefore assume that the casino has a maximum of

2Ndollars, where N is a fixed integer. Furthermore, we assume that the player is paid

2n�1 dollars if heads first occurs on the nth toss for n � N þ 1. For nHN þ 1, the

player is always paid the same amount of 2Ndollars. For such a game, the bank is

expected to pay the player an amount

1

2
�1þ 1

22
�2þ � � � þ 1

2Nþ1
�2N þ 2N

1

2Nþ2
þ 1

2Nþ3
þ � � �

� �
¼ 1

2
N þ 1ð Þþ 1

4
þ 1

8
þ � � �

� �

¼ N

2
þ 1:

For the game to be fair, the player must therefore pay (N=2 þ 1) dollars upfront.

Table 11.1 lists several values of N, 2N , and N=2 þ 1. An upfront payment of

(N=2 þ 1) seems much more reasonable than an “infinite” one.

However, Condorcet et al.’s position of restricting the casino’s fortune is

criticized by Joseph Bertrand (1822–1900), who argues that this does not solve the

problem. In the Caculs des Probabilit�es, he writes (Bertrand, 1889, p. 61)

If we play for cents instead of francs, for grains of sand instead of cents, for molecules of

hydrogen instead of grains of sand, the fear of insolvency can be diminished without limit.

This should not make a difference to the theory. It does not also assume that the stakes be

paid before every throwof the coin.HowevermuchPeter [the casino]may owe, the pen can

write it, one can write the calculations on paper; the theory will triumph if the calculations

confirm its prescriptions. Chance will very probably, one can even say certainly, end by

Table 11.1 A Modified St. Petersburg’s Game Where a Limit 2N is Placed on the Amount

Owned by the Casino

Value of N Maximum amount

owned by casino (2N)

Amount player must pay

upfront for a fair game (N=2 þ 1)

1 2 1.5

2 4 2.0

3 8 2.5

4 16 3.0

5 32 3.5

10 1,024 6.0

15 32,768 8.5

20 1.03� 106 11.0

For a given value of N, the player must pay an amount (N=2 þ 1) for the game to be fair.

114 Problem 11 Daniel Bernoulli and the St. Petersburg Problem (1738)



favoring Paul [the player]. However much he pays for Peter’s promise, the game is to his

advantage, and if Paul is persistent it will enrich him without limit. Peter, whether he is

solvent or not, will owe him a vast sum.

Gabriel Cramer (1704–1752) and Daniel Bernoulli (1700–1782) both favored a

solution that involved the concept ofmean utility (ormoral expectation).{This is one

of the more common solutions to the St. Petersburg Problem and needs some

explaining. Suppose a player has an initial fortune x0, and has a probability pj
(for j¼ 1, . . . , K) of winning an amount aj , where

P
jpj ¼ 1. If at any stage the

player’s fortune changes from x to (x þ dx), then Bernoulli suggests that the change

in the player’s utility U for that fortune is dU / dx=x. This means that, for a given

change in the player’s fortune, the more money the player has the less will the change

in utility be. From dU / dx=x, we get U ¼ k ln xþ C, where k and C are both

constants, that is, the utility of the fortune x is a function of the log of x. Bernoulli then

denotes the mean utility of the player’s final fortune by

XK
j¼1

pj ln
x0 þ aj

x0

� �

(Dutka, 1988). Compare this with the mathematical expectation of the player’s final

fortune:
P

jpjðx0 þ ajÞ. For the St. Petersburg Problem, suppose the player has an

initial fortune x0 and pays an initial amount j for the game. Then, for a fair game,

Bernoulli sets the player’s mean utility for her final fortune to be zero, obtaining

X¥
j¼1

1

2j
lnðx0 þ 2j � jÞ ¼ ln x0:

This equation can be solved for jwhen the value ofx0 is specified. For example, if

the player’s initial fortune isx0 ¼ 10 dollars, then she should pay an upfront amount of

j � 3 dollars. On the other hand ifx0 ¼ 1000dollars, then j � 6 dollars (Shafer, 2004,

p. 8320). Again, these are much more reasonable upfront payments than that

suggested in our solution. Note that this version of the St. Petersburg Problem does

not restrict the casino’s fortune, but instead conditions on the player’s initial fortune.

A fourth solution due to the eminent Croatian-American mathematician

William Feller (1906–1970) (Feller, 1937, 1968) (Fig. 11.5) ought to be men-

tioned. Feller reasoned in terms of a variable entrance fee, that is, an entrance fee

that is a function of the number n of tosses. He defined a fair game to be one such

that, for any small «H0,

lim
n!¥

Pr

���� Snen � 1

����G«

� �
¼ 1;

{For more details, see Bernstein (1996, p. 105). See also Problems 4 and 25.
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where Sn and en are the cumulative amounts paid to and by the player, respectively.

The last formula is analogous to the weak law of large numbers,{ Feller then proved

that the game becomes fair for

en ¼ n log2 n:

Figure 11.4 Plot of player’s upfront payment, 1=(2 � s), against s for the modified St. Petersburg

game where the player is paid sn�1 (where 0 G s G 2) dollars if head occurs on the nth toss.

Table 11.2 Feller’s Solution to the St. Petersburg Game,Whereby a Variable Amount is Paid

by the Player at the Start of the nth Toss

Value of n Cumulative amount paid by

player on nth toss (n log2n)

Actual amount paid by player

on nth toss [n log2n �
(n � 1)log2n(n � 1), n H 1]

1 .00 .00

2 2.00 2.00

3 4.75 2.75

4 8.00 3.25

5 11.61 3.61

10 33.22 4.69

15 58.60 5.30

20 86.44 5.73

{ See Problem 8.
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Table 11.2 shows values of the cumulative and actual amounts the player should

play on the nth toss.

Finally, it is worthwhile reconsidering the original St. Petersburg game with one

modification: if a head appears first on the nth toss, then assume the casino pays the

player an amount of sn�1 dollars, where 0G sG 2. Then the casino is expected to pay

the player an amount

X¥
n¼1

1

2n
� sn�1 ¼ 1

s

X¥
n¼1

s

2

� �n

¼ s=2

sð1� s=2Þ
¼ 1

2� s
; 0GsG2:

Figure 11.5 William Feller (1906–1970).
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Therefore, for the game to be fair, the player must pay the finite amount of

ð2� sÞ�1
dollars upfront. The graphs in Fig. 11.4 show the variation of the player’s

upfront payment with the value of s.

Of all the possible resolutions we have presented (including our own in the

Solution), Daniel Bernoulli’s one based on the concept of utility seems the most

appealing. A little “tweaking” of the original concept is needed, through, to avoid a

“Super St. Petersburg Paradox” (Menger, 1934). The latter will occur with a log-

utility formulation (i.e., u(x)¼ ln x) if the casino pays expð2n�1Þdollars when a head
first appears on the nth toss. However, by bounding the utility function from above, the

Super St. Petersburg Paradox can be avoided.{

{ For more details, see Ingersoll’s Theory of Financial Decision Making (Ingersoll, 1987, p. 19).
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Problem 12

d’Alembert and the

“Croix ou Pile” Article (1754)

Problem. In two tosses of a fair coin, what is the probability that heads will appear

at least once?

Solution. LetH stand for heads and T for tails. Then the sample space when the coin

is tossed isW ¼ fHH;HT ; TH; TTg. Each of these sample points is equally likely, so

applying the classical definition of probability

Prfheads at least onceg � number of favorable outcomes

total number of outcomes

¼ 3

4
:

12.1 Discussion

Jean le Rond d’Alembert (1717–1783) was one of the foremost intellectuals of the

18th century and coedited the monumental Encyclop�edie ou Dictionnaire Raisonn�e
des Sciences, des Arts et desM�etiers (Figs. 12.1 and 12.2).{However, d’Alembert was

often at odds (no pun intended) with his contemporaries on questions of probability.

On the above problem, he denied that 3/4 could be the correct answer. He reasoned

as follows: once a head occurs, there is no need for a second throw; the possible

outcomes are thus H, TH, TT, and the required probability is 2/3. Of course,

d’Alembert’s reasoning is wrong because he failed to realize that each of H, TH,

TT is not equally likely. The erroneous answer was even included in his article Croix

ou Pile{ of the Encyclop�edie (d’Alembert, 1754, Vol. IV, pp. 512–513). Let us

examine the first part of his article (see Fig. 12.3):

Classic Problems of Probability, Prakash Gorroochurn.
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{Encyclopedia of the Sciences, Arts, and Crafts.

{Heads or tails.
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Heads or tails (analysis of chances). This gamewhich is well known,&which has no need

of definition,will provideus the following reflections.One asks howmuch are the odds that

one will bring heads in playing two successive tosses. The answer that one will find in all

authors, & following the ordinary principles, is this one here: There are four combinations,

First toss. Second toss.

Heads. Heads.

Tails. Heads.

Heads. Tails.

Tails. Tails.

Of these four combinations one alone makes a loss, & three make wins; the odds are

therefore 3 against 1 in favor of the player who casts the piece. If he wagered on three

tosses, one will find eight combinations of which one alone makes a loss, & seven make

wins; thus the oddswill be 7 against 1. SeeCombinaison&Avantage. However is this quite

correct? For in order to take here only the case of two tosses, is it not necessary to reduce to

one the two combinations which give heads on the first toss? For as soon as heads comes

Figure 12.1 Jean le Rond d’Alembert (1717–1783).
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one time, the game is finished, & the second toss counts for nothing. So there are properly

only three possible combinations:

Heads, first toss.

Tails, heads, first & second toss.

Tails, tails, first & second toss.

Therefore the odds are 2 against 1. Likewise in the case of three tosses, one will find

Heads.

Tails, heads.

Tails, tails, heads.

Tails, tails, tails.

Figure 12.2 Cover of the Encyclop�edie.
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Figure 12.3 d’Alembert article “Croix ou Pile,” taken from the Encyclop�edie (Vol. IV) (d’Alembert, 1754).

1
2
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Therefore the odds are only 3 against 1: this is worthy, it seems me, of the attention of the

Calculators, & would go to reform well some unanimously received rules on the games of

chance.

d’Alembert comes back to the issue again, in his articleGageure{ (d’Alembert 1757,

pp. 420–421), after having received objections to his Croix ou Pile article from a

certain Mr. Necker, who was a Professor of Mathematics. Necker gives the correct

reasoning, but the end of the article shows a still unconvinced d’Alembert.

d’Alembert notoriously also refuted the solution to the St. Petersburg’s Problem

(see Problem 11) and fell in the trap of the Gambler’s Fallacy (see Problem 13).

Bertrand (1889, pp. ix–x) did not mince his words about d’Alembert’s various faux

pas in the games of chance:

When it comes to the calculus of probability, d’Alembert’s astute mind slips completely.

Similarly, in his History of Statistics, Karl Pearson writes (Pearson, 1978, p. 535)

What then did d’Alembert contribute to our subject? I think the answer to that question

must be that he contributed absolutely nothing.

In spite of Bertrand’s and Pearson’s somewhat harsh words, it would be misleading

for us to think that d’Alembert, aman of immensemathematical prowess, was so na€ve
that hewould have no strong basis for his probabilistic reasoning. In theCroix ou Pile

article, a sample space of {HH, HT, TH, TT} made no sense to d’Alembert because it

did not correspond to reality. In real life, no person would ever observe HH, because

once an initial H was observed the game would end. By proposing an alternative

model for the calculus of probabilities, namely that of equiprobability on observable

events, d’Alembert was effectively asking why his model could not be right, given the

absence of an existing theoretical framework for the calculus of probabilities.

d’Alembert’s skepticism was partly responsible for later mathematicians to seek a

solid theoretical foundation for probability, culminating in its axiomatization by

Kolmogorov in 1933 (Kolmogorov, 1933).{

{Wager.

{See Problem 23.
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Problem 13

d’Alembert and the Gambler’s

Fallacy (1761)

Problem. When a fair coin is tossed, given that heads have occurred three times in a

row, what is the probability that the next toss is a tail?

Solution. Since the coin is fair, the probability of tails (or heads) on one toss is 1/2.

Because of independence, this probability stays at 1/2, irrespective of the results of

previous tosses.

13.1 Discussion

When presented with the problem, d’Alembert insisted that the probability of a tail

must “obviously” be greater than 1/2, thus rejecting the concept of independence

between the tosses. The claim was made in d’Alembert’s Opuscule Math�ematiques

(Vol. 2) (d’Alembert, 1761, pp. 13–14) (see Fig. 13.1). In his own words

Let’s look at other exampleswhich I promised in the previousArticle, which show the lack

of exactitude in the ordinary calculus of probabilities.

In this calculus, by combining all possible events, wemake two assumptions which can,

it seems to me, be contested.

The first of these assumptions is that, if an event has occurred several times successively,

for example, if in the game of heads and tails, heads has occurred three times in a row, it is

equally likely that head or tail will occur on the fourth time? However I ask if this

assumption is really true, & if the number of times that heads has already successively

occurred by the hypothesis, does not make it more likely the occurrence of tails on the

fourth time? Because after all it is not possible, it is even physically impossible that tails

never occurs. Therefore the more heads occurs successively, the more it is likely tail will

occur the next time. If this is the case, as it seems to me one will not disagree, the rule of

combination of possible events is thus still deficient in this respect.

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.
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d’Alembert states that it is physically impossible for tails never to occur in a long

series of tosses of a coin, and thus uses his concepts of physical and metaphysical

probabilities{ to support his erroneous argument.

In his later articleDoutes etQuestions sur leCalcul des Probabilit�es{ d’Alembert

(1767, pp. 275–304) (see Fig. 13.2) further elaborated his objections to the applica-

tions of the calculus of probabilities, but his arguments were essentially the same

The calculus of Probabilities is based in this assumption, that all the various combinations

of the same effect are equally likely. For example, if we throw a coin in the air 100

consecutive times, one assumes that it is equally likely that heads occurs one hundred

consecutive times or that heads & tails are mixed, by moreover following whatever

particular sequence one wishes, for example, heads in the first toss, tails on the next two

tosses, heads in the fourth, tails on the fifth, heads on the sixth & seventh, &c.

These two cases are no doubt mathematically equally possible; this is not the difficult

point, & mediocre Mathematicians of whom I spoke before have made useless efforts to

Figure 13.1 Extract of d’Alembert’s article, taken from the Opuscules, Vol. 2 (d’Alembert, 1761).

Here d’Alembert contends that if a fair coin has comeupheads three times in a row, then the next throw is

more likely to be a head.

{See Problem 11, p. 112. Recall that, according to d’Alembert, an event is metaphysically possible if its

probability is greater than zero, and is physically possible if it is not so rare that its probability is very close to

zero.

{Doubts and questions on the calculus of probabilities.
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write lengthy dissertations to prove this equal possibility. But one must ask whether these

two cases, which are mathematically equally likely, are also physically as such, taken the

order of things into account.

The above remarks made by d’Alembert need some clarification, because the

misconceptions are still widely believed. Consider the following two sequences

when a fair coin is tossed four times:

Sequence 1: HHHH

Sequence 2: HHHT

Manywould believe that the first sequence is less likely than the second one. After all,

it seems highly improbable to obtain four heads in a row. However, the truth of the

Figure 13.2 Extract of d’Alembert’s article “Doutes et Questions sur le Calcul des Probabilit�es,”

taken from the M�elanges de Litt�erature (d’Alembert, 1767).

126 Problem 13 d’Alembert and the Gambler’s Fallacy (1761)



matter is that it is equally unlikely to obtain the second sequence in that specific order.

While it is less likely to obtain four heads than to obtain a total of three heads and one

tail,{HHHT is as likely as any other of the same length, even if it contains all heads or

tails. To give another example, common lore probably suggests a sequence such as

HHHTTHHTTH is much more likely than one such as HHHHHHHHHH. Yet they

both have the same probability,{ because it is as unlikely to observe the specific first

sequence as the second.

In general, “the belief that if an event has not happened for a long time it is bound

to occur soon” is known as the Gambler’s Fallacy (e.g., Everitt, 2006, p. 168). The

mistaken belief is the result of the erroneous application of the so-called “law of

averages,” which is a colloquialism for the more formal weak law of large numbers

(WLLN). For a fair coin, the WLLN states that as the coin is tossed again and again,

the probability that the actual proportion of heads deviates from 1/2 by more than a

certain small amount gets closer to zero.} Thus, if the coin gives three heads in a row,

believers in the Gambler’s Fallacy think that the coin will try to compensate for this

by being more likely to give tails so as to get closer to 1/2 for the proportion of heads.

However, coins have no memory nor do they work through compensation: the WLLN

operates through swamping rather than compensation. That is to say, once an initial

string of heads occurs there is no tendency for the coin to give more tails in further

tosses to make up for the initial excess. Rather, the ratio of 1/2 is approached as the

effect of the initial excessof heads is overwhelmedby the sheer numberof future tosses.

We should mention that, if d’Alembert was merely skeptical of the ways

probability calculations were being applied in real-life situations,** the philosopher

Auguste Comte (1798–1857) was much more acerbic regarding the merits of this

doctrine. The following extract clearly shows his thoughts on probability (Comte,

1833, p. 371):

The calculus of probabilities has seemed tome to be really, by its illustrious inventors, only

a convenient text for ingenious and difficult numerical problems, which nonetheless

preserves all of its abstract value, like the analytical theories which it has then occasioned,

or, ifwewish, been the origin for.As to the philosophical conception onwhich this doctrine

rests, I consider it radically false and susceptible to lead to the most absurd consequences.

Commenting on Comte’s criticism, Coumet (2003) rightly states

The theory of chances – I could use, I stress, the expression probability theory, calculus of

probabilities, which is also in the writings of Auguste Comte in the period 1820–1840 – is

not a tired theory that the scientificworld can neglect, it is not an emerging theory onwhich

various judgments are allowed – optimistic or pessimistic – but it is a theory with a

{Remember the specific sequence HHHT is one of four possible ways of obtaining a total of three heads

and one tail.

{ In d’Alembert’s language, both sequences have the same physical probability.

}The WLLN is fully discussed in Problem 8.

** d’Alembert’s critique of probability theory is further discussed in Daston (1979), Brian (1996), Paty

(1988), Henry (2004, pp. 219–223), Samueli and Boudenot (2009, pp. 169–181), and Gorroochurn (2011).
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prestigious past, not least by the personalities who devoted themselves to it, Pascal,

Fermat, Huygens, the Bernoullis, DeMoivre, Condorcet; and especially, since recently, as

Auguste Comte is very young, the theory has its monument, the Th�eorie Analytique des
Probabilit�es of Laplace.

Other well-known critics of the theory of probability include the Scottish philosopher

David Hume{ (1711–1776), and the Prussian historian and statesman Johann Peter

Friedrich Ancillon{ (1767–1837).

{ See Problem 14.

{ See Todhunter (1865, p. 453) and Keynes (1921, p. 82).
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Problem 14

Bayes, Laplace, and

Philosophies of Probability

(1764, 1774)

Problem. Assume that the probability p of an event A is equally likely to be

any number between 0 and 1. Show that, conditional on A having previously occurred

in a out of n independent and identical trials, the probability that p lies between p1
and p2 is

ðnþ 1Þ!
a!ðn� aÞ!

ðp2
p1

pað1� pÞn�a
dp:

Solution. Let Xn be the number of times that the event A occurs in n trials. Since p is

equally likely to be between 0 and 1,we let p have a probability density function that is

uniform on [0,1], that is,

f ðpÞ ¼ 1; 0 � p � 1

To find Prfp1 < p < p2 jXn ¼ ag, let us first obtain the conditional density

f ðpjXn ¼ aÞ by using Bayes’ Theorem{:

f ðp jXn ¼ aÞ¼ PrfXn ¼ a j pgf ðpÞÐ 1
0
PrfXn ¼ a j pgf ðpÞdp

¼
n

a

� �
pað1� pÞn�a � 1

Ð 1
0

n

a

� �
pað1� pÞn�a � 1 dp

Classic Problems of Probability, Prakash Gorroochurn.
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{Which will be explained in the Discussion section.
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¼ pað1� pÞn�aÐ 1
0
pað1� pÞn�a

dp
:

Now, we have{

ð1
0

pað1� pÞn�a
dp ¼ Gðaþ 1ÞGðn� aþ 1Þ

Gðnþ 2Þ ¼ a!ðn� aÞ!
ðnþ 1Þ! :

Therefore,

f ðp jXn ¼ aÞ ¼ ðnþ 1Þ!pað1� pÞn�a

a!ðn� aÞ! :

Hence,

Prfp1 < p < p2 jXn ¼ ag ¼
ðp2
p1

f ðp jXn ¼ aÞdp

¼ ðnþ 1Þ!
a!ðn� aÞ!

ðp2
p1

pað1� pÞn�a
dp;

as required.

14.1 Discussion

This is essentially the problem that the English clergyman, Reverend Thomas Bayes

(1702–1761), solved in his famous essay entitledAnEssay towards Solving a Problem

in the Doctrine of Chances (Bayes, 1764) (Fig. 14.2).{ The density f ðpÞ is called the

prior density of p while the density f ðp jXn ¼ aÞ is called its posterior density.

In actual fact, Bayes framed his problem as follows (see Fig. 14.1): a ball W is

thrown on a unit square table on which one of the sides is the x-axis. SupposeW stops

at a point with x-coordinate p. Another ball O is then thrown n times and if the

x-coordinate of the point where it stops each time is less than or equal to p, then the

event A is said to have occurred. The problem then is to find the probability that p lies

between p1 and p2, given that A has occurred a times and failed n � a times. Bayes

gave the answer as the ratio of the two areas that were then evaluated using infinite

series expansions. In modern notation, his solution can be written as

{ In the following equation, G(a) is the gamma function defined by GðaÞ ¼ Ð¥
0
e�yya�1 dy. When n is a

positive integer, G(n) ¼ (n � 1)!

{Bayes’ Essay also appears in Grattan-Guinness’s Landmark Writings in Western Mathematics; see the

article in it by Dale (2005).
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Pr p1 < p < p2 jXn ¼ af g ¼
Ð p2
p1

pað1� pÞn�a
dpÐ 1

0
pað1� pÞn�a

dp
; ð14:1Þ

which when simplified gives the same expression as in our solution. Equation (14.1)

can be viewed as Thomas Bayes’ version of what is known today as “Bayes’

Theorem” and assumes a uniform prior for p on [0,1].

The publication of Bayes’ paper has an interesting history. During his lifetime,

Bayes’ published only two anonymous papers.{ Upon Bayes’ death, his friend

Richard Price (1723–1791) decided to publish some of his papers to the Royal

Society. Bayes’ Essay was the second posthumous paper and was augmented by an

introduction and an appendix written by Price.{ This publication is now widely

regarded as a major breakthrough not only in probability and statistics, but one that

Figure 14.1 Bayes’ table as it appears in his paper (Bayes, 1764).

{Although Bellhouse has recently discovered more manuscripts by Bayes in the Royal Society and in the

Equitable Life Assurance Society in London (Bellhouse, 2002).

{Several reasons have been advanced for the posthumous publication. William Morgan who was Price’s

nephew claimed Bayes did not publish out of modesty. Good (1988) gives three other reasons, the most

serious of which is that Bayeswas aware therewas a “gap in hismathematics”: he had tacitly assumed that a

discrete uniform distribution for the number of times an eventA occurs in a given number of trials implies a

uniform (0, 1) distribution for the probability of its occurrence, and this is not true in general.
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also touches thevery core of the philosophy of science.One author,Dupont (1979) has

called it

. . .a gem in the history of the Sciences. . .

In his Statistical Theory: The Relationship of Probability Credibility and Error,

Lancelot Hogben (1957, p. 111) says

As matters stand, most subsequent writers on statistical theory up to and including the

present time recognize theEssay towards solving aProblem in theDoctrine of Chance as a

landmark, and its contents as a challenge or programme, according to taste.

Bayes’ Essay can be regarded as the third major breakthrough after Pascal and

Fermat’s initial work, and Jacob Bernoulli’s{ Ars Conjectandi (Bernoulli, 1713).

Recall thatwhile Pascal and Fermat’s analyseswere restricted to symmetric situations

in games of chance, Bernoulli extended the concept of probability to asymmetric

situations applicable to diverse real-life problems. In Bernoulli’s framework, the

probability of an event was a known quantity and the problem he tackled was how

Figure 14.2 David Hume (1711–1776).

{Whose theorem was then later refined by de Moivre, as we noted in Problem 8.
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many times an experiment ought to be repeated before one can be “morally” certain

that the relative frequency of the event is close enough to the probability. Bayes

attacked the inverse problem. Here the numbers of times an event occurred and failed

to occur are known quantities, but the probability of that event is unknown. The task is

then to determine how likely it is for the unknown probability to lie between any two

given probabilities, based on the known number of times the event occurred and did

not occur, and some a priori notion of the likelihood of the event. Bayes’ Essay

was thus concerned with inverse probability.{ As Price puts it in his introduction to

Bayes’ paper

. . .the problem enquired after in this essay is no less important than it is curious. It may be

safely added, I fancy, that it is also a problem that has never before been solved. Mr. De

Moivre, indeed, the great improver of this part of mathematics, has in his Laws of Chance,

after Bernoulli, and to a greater degree of exactness, given rules to find the probability there

is, that if a very great number of trials be made concerning any event, the proportion of the

number of times it will happen, to the number of times it will fail in those trials, should

differ less than by small assigned limits from the proportion of the probability of its

happening to the probability of its failing in one single trial. But I know of no person who

has shewn how to deduce the solution of the converse problem to this; namely, ‘the number

of times an unknown event has happened and failed being given, to find the chance that the

Figure 14.3 Thomas Bayes (1702–1761).

{Not to be confusedwith the inverse use of Bernoulli’s Theorem,which we explain later in this Discussion.
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probability of its happening should lie somewhere between any two named degrees of

probability.’What Mr. DeMoivre has done therefore cannot be thought sufficient to make

the consideration of this point unnecessary: especially, as the rules he has given are not

pretended to be rigorously exact, except on supposition that the number of trials made are

infinite; from whence it is not obvious how large the number of trials must be in order to

make them exact enough to be depended on in practice.

Bayes revolutionary idea was to transition from the old task of finding how probable a

particular event is to the new task of finding how probable the probability assigned to

the event is. The new task can thus be viewed as attempting to find the “probability of

probabilities” or the probability of causes, as it was often called in the literature at one

time. It is of fundamental importance because it could potentially provide a method

for making probability statements about population parameters (such as population

proportions,means, and variances), this being one of the prime objectives of statistical

inference. In the words of Hacking (1980a, p. 532)

If Bayes’ conclusion is correct, we have a basis for the whole of statistical inference. . .

However, it is also no exaggeration to say that Bayes’ work has been as controversial

as it has been revolutionary.

Let us now consider two key aspects of Bayes’ Essay and discuss the extent to

which his conclusion was correct. First, we should note Bayes’ definition of

probability as it appears in his paper

The probability of any event is the ratio between the value at which an expectation

depending on the happening of the event ought to be computed, and the value of the thing

expected upon its happening.

This definition is dramatically different from the definition used or given by Bayes’

predecessors, namely that of the ratio of favorable cases to the total number of

possible cases when all of the latter are equally likely. However, Bayes’ definition is

at the core of the epistemic or Bayesian view of probability: if a contract pays $A

when it occurs and $0 otherwise, and we are willing to spend up to $B on the

contract, then our subjective probability that the contract occurs is B/A. The latter is

called the subjective Bayesian interpretation of probability. It treats probability as a

personal measure of belief and has been championed by the likes of Bruno de Finetti

(1906–1985) and Leonard J. Savage (1917–1971). Now a closer look at Bayes’

definition shows that he uses the qualifier “ought to be,” which suggests that he was

more in line with the objective Bayesian interpretation (Earman, 1992, p. 8). The

latter treats probability as a rational or justified measure of belief, and has been

supported by the economist John Maynard Keynes (1883–1946) and the physicist

Sir Harrold Jeffreys (1891–1989).

The second key aspect of Bayes’ Essay is the care{with which he set up his ball-

and-table example so that pwould logically be equally likely to take anyvalue in [0,1].

Thus Bayes writes (Bayes, 1764)

{Gillies thus calls Bayes a “cautious” Bayesian (Gillies, 1987).
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I suppose the square table or plane ABCD to be so made and levelled, that if either of

the balls O or W be thrown upon it, there shall be the same probability that it rests

upon any one equal part of the plane as another, and that it must necessarily rest

somewhere upon it.

Therefore, under the conditions put forward in the body of his Essay, Bayes’ use

of a uniform prior for the density of p is justified. Consequently, his main result is

correct. However, it is in the scholium to his paper that the controversy is to be

found:

From the preceding proposition it is plain, that in the case of such an event as I there call

M, from the number of times it happens and fails in a certain number of trials, without

knowing anything more concerning it, one may give a guess whereabouts it’s

probability is, and, by the usual methods computing the magnitudes of the areas there

mentioned, see the chance that the guess is right. And that the same rule is the proper

one to be used in the case of an event concerning the probability of which we absolutely

know nothing antecedently to any trials made concerning it, seems to appear from the

following consideration; viz. that concerning such an event I have no reason to think

that, in a certain number of trials, it should rather happen any one possible number of

times than another. For, on this account, I may justly reason concerning it as if its

probability had been at first unfixed, and then determined in such a manner as to give

me no reason to think that, in a certain number of trials, it should rather happen any one

possible number of times than another. . . In what follows therefore I shall take for

granted that the rule given concerning the eventM in prop.9 is also the rule to be used in

relation to any event concerning the probability of which nothing at all is known

antecedently to any trials made or observed concerning it. And such an event I shall call

an unknown event.

Bayes here suggests that, in general, when we have no prior evidence about the

probability of an event, our ignorance would place us in a position tantamount to

the one in his example where the prior is known to be uniform. Ignorance about the

probability of an event is thus equated with an equally likely distribution. This is an

example of the principle of indifference{ and amajor reason whyBayes’ paper overall

is controversial.{

Because the principle of indifference is so important in the calculus of probabili-

ty, let us make some comments on it. The principle can be traced to Jacob Bernoulli’s

Ars Conjectandi (Bernoulli, 1713, p. 219), where we read

{The principle of indifference is also discussed in Zabell (2005, pp. 22–27), Porter (1986, pp. 82–83), Van

Fraassen (1989, Chapter 12), Chatterjee (2003, p. 220), and Howson and Urbach (2006, pp. 266–272).

{The “Bayesian controversy” thus has nothing to dowithBayes’ theorem itself. The latter is perfectly valid.

The controversy arises from the choice of a suitable prior to be used in the theorem.
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All cases are equally possible, that is to say, each can come about as easily as any other.

Later the principlewas explicitly used by Laplace to define classical probability.{The

principle of indifference had at first been called the “principle of insufficient reason”

(possibly as a word play on Leibniz’s principle of sufficient reason{) by the German

physiological psychologist Johannes Adolf von Kries (1853–1928) in the Die

Principien der Wahrscheinlichkeitsrechnung (von Kries, 1886). However, in

1921, Keynes stated in his Treatise on Probability (Keynes, 1921, p. 41)

A rule, adequate to the purpose, introduced by James [Jacob] Bernoulli, who was the real

founder of mathematical probability, has been widely adopted, generally under the title of

The Principle of Non-Sufficient Reason, down to the present time. This description is

clumsy and unsatisfactory, and, if it is justifiable to break away from tradition, I prefer to

call it The Principle of Indifference.

Later in his book, Keynes provided the following clear definition (Keynes, 1921,

p. 42):

The principle of indifference asserts that if there is no known reason for predicating of our

subject one rather than another of several alternatives, then relatively to such knowledge

the assertions of each of these alternatives have an equal probability.

Let us now explain how the application of the principle of indifference can easily lead

to contradictions,} which explains why Bayes’ paper is controversial. Consider, for

example, the classic example given by von Mises (1981, p. 77):

We are given a glass containing a mixture of water and wine. All that is known about the

proportions of the liquids is that the mixture contains at least as muchwater as wine, and at

most, twice as much water as wine. The range for our assumptions concerning the ratio of

water to wine is thus the interval 1 to 2. Assuming that nothing more is known about the

mixture, the indifference or symmetry principle or any other similar form of the classical

theory tells us to assume that equal parts of this interval have equal probabilities. The

probability of the ratio lying between 1 and 1.5 is thus 50%, and the other 50% corresponds

to the probability of the range 1.5 to 2.

But there is an alternative method of treating the same problem. Instead of the ratio

water/wine,we consider the inverse ratio, wine/water; thiswe know lies between 1/2 and 1.

We are again told to assume that the two halves of the total interval, i.e., the intervals 1/2 to

3/4 and 3/4 to 1, have equal probabilities (50% each); yet, thewine/water ratio 3/4 is equal

to the water/wine ratio 4/3. Thus, according to our second calculation, 50% probability

corresponds to the water/wine range 1 to 4/3 and the remaining 50% to the range 4/3 to 2.

{ See later in this Discussion, p. 141.

{ In contrast, the principle of sufficient reason states: “Everything that is the casemust have a reasonwhy it is

the case.Necessarily, every true or at least every contingent true proposition has an explanation. Every event

has a cause” (Pruss, 2006, p. 3).

}According to Keynes (1921, p. 85), the first person to object to the principle of indifferencewas the British

mathematician Robert Leslie Ellis (1817–1859): “Mere ignorance is no ground for any inferencewhatever.

Ex niliilo nihil” (Ellis, 1850).
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According to the first calculation, the corresponding intervals were 1 to 3/2 and 3/2 to 2.

The two results are obviously incompatible.

A second, more technical, example is due to Fisher (1956, p. 16), one of the key

critics of Bayesianism. Suppose nothing is known about the distribution of p and we

use the principle of indifference to assign it a uniform distribution on [0, 1]. Now let

p ¼ sin2 f, where 0 � f � p=2. Since nothing is known about p and the latter is a

one-to-one function off, we can equally say that nothing is known aboutf. Applying
the principle of indifference to f this time, we assign a uniform distribution to it on

½0; p=2�, that is,

f ðfÞ ¼ 2

p
; 0 � f � p

2
:

But then

f ðpÞ ¼ f ðfÞ
���� dpdf

����
�1

¼ 2

p
� 1

2 sin f cos f

¼ 1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1� pÞp ; 0 < p < 1:

This contradicts our earlier statement that, by the principle of indifference, p should

have a uniform distribution on [0,1]. This and other similar examples show why the

principle of indifference is usually regarded as deficient.{ However, we should note

that mathematicians such as Edwin T. Jaynes (1922–1998) have defended this

principle strongly by using maximum entropy and invariance arguments (Jaynes,

1973).

Coming back to Bayes, what was the philosophical impact of his Essay?

Fifteen years before its publication, the eminent Scottish philosopher David Hume

(1711–1776) (Fig. 14.2) wrote the groundbreaking book An Enquiry Concerning

Human Understanding (Hume, 1748). In this work, Hume formulated his famous

problem of induction, which we now explain. Suppose out of a large number n of

occurrences of an event A, an event B occurs m times. Based on these observations,

an inductive inference would lead us to believe that approximately m/n of all events

of type A is also of type B, that is, the probability of B given A is approximately

m/n. Hume’s problem of induction states that such an inference has no rational

justification, but arises only as a consequence of custom and habit. In Hume’s own

words (Hume, 1748)

That there are no demonstrative arguments in the case [of inductive arguments], seems

evident; since it implies no contradiction, that the course of nature may change, and

that an object, seemingly like those which we have experienced, may be attended with

{Other well-known paradoxes arising from the principle of indifference can be found in von Kries (1886),

Bertrand (1889), and Keynes (1921).
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different or contrary effects. May I not clearly and distinctly conceive, that a body,

falling from the clouds, and which, in all other respects, resembles snow, has yet the

taste of salt or feeling of fire? Is there any more intelligible proposition than to affirm,

that all the trees will flourish in December and January, and decay in May and June?

Now whatever is intelligible, and can be distinctly conceived, implies no

contradiction, and can never be proved false by any demonstrative argument or

abstract reasoning �a priori.

Earlier in his book, Hume gave the famous “rise-of-the-sun” example which was

meant to illustrate the shaky ground on which “matters-of-fact” or inductive

reasoning rested (Hume, 1748):

Matters of fact, which are the second objects of human reason, are not ascertained in

the same manner; nor is our evidence of their truth, however great, of a like nature

with the foregoing. The contrary of every matter of fact is still possible; because it can

never imply a contradiction, and is conceived by the mind with the same facility and

distinctness, as if ever so conformable to reality. That the sun will not rise tomorrow

is no less intelligible a proposition, and implies no more contradiction, than the

affirmation, that it will rise. We should in vain, therefore, attempt to demonstrate its

falsehood. Were it demonstratively false, it would imply a contradiction, and could

never be distinctly conceived by the mind.

Hume not only attacked the use of induction in probability, he also expressed

skepticism regarding the occurrence ofmiracles. Thismight have prompted Reverend

Bayes to write the paper.

Philosophically, Bayes’ paper is a possible solution to Hume’s Problem of

Induction. It is unclear towhat extent Bayes himself was aware ofHume’s skepticism,

but Pricewas certainly cognizant of the issue. As Price pointed out in his introductory

letter to Bayes’ paper (Bayes, 1764):

Every judicious person will be sensible that the problem now mentioned is by no means

merely a curious speculation in the doctrine of chances, but necessary to be solved in order

to [provide] a sure foundation of all our reasonings concerning past facts, and what is

likely to be hereafter. Common sense is indeed sufficient to shew us that, from the

observation of what has in former instances been the consequence of a certain cause or

action, one may make a judgment what is likely to be the consequence of it another time,

and that the larger [the] number of experiments we have to support a conclusion, so

much the more reason we have to take it for granted. But it is certain that we cannot

determine, at least not to any nicety, in what degree repeated experiments confirm a

conclusion, without the particular discussion of the beforementioned problem; which,

therefore, is necessary to be considered by any one who would give a clear account of

the strength of analogical or inductive reasoning.

Price’s argument here essentially is that Bayesian reasoning does provide a rational

justification for making inductive reasoning regarding the future based on past facts.

To illustrate his point, Price considered the following problem:

Given that an event has occurred n times in n identical and independent repetitions of

an experiment, what is probability that the event has more than an even chance of

occurring in the next repetition of the experiment?

138 Problem 14 Bayes, Laplace, and Philosophies of Probability (1764, 1774)



Price solved this by simply applying Eq. (14.1) with a ¼ n:

Pr 1=2 < p < 1jXn ¼ nf g ¼
Ð 1
1=2 p

n dpÐ 1
0
pn dp

¼ 1� 1

2nþ1
: ð14:2Þ

Note that this calculation also assumes that the probability of the event in a single

repetition is uniformly distributed in [0, 1]. Table 14.1 shows the values of this

probability for different values of n.

We now address the inevitable question of priority: who first discovered Bayes’

Theorem? The issue was raised by Stigler in a 1983 paper{ (Stigler, 1983). Stigler

referred to an interesting paragraph in the 1749 book Observations on Man by the

British scientist David Hartley (1705–1757) (Hartley, 1749, p. 338):

Mr. deMoivre has shewn, that where the Causes of the Happening of an Event bear a fixed

Ratio to those of its Failure, the Happenings must bear nearly the same Ratio to the

Failures, if the Number of Trials be sufficient; and that the last ratio approaches to the first

indefinitely, as the Number of Trials increases. . .. An ingenious Friend has communicated

to me a Solution of the inverse Problem, in which he has shewn what the Expectation is,

when an Event has happened p times, and failed q times, that the original Ratio of the

Causes for the Happening or Failing of an Event should deviate in any given Degree from

that of p to q. And it appears from this Solution, that where the Number of Trials is very

great, the Deviation must be inconsiderable: Which shews that we may hope to determine

the Proportions, and, by degrees, the whole Nature, of unknown Causes, by a sufficient

Observation of their Effects.

Stigler argues that the “ingenious friend” is actually the first to have discovered

Bayes’ Theorem. After going through several possible contenders, Stigler concludes

in a tongue-in-cheek manner that the odds are 3 to 1 in favor of Nicholas Sanderson, a

professor of Mathematics at Cambridge, rather than Bayes for being the real

Table 14.1 Probability that an Event hasMore than an Even Chance of Occurring in the Next

Repetition of an Experiment, Given that it has Already Occurred n Times in n Identical and

Independent Repetitions of an Experiment

Value of n Pr{1/2 < p < 1}

1 .750

2 .875

3 .938

4 .969

5 .984

10 .999

100 1.00

The probabilities are obtained from Price’s formula in Eq. (14.2).

{The paper also appears in Stigler’s book Statistics on the Table (Stigler, 1999, Chapter 15).
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discoverer of Bayes’ Theorem. However, a few years after Stigler’s paper, both

Edwards (1986) andDale (1988)weighed in on thematter, and concluded that Hartley

was not actually referring to Bayes’ Theorem in his book. They suggest that

Hartley was actually alluding to the “inverse use of Bernoulli’s law,” not to Bayes’

inverse probability as Stigler had thought, and that the ingenious friendwas none other

than de Moivre who seems to have been Bayes’ tutor at one time. Let us explain this

inverse use of Bernoulli’s law. Recall that in Bernoulli’s law, the probability of an

event was a known quantity and the problem he tackled was how many times an

experiment ought to be repeated before one can be “morally” certain that the relative

frequency of the event is close enough to the true probability. Now, in the case the

probability of the event is unknown and one has a given number of successes and

failures, one can use Bernoulli’s law inversely by taking the relative proportion of

successes as an approximation to the true but unknown probability. As Todhunter

(1865, p. 73) explains

Suppose then that we have an urn containing white balls and black balls, and that the

ratio of the number of the former to the latter is known to be that of 3 to 2. We learn

from the preceding result that if we make 25550 drawings of a single ball, replacing

each ball after it is drawn, the odds are 1000 to 1 that the white balls drawn lie between

31/50 and 29/50 of the whole number drawn. This is the direct use of James [Jacob]

Bernoulli’s theorem. But he himself proposed to employ it inversely in a far more

important way. Suppose that in the preceding illustration we do not know anything

beforehand of the ratio of the white balls to the black; but that we have made a large

number of drawings, and have obtained a white ball R times, and a black ball S times:

then according to James [Jacob] Bernoulli we are to infer that the ratio of the white balls

to the black balls in the urn is approximately R/S.

On the other hand, Bayes’ aim was to determine the probability that an unknown

probability lies between any two given probabilities, based on the known number of

times the event occurred and did not occur.

The difference between Bernoulli’s law, the inverse use of Bernoulli’s law and

Bayes’ Theorem can be summarized as follows. Let p be the probability of the event in

one trial of an experiment, and letXn be the number of events in n identical trials of the

experiment. Then

. Bernoulli’s Law: for given p and « > 0; we can find an n such that

Prfp� « < Xn=n < pþ « j pg is arbitrarily close to 1:
. InverseUse of Bernoulli’s Law: when p is unknown, for givenXn and n, where n

is large,

Prfp� « < Xn=n < pþ «g is close to 1; so that Xn=n � p:

. Bayes’ Theorem: when p is unknown, for given p1, p2, Xn, if we assume that p

is a random variable with some prior distribution, then we can calculate

Prfp1 < p < p2jXng:
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We next turn our attention to Pierre-Simon Laplace (1749–1827), a real giant in

mathematics about whom Lancelot Hogben (1957, p. 133) has said

The fons et irigo of inverse probability is Laplace. For good or ill, the ideas commonly

identified with the name of Bayes are largely his.

Indeed, although we have identified Eq. (14.1) as a version of Bayes’ Theorem, the

form it usually appears in textbooks, namely

Pr Aj jB
� � ¼ PrfB jAjgPrfAjgPn

i¼1 PrfB jAigPrfAig ; ð14:3Þ

is due to Laplace. In Eq. (14.3) above A1;A2; . . . ;An is a sequence of mutually

exclusive and exhaustive events, PrfAjg is the prior probability ofAj, and PrfAj jBg is
the posterior probability of Aj given B. The continuous version of Eq. (14.3) can be

written as

f ðu j xÞ ¼ f ðx j uÞf ðuÞÐ ¥
�¥ f ðx j uÞf ðuÞdu

;

where f ðuÞ is the prior density of u, f ðx j uÞ is the likelihood of the data x, and f ðu j xÞ is
the posterior density of u.{

Before commenting on Laplace’s work on inverse probability, let us recall that it

is with him that the classical definition of probability is usually associated, for he was

the first to have given it in its clearest terms. Indeed, Laplace’s classical definition of

probability is the one that is still used today. In his very first paper on probability,

M�emoire sur les suites r�ecurro-recurrentes et leurs usages dans la th�eorie des

hazards (Laplace, 1774b), Laplace writes

. . . if each case is equally probable, the probability of the event is equal to the number of

favorable cases divided by the number of all possible cases.

This definition was repeated both in Laplace’s Th�eorie Analytique and Essai

Philosophique. It is interesting to note that, in spite of Laplace’s monumental

contributions to probability, he was an absolute determinist. According to Laplace,

any event is causally determined, and a probability is solely our measure of ignorance

regarding this event. In the Essai Philosophique, we thus read (Laplace, 1814a,

English edition, p. 6)

The curve described by a simple molecule of air or vapor is regulated in a manner just as

certain as the planetary orbits; the only difference between them is that which comes from

our ignorance.

{Thus, the posterior density is proportional to the product of the prior density and the likelihood.
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Probability is relative, in part to this ignorance, in part to our knowledge.

Laplace appeals to a “vast intelligence,”{which has been dubbed Laplace’s Demon,

to explain universal determinism. In his own words (Laplace, 1814a, English

edition, p. 4)

Weought then to regard the present state of the universe as the effect of its anterior state and

as the cause of the onewhich is to follow. Given for one instant an intelligencewhich could

comprehend all the forces by which nature is animated and the respective situation of the

beingswho compose it—an intelligence sufficiently vast to submit these data to analysis—

it would embrace in the same formula themovements of the greatest bodies of the universe

and those of the lightest atom; for it, nothing would be uncertain and the future, as the past,

would be present to its eyes.

Laplace’s views on universal determinism are no longer tenable today. For more

discussions, see Roger Hahn’s Pierre-Simon Laplace, 1749–1827: A Determined

Scientist (Hahn, 2005).

Coming back to our Bayesian discussion, Laplace’s definition of inverse proba-

bility was first enunciated in the 1774M�emoire de la Probabilit�e des Causes par les
Ev�enements (Laplace, 1774a). This is how Laplace phrases it:

If an event can be produced by a number n of different causes, the probabilities of the

existence of these causes, calculated from the event, are to each other as the probabilities of

the event, calculated from the causes; and the probability of each cause is equal to the

probability of the event, calculated from that cause, divided by the sum of all the

probabilities of the event, calculated from each of the causes.

The above definition by Laplace is the same as Eq. (14.3), but with the added

discrete uniform prior assumption that Pr{Ak}¼ 1/n for k ¼ 1,2, ..., n.

We should note that Eqs. (14.1) and (14.3) are both based on the same

principle, although the first equation makes the additional assumption of a uniform

prior. It is very likely that Laplace was unaware of Bayes’ previous work on inverse

probability when he enunciated the rule in 1774. However, the 1778 volume of the

Histoire de l’Acad�emie Royale des Sciences, which appeared in 1781, contains an

interesting summary by the Marquis de Condorcet{ (1743–1794) of Laplace’s

article Sur les Probabilit�es, which also appeared in that volume (Laplace, 1781).

While Laplace’s article itself makes mention of neither Bayes nor Price,} Con-

dorcet’s summary explicitly acknowledges the two Englishmen (Laplace, 1781,

p. 43) (see Fig. 14.4):

{ In spite of this, Laplace was an atheist. When asked by Napoleon why God did not appear in his Celestial

Mechanics, Laplace said, “I have no need of that hypothesis,” and later remarked, “But it is beautiful

hypothesis; it explainsmany things.” In contrast toNewton’s views, Laplace believed that therewas no need

for divine intervention to prevent the planets from falling into the sun through universal gravitation.

{Condorcet was assistant secretary in the Acad�emie des Sciences and was in charge of editing Laplace’s

papers for the transactions of the Academy.

}Laplace’s acknowledgment of Bayes appears in hisEssai Philosophique (Laplace, 1814a) English edition,

p. 189.
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These questions [on inverse probability] about which it seems that Messrs. Bernoulli

and Moivre had thought, have been since then examined by Messrs. Bayes and Price;

but they have limited themselves to exposing the principles that can be used to solve

them. M. de Laplace has expanded on them. . .

Coming back to the 1774 paper, after having enunciated his principle on inverse

probability, Laplace is famous for discussing the following classic problem:

A box contains a large number of black and white balls. We sample n balls with

replacement, of which b turn out to be black and n� b turn out to be white. What is

the conditional probability that the next ball drawn will be black?

To solve the above problem,{ let Xn be the number of black balls out of the sample of

size n and let the probability that a ball is black be p. Also, let B� be the event that the
next ball is black. From Bayes’ Theorem, we have

f ðp jXn ¼ bÞ ¼ PrfXn ¼ b j pgf ðpÞ
PrfXn ¼ bg

¼ PrfXn ¼ b j pgf ðpÞÐ 1
0
PrfXn ¼ b j pgf ðpÞdp

:

Figure 14.4 Summary byCondorcet of Laplace’s Sur les Probabilit�esmemoir, taken from the 1778

volume of the Histoire de l’Acad�emie Royale des Sciences (Laplace, 1781, p. 43). Here, Condorcet

explicitly acknowledges the works of Bayes and Price on inverse probability.

{The proof presented here treats the total number of balls as being infinitely large. For a proof that treats the

total number of balls as finite, see Jeffreys (1961, p. 127) and Zabell (2005, pp. 38–41).
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Then the required probability is

PrfB* jXn ¼ bg¼
ð1
0

PrfB* j p;Xn ¼ bgf ðp jXn ¼ bÞdp

¼

ð1
0

p:PrfXn ¼ b j pgf ðpÞdp

ð1
0

PrfXn ¼ b j pgf ðpÞdp
:

In the above, it is assumed that PrfB* j p;Xn ¼ bg ¼ p, that is, each ball is

drawn independently of the other. Laplace also assumes that p is uniform in [0,1],

so that

PrfB* jXn ¼ bg ¼

Ð 1
0
p � n

b

� �
pbð1� pÞn�b � 1dp

Ð 1
0

n

b

� �
pbð1� pÞn�b � 1dp

¼
Ð 1
0
pbþ1ð1� pÞn�b

dpÐ 1
0
pbð1� pÞn�b

dp

¼ Gðbþ 2ÞGðn� bþ 1Þ
Gðnþ 3Þ � Gðnþ 2Þ

Gðbþ 1ÞGðn� bþ 1Þ
¼ ðbþ 1Þ!ðn� bÞ!

ðnþ 2Þ! � ðnþ 1Þ!
b!ðn� bÞ!

¼ bþ 1

nþ 2
:

In particular, if all of the n balls turn out to be black, then the probability that the next

ball is also black is ðnþ 1Þ=ðnþ 2Þ. The above problem has been much discussed in

the literature and is known as Laplace’s rule of succession.{ Using the rule of

succession, Laplace considered the following question: given that the sun has risen

everyday for the past 5000 years, what is the probability that it will rise tomorrow?

Substituting n ¼ 5000 � 365.2426 ¼ 1,826,213 in the above formula, Laplace

obtained the probability 1,826,214/1,826,215 (�.9999994). Thus, in his Essai

{Laplace’s rule of succession is also discussed in Pitman (1993, p. 421), Sarkar and Pfeifer (2006, p. 47),

Pearson (1900, pp. 140–150), Zabell (2005, Chapter 2), Jackman (2009, p. 57), Keynes (1921, p. 376),

Chatterjee (2003, pp. 216–218), Good (1983, p. 67), Gelman et al. (2003, p. 36), Blom et al. (1994, p. 58),

Isaac (1995, p. 36), Chung and AitSahlia (2003, p. 129), and Gorroochurn (2011).
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Philosophique sur les Probabilit�es (Figs. 14.5–14.7),{ Laplace (1814a, English

edition, p. 19) says

Thus we find that an event having occurred successively any number of times, the

probability that it will happen again the next time is equal to this number increased by unity

divided by the same number, increased by two units. Placing the most ancient epoch of

history at five thousand years ago, or at 1,826,213 days, and the sun having risen constantly

in the interval at each revolution of twenty-four hours, it is a bet of 1,826,214 to one that it

will rise again tomorrow.

Laplace’s calculation was meant to be an answer to Hume’s Problem of Induction,

which we discussed earlier. Laplace, who so often has been called France’s Newton,

was harshly criticized for his calculation. Zabell (2005, p. 47) says

Laplace has perhaps received more ridicule for this statement than for any other.

Figure 14.5 Pierre-Simon Laplace (1749–1827).

{Philosophical essay on probabilities.
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Somehow, Laplacemust have felt that therewas something amisswith his calculation.

For his very next sentence reads

But this number is incomparably greater for him who, recognizing in the totality of

phenomena the principal regulator of days and seasons, sees that nothing at the present

moment can arrest the course of it.

Laplace here seems to warn the reader that his method is correct when based only on

the information from the sample, but his statement is too timid. To understand the

criticism leveled against Laplace’s calculation, consider the following example given

by the famous Austro-British philosopher Karl Popper (1902–1994) (Popper, 1957;

Gillies 2000, p. 73): Suppose the sun rises for 1,826,213 days (5000 years), but then

suddenly the earth stops rotating on day 1,826,214. Then, for parts of the globe (say

Figure 14.6 Title Page of the first edition of the Essai Philosophique.
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Part A), the sun does not rise on that day, whereas other parts (say Part B) the sun will

appear fixed in the sky. What then is the probability that the sun will rise again in

Part A of the globe? Applying the generalized form of the rule of succession with n¼
1,826,214 and l¼ 1,826,213 gives a probability of .9999989, which is almost as high

as the original probability of .9999994! The answer is preposterous.

The rule of succession is perfectly valid as long as the assumptions itmakes are all

tenable. Applying the rule of succession to the rising of the sun, however, should be

viewed with skepticism for several reasons (see, for example, Schay, 2007, p. 65).

First, it is dubious if the rising of the sun on a given day can be considered a random

event at all. Second, the assumption of independence is questionable. A third criticism

lies in the reliance of the solution on the principle of indifference: the probability of

the sun rising is equally likely to take any of the values in [0, 1] because there is no

Figure 14.7 Title Page of the first edition of the Th�eorie Analytique.
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reason to favor any particular value for the probability. To many, this is not a

reasonable assumption.

Our final aim is now to address the question of the true meaning of probability.

Previously, we noted that Bayes’ definition of probability was very different from his

predecessors. Indeed, after Bayes’ times, several other different definitions of

probability were put forward by other mathematicians. What then is the true nature

of probability? The honest answer is that probability can mean different things to

different people, depending on their points of view. There are two major competing

theories{ that can broadly be classified as objective and epistemic. Daston provides a

clear distinction between the two{ (Daston, 1988, p. 197):

. . .in Cournot’s words, “objective possibility,” which denotes “the existence of a relation
which subsists between things themselves,” and “subjective [epistemic] probability,”

which concerns “our manner of judging or feeling, varying from one individual to

the next”.

The oldest concept of probability is based on the classical definition, which was used

by Cardano, Pascal, Fermat, Jacob Bernoulli, Leibniz, de Moivre, and Laplace,} and

treats probability as the ratio of the number of favorable cases to the total number of

possible equally likely cases. Very often the equal likeliness of the total number of

cases arises as a consequence of symmetry, such as when a fair die is rolled. When

looked at in this way, the classical definition has an objective interpretation. However,

the classical definition has an inherent circularity in it. As Bunnin and Yu (2004,

p. 563) note:

. . .[the classical definition] involves a vicious circle because it defines probability in terms

of equipossible alternatives, but equipossibility presupposes an understanding of

probability.

Some mathematicians have tried to get around this difficulty by appealing to the

principle of indifference. For example, suppose we wish to find the probability of a

“four” when a balanced die is rolled. To avoid the circularity of stating that the

probability of a “four” is 1/6 because all six outcomes {1, 2, 3, 4, 5, 6} are equally

probable, an appeal to the principle of indifference would result in the same

probability of 1/6 to each of the outcomes (and in particular to a “four”) because

there is no reason to assign different probabilities to them. This line of reasoning was

the one used by Laplace in his definition of classical probability (1774b):

{Thevarious theories and philosophies of probability are also discussed inGillies (2000), Fine (1973), Lyon

(2010), Galavotti (2005), Fitelson et al. (2006), Keuzenkamp (2004), Barnett (1999, Chapter 3), Chatterjee

(2003, Chapter 3), Thompson (2007), Chuaqui (1991), and Mellor (2005).

{Daston refers to the epistemic classification of probability as “subjective probability”, as is sometimes

done. However, we will reserve the word “subjective” for a specific theory that together with the logical

theory of probability form part of the epistemic classification. See later in this problem.

}Even Bayes made use of the classic definition of probability in his Essay.
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The probability of an event is the ratio of the number of cases favorable to it, to the number

of possible cases, when there is nothing to make us believe that one case should occur

rather than any other, so that these cases are, for us, equally possible.

Laplace’s definition appeals to the principle of indifference and relates to our beliefs.

It is thusmore in accordancewith a subjective interpretation of the classical definition

of probability. However, we have shown how the principle of indifference can easily

lead to contradictions. Moreover, the classical definition cannot be applied to

nonsymmetric situations. These factors therefore limit its usefulness.

The second concept of probability is perhaps the most popular one and is based

on relative frequency, which is an objective concept. The frequency theory can be

applied even if the possible events in an experiment are not equally likely. According

to Keynes (Keynes, 1921, p. 92), the first logical investigation of the frequency theory

of probability was done by the British mathematician Robert Leslie Ellis (1817–1859)

(Ellis, 1844) and the French mathematician and philosopher Antoine Augustin

Cournot (1801–1877) (Cournot, 1843, p. iii). Major proponents of the frequency

approach include John Venn (1834–1923) (Fig. 14.8), Richard von Mises

(1883–1953), (Fig. 14.9) and Sir Ronald Aylmer Fisher (1890–1962). According to

Venn (1866, p. 163)

Figure 14.8 John Venn (1834–1923).

14.1 Discussion 149



. . .within the indefinitely numerous class which composes this series [i.e. ‘a large number

or succession of objects’] a smaller class is distinguished by the presence or absence of

some attribute or attributes. . .These larger and smaller classes respectively are commonly

spoken of as instances of the ‘event’ and of ‘its happening in a given particular way’ . . .we
may define the probability or chance (the terms are here regarded as synonymous) of the

event happening in that particular way as the numerical fraction which represents the

proportion between the two different classes in the long run.

Thus, the relative frequency definition of the probability of an event is the relative

frequency of occurrence of the event in infinite repeated trials of an experiment. The

frequency theory is an objective theory insomuch as it refers to the physical world. A

key problem with this theory is that it cannot be applied to a one-off event. For

example, consider the statement, “Bill is a smoking American with congenital heart

disease, is 55 years old, and has a probability of .001 of living to 60.” According to

the frequency theory, the probability of .001means that, out of all people like Bill, one

in a thousand will live to 60. But what does “all people like Bill mean”? Should we

Figure 14.9 Richard von Mises (1883–1953). [Picture licensed under the Creative Commons

Attribution-Share Alike 2.0 Germany license.]
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include only all 55 years oldAmericanwith congenital heart disease? Surely there can

be other factors that influence a person’s probability of living up to 60. Could we not

also include all 55 years oldAmericanwith congenital heart diseasewith the same diet

and amount of exercise as Bill? What about including also those who live in the same

geographical location asBill? This is the so-called reference class problem andmakes

the frequency interpretation of the probability of a one-off event indeterminate.

To get around the reference class problem, vonMises put forward a hypothetical

frequency theory of probability (vonMises, 1928). Whereas the concept of a “series”

is central to Venn’s definition, vonMises’ frequency definition of probability is based

on the notion of a “collective,” defined as (von Mises, 1981, p. 12)

. . .a sequence of uniform events or processes which differ by certain observable attributes,

say colours, numbers, or anything else.

A collective is thus a hypothetical infinite sequence of objects such that the probability

of an event is the relative frequency of that event in the collective.A collective has two

main properties:

. convergence, which ensures that the relative frequencies possess limiting values;

. randomness,{ which ensures that the limiting values are the same in all arbitrary

subsequences.{

Although von Mises’ frequency theory based on a collective was a positive step

toward an axiomatization of probability, it did not gain wide acceptance partly

because it could not be empirically verified. Shafer and Vovk (Shafer and Vovk, 2001,

p. 48) remark

In spite of vonMises’s efforts. . .the derivation of the rules of probability from the concept

of a collective remained messy, and the idea of an infinite sequence seemed to contribute

nothing to actual uses of probability.

The third concept of probability is Bayesian or epistemic probability, and can be

further divided into subjective and logical probability. In the subjective interpretation,

probability is regarded as the subject’s degree of belief in a proposition. It was first

informally put forward by Bernoulli in his Ars Conjectandi (Bernoulli, 1713,

pp. 210–211)}:

{The randomness condition is also known as the impossibility of a gambling system principle. Thus, if an

event has a certain odds, the condition implies that it is impossible to choose a particular subsequence to

improve the odds.

{As a simple example, denoting a head by a “1” and tail by a “0”, the infinite sequence of heads and tails 1, 1,

0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 1, 1, 1, 0, . . .wouldqualify as a collective if the frequencyof 1’s approaches 1/2 as the

number of tosses increases and the same limiting frequency of 1/2 is achieved for any subsequence of the

above sequence. On the other hand, the sequence 1, 0, 1, 0, 1, 0, 1, . . . cannot qualify as a collective because,
although the relative frequency of 1’s in the sequence is 1/2, this not true for the subsequence of even terms:

0, 0, 0, . . .

}The translation is taken from Oscar Sheynin’s translations of Chapter 4 of the Ars Conjectandi (Sheynin,

2005).
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Certainty of some thing is considered either objectively and in itself andmeans none other

than its real existence at present or in the future; or subjectively, depending on us, and

consists in the measure of our knowledge of this existence. . .

Key proponents of the subjective theory include Bruno de Finetti (1906–1985)

(Fig 14.10), Frank P. Ramsey (1903–1930), and Leonard J. Savage (1917–1971). The

latter is credited for making subjective probability{ as one of the most influential

theories of probability, especially in the Foundations of Statistics (Savage, 1972). On

the other hand, de Finetti is famous for bluntly saying in the preface of his Theory

of Probability (de Finetti, 1974, p. x):

My thesis, paradoxically, and a little provocatively, but nonetheless genuinely, is

simply this:

PROBABILITY DOES NOT EXIST

de Finetti’s point is that there is no such thing as an objective measure of probability

because all probabilities are subjective. The force in de Finetti’s statement becomes

apparent whenwe consider the following example. Suppose a coin in thrown in the air

and one is asked for the probability that it lands heads. One would undoubtedly say

half. Suppose, while the coin is still in the air, one is informed that the coin has two

Figure 14.10 Bruno de Finetti (1906–1985).

{Which Savage called “personal” probability.
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heads and one is asked the question again, “What is the probability that the coin will

land heads?” One would now say one. Why has the answer changed? Nothing has

changed in the objective properties of the coin, only one’s state of knowledge.

de Finetti also advanced the followingmodern definition of subjective probability

(de Finetti, 1937, p. 101):

. . .the degree of probability attributed by an individual to a given event is revealed by the
conditions under which he would be disposed to bet on that event.

Thus,my subjective probability of an eventE is p if I amwilling to bet up to $(px) for a

payment of $x when E occurs.

It is important to note that, within the subjective framework, the degree of belief

one assigns to an event is not completely arbitrary because it must be coherent, that is,

it must satisfy the rules of probability. The justification of coherence is based on the

so-called Dutch-Book Argument,{ which was first put forward by Ramsey (1926).

Whenever coherence is violated, one suffers a Dutch-book. For example, suppose

player P believes that the eventE has a probability p1 and the eventE has a probability

p2.What should the relationship between p1 and p2 be so that P does not incur aDutch-

book? This can be derived as follows. Based on her beliefs, P bets

. $ p1x for a payment of $x when E occurs, and

. $ p2x for a payment of $x when E occurs.

The total amount P bets is $(p1 þ p2)x. If E occurs P gets $x back. Similarly, if

E occurs P gets $x back. Thus, whatever happens, P gets $x. To avoid a Dutch-book,

we must have x 	 ðp1 þ p2Þx, that is,
p1 þ p2 � 1: ð14:4Þ

Now, based on her beliefs, P can also pay

. $x to somebody who bets $ p1x on E, and

. $x to somebody else who bets $ p2x on E.

The total amount received by P is $(p1þ p2)x. If E occurs P pays $x. Similarly, if

E occurs P pays $x as well. Thus, whatever happens, P pays $x. To avoid a Dutch-

book, we must have ðp1 þ p2Þx 	 x, that is,

p1 þ p2 	 1: ð14:5Þ
By using Eqs. (14.4) and (14.5), we see that the only way for P to avoid a Dutch-book

is to have p1 þ p2 ¼ 1, that is, PrfEg þ PrfEg ¼ 1, in accordance with the probabil-

ity axioms.

{A Dutch-book is a collection of bets that ensures a monetary loss. Although the idea was first used by

Ramsey, the term “Dutch-book” was introduced by Lehman (1955). The Dutch-book argument is also

discussed in Resnick (1987, p. 71), Sarkar and Pfeifer (2006, p. 213), Jeffrey (2004, p. 5), Kyburg (1983,

p. 82), and Burdzy (2009, p. 152); for a critique see Maher (1993, p. 94).

14.1 Discussion 153



In spite of the coherence structure, the rationale for a subjective prior which can

be used in the application of Bayes’ Theorem has been the subject of much criticism.

Keuzenkamp (2004, pp. 93–94) writes

. . .personal approaches to epistemological probability have been criticized for a lack of

scientific objectivity. If scientific inference depends on personal taste or custom and

convention, it loses much of its appeal.

. . .Objectivity is not the real battleground. The real dispute is about pragmatic methods

and the robustness with respect to the choice of priors.

We next consider the fourth theory of probability that is based on a logical

interpretation. This theory is objective in nature and some of its ideas were first put

forward by the British logician William Ernest Johnson (1858–1931). However

logical probability is usually associated with the works of Johnson’s student, the

renowned economist John Maynard Keynes (1883–1946) (Fig. 14.11). In his A

Treatise on Probability, Keynes gives the fundamental idea behind the logical

interpretation (Keynes, 1921, p. 52),

Inasmuch as it is always assumed that we can sometimes judge directly that a conclusion

follows from a premiss, it is no great extension of this assumption to suppose that we can

sometimes recognize that a conclusion partially follows from, or stands in a relation of

probability to a premiss.

Figure 14.11 John Maynard Keynes (1883–1946).
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Keynes thus uses the concept of the degree of partial entailment to denote logical

probabilities. In logical terminology, if A entails B then whenever A is true, B is also

true. Keynes modifies this idea and uses Pr{B |A} to denote the degree to which A

entails B. When this probability is less than 1, then A only partially entails B. Thus, a

logical probability is a statement about the logical relation about a hypothesis (B) and

the evidence (A), and it does not make sense to speak of the probability of B all by

itself. For example, if A is the statement that a die is fair and B is the statement that a

“five” is obtained, then the logical probability Pr{B |A} ¼ 1/6.

The logical theory probability was further developed by the British physicist Sir

Harold Jeffreys (1891–1989) and the German-born philosopher Rudolf Carnap

(1891–1970). Jeffreys argued for the utilization of the principle of indifference when

no evidence was available. Carnap’s key contribution was to allow many systems of

logic that could be used to calculate logical probabilities. However, the logical theory

cannot verify the ways of constructing a logical relation and cannot calculate

probabilities in all situations. It has been largely superseded by other theories such

as the subjective theory of probability.

There are still other theories of probability, such as the propensity and the fiducial

theories. However, no single theory has proved to be completely satisfactory. Feller

(1968, p. 19) thus says

All possible “definitions” of probability fall far short of the actual practice.

Although there is no single satisfactory theory of probability, one or more of

the interpretations we have previously outlined will almost always prove to be useful

in any given situation. More importantly, the modern axiomatic theory of probability

as developed by Kolmogorov (1933) is valid irrespective of one’s interpretations

of probability.{

{See Problem 23 for more on Kolmogorov’s axiomatic theory of probability.
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Problem 15

Leibniz’s Error (1768)

Problem. With two balanced dice, is a throw of 12 as likely as a throw of 11?

Solution. The sample space W¼ {(1, 1), (1, 2), . . ., (6,6)} is made up of 36 equally

likely outcomes, where (a, b) are the numbers on the first and second dice,

respectively, for a, b¼ 1, 2, . . ., 6. A throw of 12 can be obtained in only one way,

namely (6, 6). However, a throw of 11 can be obtained in twoways, namely (5, 6) and

(6, 5). Therefore, Pr{a throw of 12}¼ 1=36 but Pr{a throw of 11}¼ 1=18, and the

latter is twice as likely as the former.

15.1 Discussion

The renowned German mathematician and philosopher Gottfried Wilhelm Leibniz

(1646–1716) (Fig. 15.1) is usually remembered as the coinventor of the differential

calculus with archrival Isaac Newton. However, he was also very much interested in

probability.

Regarding the question in Problem 15 above, Leibniz states in theOpera Omnia

(Leibniz, 1768, p. 217)

. . .for example, with two dice, it is equally likely to throw twelve points, than to throw

eleven; because one or the other can be done in only one manner.

Thus,Leibniz believed the two throws tobe equally likely, arguing that in each case

the throw could be obtained in a single way. While it is true that a throw of 11 can be

realized only with a five and a six, there are twoways in which it could happen: the first

die couldbeafive and the seconda six, orviceversa.On theother hand, a throwof12can

be realized inonlyoneway: a 6oneachdie.Thus thefirst probability is twice the second.

The solution to the problemwould seem quite elementary nowadays. However, it

must be borne in mind that in the times of Leibniz and even afterward, notions about

Classic Problems of Probability, Prakash Gorroochurn.
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probability, sample spaces and sample points were quite abstruse. The classical

definition of probability would come only more than a century later in 1812 in Pierre-

Simon Laplace’s majestic Th�eorie Analytique des Probabilit�es (Laplace, 1812)

(although a few have argued that Cardano actually stated this definition 300 years

before). Commenting on Leibniz’s error, Todhunter states (Todhunter, 1865, p. 48)

Leibniz however furnishes an example of the liability to error which seems peculiarly

characteristic of our subject.

However, this should not in anyway undermine some of the contributionsLeibniz

made to probability theory. For one thing, he should be credited as one of the very first

to give an explicit definition of classical probability, phrased in terms of an expecta-

tion (Leibniz, 1969, p. 161):

If a situation can lead to different advantageous results ruling out each other, the estimation

of the expectation will be the sum of the possible advantages for the set of all these results,

divided into the total number of results.

Figure 15.1 Gottfried Wilhelm Leibniz (1646–1716).
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In spite of being conversant with the classical definition, Leibniz was very

interested in establishing a logical theory for different degrees of certainty. He may

rightly be regarded as a precursor to later developments in the logical foundations of

probability byKeynes, Jeffreys, Carnap, and others. Since JacobBernoulli had similar

interests, Leibniz started a communication with him in 1703. He undoubtedly had

some influence in Bernoulli’s Ars Conjectandi (Bernoulli, 1713). When Bernoulli

communicated to Leibniz about his law of large numbers, the latter reacted critically.

As Schneider (2005b, p. 90) explains

Leibniz’s main criticisms were that the probability of contingent events, which he

identified with dependence on infinitely many conditions, could not be determined by a

finite number of observations and that the appearance of new circumstances could change

the probability of an event. Bernoulli agreed that only a finite number of trials can be

undertaken; but he differed from Leibniz in being convinced by the urn model that a

reasonably great number of trials yielded estimates of the sought-after probabilities that

were sufficient for all practical purposes.

Thus, in spite of Leibniz’s criticism, Bernoulli was convinced of the authenticity

of his theorem. This is fortunate because Bernoulli’s law was nothing less than a

watershed moment in the history of probability.{

{ See Problem 8 for more on Bernoulli’s law.
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Problem 16

The Buffon Needle

Problem (1777)

Problem. A needle of length l is thrown at random on a plane on which a set of

parallel lines separated by a distance d (>l) have been drawn.What is the probability

that the needle will intersect one of the lines?

Solution.Consider the diagram in Fig 16.1. Let the distance between themidpoint of

the needle to the nearest line be Y (0< Y< d/2), and the acute angle between the

needle and the horizontal beF (0<F< p/2).We assume that Y � U 0; d=2ð Þ and that
F � U 0; p=2ð Þ. It is also reasonable to assume that Y and F are statistically

independent. Therefore, the joint density of Y and F is

fYFðy;wÞ ¼ fYðyÞfFðwÞ
¼ 2

d
� 2
p

¼ 4

pd
; 0 < y < d=2; 0 < w < p=2:

The needle will intersect one of the lines if and only if Y < ðl=2ÞsinF (see

Fig. 16.1). The probability of this event is the double integral of the joint density fYF
over the area A (see Fig. 16.2):

Pr Y <
l

2
sinF

� �
¼
Z Z

A

fYF y;wð Þdy dw

¼
ðp=2
0

ððl sin wÞ=2

0

4

pd
dy

8><
>:

9>=
>;dw

¼ 2l

pd
: ð16:1Þ

Hence the required probability is ð2lÞ=ðpdÞ.

Classic Problems of Probability, Prakash Gorroochurn.
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16.1 Discussion

A simpler solution than the previous can be obtained by first noting that (Y, F)

is uniform on S ¼ fðy;wÞ : 0 < y < d=2; 0 < w < p=2g. Therefore the required

probability is a “geometric” probability, namely the ratio of the area of A to that

of S (see Fig. 16.2):{

Prob: of intersection ¼
Ð p=2
0

ðl=2Þsin w dw

ðp=2Þðd=2Þ
¼ 2l

pd
� �cos w½ �p=2w¼0

¼ 2l

pd
;

as we obtained before in Eq. (16.1).

Needle

d

( l/2) sinФ

Ф

Y

Figure 16.1 The Buffon Needle Problem.

Figure 16.2 Graph of y¼ (l/2) sin w vs. w (d> l case).

{ In general, suppose a region G contains a smaller region g. Then if a point is chosen at random in G, the

(geometric) probability that the point lies within g is given by the ratio of the measure (e.g. volume, area or

length) of g to that of G.
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The Buffon Needle Problem{ is considered to be the first problem in geometric

probability, which is an extension of themathematical definition of probability. It was

enunciated in 1733 byGeorges-Louis Leclerc, Comte deBuffon (1707–1788), French

naturalist and mathematician (Fig. 16.3). The problem was afterward published with

the correct solution in Buffon’s article Essai d’Arithm�etique Morale (Buffon 1777,

p. 96) (see Fig. 16.4). Laplace later observed that the formula p ¼ 2l=ðpdÞ (where p is
the probability of intersection) could actually be used to estimate the value of p
(Laplace, 1812, p. 360). If a needle is thrown N times and in n cases the needle

intersects one of the lines, then n=N is an unbiased estimator of p. An estimator of p is
therefore ð2lNÞ=ðndÞ. However, this estimator is biased{ because ðndÞ=ð2lNÞ is an
unbiased estimator of 1=p.

Figure 16.3 Georges-Louis Leclerc, Comte de Buffon (1707–1788).

{The Buffon needle problem is also discussed in Solomon (1978, p. 2), van Fraassen (1989, p. 303), Aigner

and Ziegler (2003, Chapter 21), Higgins (2008, p. 159), Beckmann (1971, p. 159), Mosteller (1987, p. 14),

Klain and Rota (1997, Chapter 1), Lange (2010, p. 28), and Deep (2006, p. 74).

{ If T is used as an estimator of a parameter t, then the bias of T is defined as Biast(T)¼ET � t.
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Table 16.1{ lists several attempts to estimate the value of p. The one by Lazzarini
(1902) is of special interest since it is accurate up to six places of decimal to the true

value of p.{ Using reasonable assumptions, Coolidge (1925, p. 82) shows that the

probability of attaining such an accuracy by chance alone is about .014 and concludes

It is much to be feared that in performing this experiment Lazzarini ‘watched his step’.

Indeed, as Kendall andMoran (1963, p. 71) point out, the accurate approximations in

Table 16.1 suggest that “optional stopping” was used.}

Figure 16.4 Extract from Buffon’s Needle Problem, taken from Buffon’s Essai d’Arithm�etique

Morale (Buffon, 1777, p. 96).

{Taken from Kendall and Moran (1963, p. 70).

{And in fact coincides with 355/113, which is a more accurate value than 22/7 to approximate p and which
was first discovered by the Chinese mathematician Zu Chongzhi (429–500). See Posamentier and Lehman

(2004, p. 61) for more details.

} For a fuller analysis of most of these experiments, see Gridgeman (1960) and O’Beirne (1965,

pp. 192–197).
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We now present an intriguing alternative solution (e.g., see Uspensky, 1937,

p. 253) to the Buffon Needle Problem, due to the French mathematician Joseph Emile

Barbier (1839–1889) (Barbier, 1860). The peculiarities of the approach are that it does

not involve any integration and can be generalized to arbitrary convex shapes. First we

write p � pðlÞto emphasize that the probability of intersection depends on the length

of the needle. Suppose the needle is divided into two parts with lengths l0 and l00. Since
a line intersects the needle if and only if it intersects either portion, we have p(l)¼
p(l0) þ p(l00). The latter equation is satisfied if

pðlÞ ¼ kl; ð16:2Þ
where k is a constant of proportionality. Now imagine a polygonal line

(not necessarily convex) of total length l made up of n rectilinear segments

a1; a2; . . . ; an where each aj < d. Each segment aj has a probability pðjÞ ¼ kaj of

intersecting one of the parallel lines. Let

Ij ¼ 1; if segment aj intersects the line;
0; otherwise:

�

The total number of intersections is then

T ¼
Xn
j¼1

Ij;

and the expectation of T is

ET ¼
Xn
j¼1

E Ij

¼
Xn
j¼1

kaj

¼ kl: ð16:3Þ
For a circle with diameter d, we have T¼ 2,ET¼ 2, and l¼ pd. Using Eq. (16.3),

we solve for k and obtain k¼ 2/(pd). Hence, Eq. (16.2) becomes

pðlÞ ¼ kl ¼ 2l

pd
;

which is the same formula we obtained using integrals in Eq. (16.1).

Table 16.1 Attempts to Estimate p Using Eq. (16.1)

Experimenter Needle length No. of throws No. of hits Estimate of p

Wolf (1850) .8 5000 2532 3.1596

Smith (1855) .6 3204 1218.5 3.1553

De Morgan (1860) 1.0 600 382.5 3.137

Fox (1884) .75 1030 489 3.1595

Lazzarini (1902) .83 3408 1808 3.1415929

Reina (1925) .5419 2520 859 3.1795

16.1 Discussion 163



Digging deeper, if we consider a sufficiently small convex polygon with

circumference C, then we can have only two intersections (with probability,

say P) or zero intersection (with probability 1�P). Then the expected number of

intersections is 2P. From Eq. (16.3), we have ET ¼ kl, where k ¼ 2=ðpdÞ as we
showed previously. Substituting ET ¼ 2P, k ¼ 2=ðpdÞ, and l¼C in ET ¼ kl, we

have

P ¼ C

pd
: ð16:4Þ

This gives a general formula for the probability P of intersection of a small convex

polygon (of any shape) with circumference C when thrown on lines separated by a

distance d. The formula is interesting because P does not depend either on

the number of sides or on the lengths of the sides of the polygon. It therefore also

applies to any convex contour. For an alternative derivation of Eq. (16.4), see

Gnedenko (1978, p. 39).

Two variations of the classic Buffon Needle Problem are also worth considering.

First

A needle of length l is thrown at random on a plane on which a set of parallel lines

separated by a distance d, where d< l. What is the probability that the needle will

intersect one of the lines?

This time, the length of the needle is greater than the separation of the lines but (Y,F)

is still uniform on S ¼ fðy;wÞ : 0 < y < d=2; 0 < w < p=2g. Therefore the required
probability, as a geometric probability, is the ratio of the area of A0 to that of S (see

Fig 16.5){:

Pr Y <
l

2
sinF

� �
¼

ðarcsinðd=lÞ

0

l

2
sinwdwþ p

2
� arcsin

d

l

� �
d

2

p
2

� � d

2

� �

¼ 4

pd
� l

2
cosw½ �arcsinðd=lÞw¼0 þ d

2
arccos

d

l

� �� �

¼ 4

pd
� l

2
cos arcsin

d

l

� �
� 1

� �� 	
þ 2

p
arccos

d

l

� �

¼ 2l

pd
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2

l2

r !
þ 2

p
arccos

d

l

� �
: ð16:5Þ

{ In the following, we will use arcsin(x) þ arccos(x)¼ p/2 and cos(arcsin(x))¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
.
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The second variation was first considered by Laplace{ (1812, pp. 360–362) and is as

follows (Fig. 16.6):

Suppose a needle of length l is thrown on a plane that is made up of congruent rectangles

each of dimensions c and d (l< c, d). What is the probability that the needle will intersect

at least one of the sides of the rectangle?

Let the distances from the base of the needle to the next vertical line along the

horizontal axis be X and to the next horizontal line along the vertical axis be Y. Let the

angle made by the length of the needle with the horizontal beF. We assume that X, Y,

andF are uniformly distributed on (0, c), (0, d), and (0, p/2), respectively. The needle
will cross a vertical line ifX< l cosF. The probability of this event is again calculated

through geometric probability:

pV ¼
Ð d
0

Ð p=2
0

l cos w dw
n o

dy

pcd=2
¼ 2l

pc
:

Similarly, the needlewill cross a horizontal line ifY< l sinF, and thiswill happen

with probability

pH ¼
Ð c
0

Ð p=2
0

l sin w dw
n o

dx

pcd=2
¼ 2l

pd
:

Both horizontal and vertical intersections occur ifX< l cosF andY< l sinF, and

the probability is

pV�H ¼
Ð ðp=2Þ
0

Ð ðl sin wÞ
0

Ð ðl cos wÞ
0

dxdydw

pcd=2
¼ l2

pcd
:

Figure 16.5 Graph of y¼ (l/2)sin w vs. w (d< l case).

{See also Arnow (1994), Solomon (1978, p. 3), and Uspensky (1937, p. 256).
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Hence, the probability of either a vertical or horizontal intersection is

pVþH ¼ pV þ pH � pV�H

¼ 2l

pc
þ 2l

pd
� l2

pcd

¼ 2l cþ dð Þ � l2

pcd
: ð16:6Þ

Note that, as c!¥, we have

lim
c!¥

pVþH ¼ lim
c!¥

2l cþ dð Þ � l2

pcd
¼ 2l

pd
;

which is the same probability as in Eq. (16.1).

We now consider the following issue. Out of the several possible uniform random

variables in the Buffon Needle Problem, why did we choose the acute angle between

the needle and the nearest line (F), and the distance between the midpoint of the

needle to the nearest line (Y)? Would the probability of intersection have changed if

we had instead chosen the vertical rise of the needle from itsmidpoint and the distance

of the midpoint to the nearest line as uniformly distributed each, that is,

F0 � U 0; l=2ð Þ and Y � U 0; d=2ð Þ, where F0 ¼ ðl sinFÞ=2? The answer is yes. A
similar calculation to the one presented in the solution shows that the probability of

intersectionwould then be l=ð2dÞ, which is different fromEq. (16.1). Thismight seem

quite disquieting. However, as van Fraassen (1989, p. 312) has shown,F � U 0; p=2ð Þ
and Y � U 0; d=2ð Þ are choices that make the joint density of (Y, F) invariant under

rigidmotions. That is, if the lineswere to be rotated or translated before the needlewas

thrown on them, these choices ensure we get the same probability of intersection.

Y

X

Ф

c

d
l 

Figure 16.6 Laplace’s extension of the Buffon Needle Problem.
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The invariance of this probability under such translations seems to be a natural

desideratum.{

Since we have shown how the value of p could be estimated through geometric

probability (see first paragraph in Discussion section), we might ask a related

question:

Can we also use a geometric procedure to estimate the exponential number e?

Nahin (2000, p. 30) provides a geometric approach,{which we adapt in the following.

Imagine a big square of dimension n� nmade up of identical smaller squares each of

dimensionm�m, as shown in Fig. 16.7. Let us choosem so that n/m is an integer. The

number of small squares is thus N¼ n2/m2.

Now, suppose N darts are thrown at random on the big square. Let X be the

number of darts that land inside a particular small square. Then X � B N; 1=Nð Þ and

Pr X ¼ xf g ¼ N

x

� �
1

N

� �x

1� 1

N

� �N�x

; x ¼ 0; 1; 2; . . . ;N:

The probability that the small square receives no dart is

Pr X ¼ 0f g ¼ 1� 1

N

� �N

! e�1 as N!¥:x

We thus have a method to estimate e. Let us make m small enough so that N is

large. Suppose, after theN darts have been thrown, the number of small squares (out of

the N) that receive no dart at all is s. Then s=N � 1=e so that e � N=s. Again, N/s is a
biased estimator of e since s/N is unbiased for 1/e.

m

n

Figure 16.7 Procedure to estimate e geometrically. The big square is of dimension n� n and each of

the small squares is of dimension m � m (n/m is assumed to be an integer).

{See Problem 19 for more on invariance.

{Of course, if one is not interested in a geometric approach one can simply use e¼ 1 þ 1/1! þ
1/2! þ 1/3! þ � � �.
}Using the fact that lim x!¥(1 þ a/x)x¼ ea.
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There exists a second geometric approach{ that can give an unbiased estimate of

e. Suppose a line of length L is divided into successively smaller segments

In ¼ n�1
n

L; n
nþ1

L
� i

for n¼ 1, 2, . . . (see Fig. 16.8).

A sharp knife is then thrown at random perpendicular to the line and if it cuts the

line across the jth segment, we then assign the random variable X the value

2þ 1=ðj � 1Þ! We now show that EX ¼ e. We have

Pr X ¼ xf g ¼
j

j þ 1
� j � 1

j
¼ 1

j j þ 1ð Þ ; for x ¼ 2þ 1=ðj � 1Þ!; j ¼ 1; 2; . . .

0 otherwise

8<
:

so that

EX ¼
X¥
j¼1

2þ 1

ðj � 1Þ!
� �

� 1

j j þ 1ð Þ

¼
X¥
j¼1

2

j
� 2

ðj þ 1Þ þ
1

ðj þ 1Þ!
� �

¼ 2

1
� 2

2
þ 2

2
� 2

3
þ 2

3
� 2

4
þ � � �

� �
þ
X¥
j¼1

1

ðj þ 1Þ!

¼ 2þ
X¥
j¼1

1

ðj þ 1Þ!

¼
X¥
j¼0

1

j!
¼ e:

Thus to obtain an unbiased estimate of e, we throw the knife on the line n times

(where n is large), note the segment cut each time and record the corresponding values

x1; x2; . . . ; xn of X. Then an unbiased estimate of e is �x ¼ ðx1 þ x2 þ � � � þ xnÞ=n.

l1 l2 l3

L

Figure 16.8 Geometric unbiased estimation of e.

{This method was communicated to me by Bruce Levin.
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Problem 17

Bertrand’s Ballot

Problem (1887)

Problem. In an election, candidate M receives a total of m votes while candidate

N receives a total of n votes, where mH n. Prove that, throughout the counting, M is

ahead of N with probability (m� n)/(m þ n).

Solution. We use mathematical induction to prove that the probability of M being

ahead throughout is

pm;n ¼ m� n

mþ n
: ð17:1Þ

IfmH 0 and n¼ 0,Awill always be ahead sinceN receives novotes. The formula

is thus true for all mH 0 and n¼ 0 because it gives pm;n ¼ m=m ¼ 1. Similarly, if

m¼ nH 0, M cannot always be ahead of N since they clearly are not at the end. The

formula is thus true for all m¼ nH 0 because it gives pm;n ¼ 0=ð2mÞ ¼ 0.

Now suppose pm�1;n and pm;n�1 are both true. ThenMwithm voteswill always be

ahead of N with n votes if and only if either (i) in the penultimate count, M with m

votes is ahead of N with n� 1 votes, followed by a last vote for N or (ii) in the

penultimate count, M withm� 1 votes is ahead of N with n votes, followed by a last

vote for M. Therefore,{

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.

{Note that, sinceM andN receive a total ofm and n votes, respectively, the probability thatMwins any one

vote is m/(m þ n).
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pm;n ¼ pm;n�1

n

mþ n
þ pm�1;n

m

mþ n

¼ m� n� 1ð Þ
mþ n� 1ð Þ �

n

mþ n
þ m� 1ð Þ � n

m� 1ð Þ þ n
� m

mþ n

¼ m� n

mþ n
: ð17:2Þ

Hence the result is established.

17.1 Discussion

The Ballot Problem is usually attributed to Joseph Bertrand (1822–1900) (Fig. 17.1)

who proposed it in a half-page article (Bertrand, 1887).{ In this article, Bertrand gave

the correct formula for pm;n but did not provide a proof. Instead, he provided the

following recursive equation:

fmþ1;tþ1 ¼ fm;t þ fmþ1;t: ð17:3Þ

In the above equation, fm;t is the number of waysM is always ahead of NwhenM

receives a total ofm out of t votes. Bertrand’s recursion in Eq. (17.3) is equivalent to

Eq. (17.2) above, since

pm;n � fm;mþn

mþ n

m

� � :

Thus, although Bertrand did not prove his formula,{ he could easily have done so

through induction. Bertrand, however, believed that there should be an even simpler

proof, for he writes

. . .it seems probable that such a simple result could be shown in a more direct way.

The “more direct way” was provided only a few weeks later by the French

mathematician D�esir�e Andr�e (1887). Andr�e reasoned in terms of favorable

and unfavorable permutations of the m votes for M and n votes for N, where a

favorable permutation is an ordered sequence of votes such that M is always ahead

(e.g., MMNM). First, he notes that all permutations starting with an N are

{The ballot problem is also discussed in Feller (1968, p. 69), Higgins (1998, p. 165), Meester (2008, p. 73),

Blomet al. (1994, p. 128),Durrett (2010, p. 202),Gyóari et al. (2008, pp. 9–35), andShiryaev (1995, p. 107).

{However, Bertrand later did provide a complete demonstration of the result in hisCalculs des Probabilit�es

(Bertrand, 1889, pp. 19–20), based on Andr�e’s proof, which we will next describe.

(17.2)
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necessarily unfavorable, and there are ðmþ n� 1Þ!=½m!ðn� 1Þ!� of them. Then

Andr�e argues that each one of the unfavorable permutations starting with an M can

be put into a one-to-one correspondence with a permutation of m M’s and (n� 1)

N’s. Therefore, the total number of favorable permutations is

ðmþ nÞ!
m!n!

� 2
ðmþ n� 1Þ!
m!ðn� 1Þ! ¼ ðmþ nÞ!

m!n!
� m� n

mþ n
;

whence the formula for pm;n follows. Several authors have stated that Andr�e actually
used the so-called reflection principle in his proof (Doob, 1953, p. 393; Feller, 1968,

p. 72; Loehr, 2004), but this is not the case, as we will soon show (see also Renault,

2008; Humphreys, 2010). Let us first explain the reflection principle. Refer to

the diagram in Fig. 17.2. The vertical axis Xn denotes the number of votes by which

M is ahead of N after a total of n votes on the horizontal axis. The initial point (0, a)

above the horizontal axis and the final point (n, b) correspond to candidate M being

initially ahead by a votes, and finally ahead by b votes, respectively. Then the

reflection principle states that the number of paths from (0, a) to (n, b) that touch

or cross the horizontal axis is equal to the total number of paths from (0, �a) to

Figure 17.1 Joseph Louis François Bertrand (1822–1900).
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(n, b).{ The reflection principle has its origin in the works of the physicists Lord

Kelvin (1824–1907) and James Clerk Maxwell (1831–1879) (Gray, 1908; Max-

well, 1873). It has since been applied in several fields of probability and statistics,

including random walks, Brownian motion, and order statistics.

Using the reflection principle, we can easily solve Bertrand’s Ballot Problem.

As before, we assume that candidates M and N receive a total ofm and n votes, where

mH n. We wish to find the probability pm;n that M is always ahead of N. That is, we

want to determine the fraction of the total number of paths from (0, 0) to (m þ n,

m� n) that always stays above the horizontal axis (except for (0, 0)). The latter total is

the same as the number of paths from (1, 1) to (m þ n,m� n) that always stay above

the horizontal axis, that is, the total number of paths from (1, 1) to (m þ n, m� n)

minus the number of paths from (1, 1) to (m þ n, m� n) that touch or cross the

horizontal axis. Applying the reflection principle, the second quantity in the subtrac-

tion is equal to the number of paths from (1, �1) to (m þ n, m� n). Note that the

number of paths from (i, j) to (k, l) is equal to the number of paths from (0, 0) to

ðk � i; l � jÞ, which equals
k � i

k � i þ l � j

2

 !
. Therefore, the number of paths above

the horizontal axis is

Xn

a

–a

(n, b)

n

Figure 17.2 The reflection principle. The number of paths from (0, a) to (n, b) which touch or cross

the horizontal axis is equal to the total number of paths from (0, �a) to (n, b).

{The reflection principle is also discussed in Feller (1968, p. 72), Chuang-Chong andKheeMeng (1992, pp.

91–93), Jacobs (2010, p. 57), Finkelstein and Levin (2001, p. 54), Karlin and Taylor (1975, p. 345), and

Khoshnevisan (2007, p. 175).
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mþ n� 1

m� 1

� �
� mþ n� 1

m

� �
¼ ðmþ nÞ!

m!n!
� m� n

mþ n
;

so that pm;n ¼ m� nð Þ= mþ nð Þ, as required.
We are now in a position to explain why Andr�e’s method is different from the

reflection principle.{ In the latter, one unfavorable path is modified, namely the path

that touches or crosses the horizontal axis is modified by reflection. However, in

Andr�e’smethod, two unfavorable paths aremodified, namely one that startswith anM

and the other that starts with an N. These are very different procedures, as can be seen

when one tries to solve the Generalized Ballot Problem:

M and N get m and n votes, respectively, such that mH kn, where k is a natural

number; find the probability that M is always ahead of N by a factor of at least k.

Here each voteM gets results in the randomwalk moving by (1, 1) and each vote

N gets results in the random walk moving by (1,�k). A solution using the reflection

principle is not possible. This is because an upward movement of one unit is reflected

as a downward movement of one unit, but the latter does not make sense here.

However, a solution can be obtained by extending Andr�e’s method, as follows. First,

we note that there are k þ 1 types of “bad” paths, where the bad path of ith (i¼ 0,1,

. . ., k) type is defined as one for which the first bad step results in the random walk

being i units below the x-axis. Now, it can be shown that the total number of bad paths

of the ith type is exactly equal to the total number of permutations ofmMs and (n� 1)

Ns. Therefore, the total number of paths such thatM is always ahead ofNby a factor of

at least k is

mþ n

m

� �
� k þ 1ð Þ mþ n� 1

m

� �
¼ a� kb

aþ b

mþ n

m

� �
:

Hence, we obtain a probability of ða� kbÞ=ðaþ bÞ as the solution to the

Generalized Ballot Problem.

Finally, a question of priority is in order. Nine years before Bertrand’s paper,

William Allen Whitworth{ (1840–1905) asked the following question (Whitworth,

1878):

In howmany orders canm positive units and n negative units be arranged so that the sum to

any number of terms may never be negative?

Whitworth then gives the solution as ðmþ nÞ!ðm� nþ 1Þ=½ðmþ 1Þ!n!�.
Whitworth’s question is essentially the same as Bertrand’s Ballot Problem, although

the former indirectly asks for the number ofways candidateM is either ahead or on par

with candidate N. To see the equivalence between the two problems, let p*m;n be the

{See also Renault (2008).

{Author of the popular Choice and Chance (Whitworth, 1901).
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probability thatMwith a total ofm notes is never behindNwith a total of n votes. Then

Whitworth’s formula gives

p*m;n ¼
ðmþ nÞ!ðm� nþ 1Þ=½ðmþ 1Þ!n!�

ðmþ nÞ!=ðm!n!Þ ¼ m� nþ 1

mþ 1
:

Now the event that M is always ahead of N is equivalent to the event that M gets

the first vote and then, keeping this vote aside, M is never behind for the remaining

m þ n� 1 votes. Therefore,

pm;n ¼ m

mþ n
p*m�1;n

¼ m

mþ n
� m� n

m

¼ m� n

mþ n
;

which is the formula given by Bertrand. The Ballot Theorem is thus also sometimes

rightfully called the Bertrand–Whitworth Ballot Theorem.
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Problem 18

Bertrand’s Strange Three

Boxes (1889)

Problem. There are three boxes, each with two drawers. Box A contains one gold

coin in each drawer, box B contains one silver coin in each drawer, and box C

contains one gold coin in one drawer and one silver coin in the other.

(a) A box is chosen at random. What is the probability that it is box C?

(b) A box is chosen at random and a drawer opened at random. The coin is removed.

Suppose it is a gold coin. What is the probability that the box chosen is box C?

Solution. (a) All three boxes have the same chance of being chosen. So, the

probability that box C is chosen is 1/3.

(b) LetC be the event “box C is chosen”, and similarly for eventsA andB. LetG be the

event “a gold coin is found in one of the drawers from the chosen box”. Then

Pr Af g ¼ Pr Bf g ¼ Pr Cf g ¼ 1

3
;

Pr G jAf g ¼ 1; Pr G jBf g ¼ 0; Pr G jCf g ¼ 1

2
:

Using Bayes’ Theorem,{ we have

PrfC jGg ¼ PrfG jCg � PrfCg
PrfG jCg � PrfCg þ PrfG jBg � PrfBg þ PrfG jAg � PrfAg

¼ ð1=2Þð1=3Þ
ð1=2Þð1=3Þ þ ð0Þð1=3Þ þ ð1Þð1=3Þ

¼ 1

3
:

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.

{ See Problem 14
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18.1 Discussion

Although the name of Joseph Louis François Bertrand (1822–1900) is usually

associated with the chord paradox (see Problem 19), his treatise Calculs des

Probabilit�es{ (Bertrand, 1889) is a treasure-trove of several interesting probability
problems. Of these, the box problem appears as the second problem in the book.{

However, the second part of the original question is in a slightly different form from

that presented in (b) in the Problem. On p. 2 of his book, Bertrand says

A box is chosen. A drawer is opened. Whatever the coin I find, there are two cases that

remain possible. The drawer that was not opened either contains a similar or different

coin from the first one. Out of these two possibilities, only one is favorable to the boxwith

two different coins. The probability of having chosen the box with the different coins is

thus 1/2.

Is it possible, however, that themere opening of a drawer could change the probability from

1/3 to 1/2?

Note that the above problem does not identify the initial coin that is drawn, as

opposed to our question in (b) above where it is identified as gold. Nevertheless the

answer to Bertrand’s question is the same in both cases: the mere opening of a drawer

cannot change the probability from 1/3 to 1/2. The (intentional) error in Bertrand’s

reasoning is this: whatever the coin that is first drawn, there are two cases that remain

possible; in accordance with the principle of indifference,} each one should have the

same probability. However, the two cases are not equally likely. The one that is

favorable to the boxwith two similar coins is twice as likely as the one that is favorable

to the box with two different coins. We have shown this in part (b) of the solution for

the case when the first coin drawn is gold. We would have obtained the same

probability of 1/3 if the first coin drawn was silver.

Bertrand’s box problem is important not only because its solution can be

counterintuitive but also because it is in fact a precursor to the famous Monty-Hall

Problem, which we will discuss in Problem 32.

We now consider the following classic problem, which is similar to Bertrand’s

but which has an entirely different solution:

(a) Mr. Smith has two children and at least one of them is a boy.

(b) Mr. Smith meets a friend and tells her, “I have two children and the older is

a boy.”

In each case, what is the probability that Mr. Smith has two boys?

To solve the above problem, we first define Y as the event “the younger child is

a boy” and O as the event “the older child is a boy.” Then PrfYg ¼ PrfOg ¼ 1=2

{Calculus of Probabilities.

{The Bertrand Box Problem is also discussed in Shafer and Vovk (2006), Shackel (2008), and Greenblatt

(1965, p. 107).

} See pp. 135–137.
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and, since Y and O are independent of each other, PrfY \ Og ¼ 1=4. For part (a),
we have

PrfY \ O j Y [ Og ¼ PrfðY \ OÞ \ ðY [ OÞg
PrfY [ Og

¼ PrfY \ Og
PrfYg þ PrfOg � PrfY \ Og

¼ 1=4

1=2þ 1=2� 1=4

¼ 1

3
:

For part (b), we have

PrfY \ O jOg ¼ PrfðY \ OÞ \ Og
PrfOg

¼ PrfY \ OÞg
PrfOg

¼ 1=4

1=2

¼ 1

2
:

Intuitively, the sample space for the problem is shown in Table 18.1 (B¼ boy,

G¼ girl). The sample space isW¼ {BB, BG, GB, GG}, where each sample point is

equally likely. Given that Mr. Smith has at least one boy, the new sample space is

W� ¼ {BB, BG, GB}, where the first and second letters for each sample point

represent the gender of the younger and older children, respectively. The probability

of two boys is therefore 1/3. On the other hand, given that we identify the older child

to be a boy, the sample space changes to W�� ¼ {BB, GB}. The probability of two

boys is now 1/2.

It might at first seem counterintuitive that the second probability should be

different from the first. However, by specifying one of the children to be the oldest, the

Table 18.1 Sample Space for the “Older

Child” Problem

Younger child Older child

B B

B G

G B

G G
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sample space changes. Consequently the probability cannot stay at 1/3. Martin

Gardner (1914–2010), the Dean of mathematical puzzles, provides a most interesting

illustration of why that should be so (1959, p. 51):

If this were not the case [i.e. if the second probability did not change from 1/3 to 1/2] we

would have a most ingenious way to guess the face of a concealed coin with better than

even odds. We would simply flip our own coin. If it came heads we would reason: “There

are two coins here and one of them (mine) is heads. The probability the other is heads is

therefore 1/3, so I will bet that it is tails.” The fallacy of course is that we are specifying

which coin is heads. This is the same as identifying the oldest child as the boy, and it

changes the odds in a similar fashion.
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Problem 19

Bertrand’s Chords (1889)

Problem. A chord is randomly chosen on a circle. Calculate the probability that the

chord is longer than the side of an equilateral triangle inscribed inside the circle.

Solution. There are at least three methods a chord can be randomly chosen on the

circle, as shown in Fig. 19.1.

Solution 1: RandomEndpoints Approach. Consider the first figure.We randomly

choose two endpoints on the circumference of the circle and join them to obtain the

chord. Because of symmetry, we assume one of the points coincides with one of

the vertices of the inscribed triangle (at A). The remaining two vertices (B and C) of

the triangle then divide the circumference of the circle into three equal arcs (AC, CB,

and BA). The chord is longer than the side of the triangle if and only if it intersects the

triangle. The required probability is thus 1/3.

Solution 2: Random Radius Approach. Consider the second figure.We randomly

choose a radius of the circle and then select a point on it. The chord is obtained by

drawing a perpendicular to the radius across the point. Because of symmetry, we

assume the radius is perpendicular to one of the edges of the triangle. The chord is

longer than the side of the triangle if and only if the selected point lies on the half of the

radius that is closer to the center of the circle. The required probability is thus 1/2.

Solution 3: RandomMidpoint Approach. Consider the third figure.We randomly

choose a point inside the circle and obtain the chord so that the chosen point is its

midpoint. The chord is longer than the side of the triangle if and only if the chosen

point lies inside the inscribed circle of the triangle. Since the inner inscribed circle has

radius half that of the outside circle, the required probability is (1/2)2¼ 1/4.

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.
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19.1 Discussion

This is the famous problem that comes to mind when the name of Joseph Bertrand is

mentioned in probability.{ It features as the fifth problem in the Calculs des

Probabilit�es (Bertrand, 1889, p. 4) (see Fig. 19.2) and has gained nearly immortal

status because it apparently shows the limitations of classical probability when

applied to problems where the number of possible outcomes is infinite (see, for

example, Papoullis, 1991, p. 9). Shafer and Vovk (2006) explain that Bertrand’s

paradoxes were one of the reasons for the dissatisfaction with classical probability at

the turn of the twentieth century,{ and such dissatisfaction provided an impetus for

the later axiomatization of probability by Kolmogorov in 1933.} Indeed, the

eminent German mathematician David Hilbert (1862–1943) gave a keynote talk,

“Mathematical Problems,” in 1900 at the Second International Congress of Math-

ematicians in Paris. In his talk, he outlined some of the most important unsolved

problems of mathematics at that time.** Hilbert recognized the need for a rigorous

and coherent theory of probability, for his sixth problem reads (Yandell, 2002,

pp. 159–160)

The investigations on the foundations of geometry suggest the problem: To treat in the

same manner [as Hilbert had treated geometry], by means of axioms, those physical

sciences in which mathematics play an important part; in the first rank are the theory of

probabilities and mechanics.

Coming back to our original Chord Problem, Bertrand gave an argument which

has become the standard explanation of the paradox. In his own words (Bertrand,

1889, p. 4):

Figure 19.1 Three of the ways in which a chord can be randomly chosen on a circle.

{Bertrand’s paradox is also discussed in Clark (2007, p. 24), Shackel (2008), Ross (1997, pp. 203–204),

Erickson and Fossa (1998, p. 21), vonMises (1981, p. 77),YaglomandYaglom (1987, pp. 34–35), Papoullis

(1991, p. 9), Sz�ekely (1986, p. 43), Grinstead and Snell (1997, p. 49), Andel (2001, p. 8), Stirzaker (2003,
p. 324), Kaplan and Kaplan (2006, p. 56), and Stapleton (2008, p. 55).

{ See also the discussion in Tanton (2005, p. 417).

} See Problem 23.

**These later became part of Hilbert’s “program” of 23 canonical problems.
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A further remark is necessary: the infinite is not a number; one should not, without any

explanation, introduce it into one’s reasoning. The illusion of precision brought about by

words can result in contradictions. Choosing at random from infinitely many possibilities

is not sufficiently defined.

The paradox thus stems from the fact that there are many ways to choose from an

infinite sample space. The problem consequently appears ill-posed: it does not specify

how the random chord should be chosen. Thus, each of the solutions provided is

valid for the given method the chord was chosen.

The three different answers also seem to seriously undermine the principle of

indifference.{ This principle was first used by Jacob Bernoulli (1654–1705) and

Pierre-Simon Laplace (1749–1827). It states that if we have no a priori knowledge of

how an event can occur, then we must assign equal probabilities to each possible way

it can occur. The principle is contradicted here, forwehave shown three differentways

of applying it, and each results in a different answer. Hunter and Madachy (1975,

pp. 100–102), give a fourth possible solution to the Bertrand Chord Problem, with a

probability of approximately 14/23 that the chord is longer than the side of the

triangle. Weaver (1982, p. 355) provides two other possible answers (2/3 and 3/4).

Figure 19.2 Bertrand’s Chord Problem, taken from the Calculs des Probabilit�es (Bertrand, 1889).

{See Problem 14, pp. 135–137.
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Berloquin (1996, p. 90) mentions a seventh possible answer (1�1
2

ffiffiffi
3

p
), and provides a

proof that the problem possesses infinitely many solutions.

After Bertrand had adduced the Chord Problem, geometric probability was

seemingly dealt a serious blow. However, the problem was taken up again a few

years later by the eminent FrenchmathematicianHenri Poincar�e (1854–1912) in his own
Calculs des Probabilit�es{ (Poincar�e, 1912, p. 118). The invaluable contributionmade by

Poincar�e (1912, p. 130) was to suggest that the arbitrariness in the interpretation of

randomness could be removed by associating probability densities that remain invariant

under Euclidean transformations. That is to say, the problem could becomewell-posed if

we could find probability densities for randomvariables such that wewould get the same

answer if the circle and inscribed triangle were to be rotated, translated, or dilated.

Poincar�e (1912, p. 130), and later Jaynes (1973), concluded that such probability

densities exist only for the random radius method (Figs. 19.3 and 19.4). Let us

now explain Jaynes’ approach and show how invariance arguments lead to a probability

of 1/2.{Let the circleChave radiusR and let the randomly drawn chord have itsmidpoint

at (X, Y), relative to the centerO of the circle. Suppose the probability density of (X, Y) is

f ðx; yÞ, where ðx; yÞ 2 C. We next draw a smaller concentric circle C0 with radius aR,
where 0 < a � 1. Let the density of (X, Y) be hðx; yÞ for ðx; yÞ 2 C0.The two densities f
andh should be the same except for a constant factor, because their supports are different.

For ðx; yÞ 2 C0, we have

hðx; yÞ ¼ f ðx; yÞÐÐ
C0
f ðx; yÞdx dy

:

Rotational invariance implies that both f ðx; yÞ and hðx; yÞ depend on (x, y) only
through the radial distance r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
. Therefore, in polar coordinatesðr; uÞ, the

above equation becomes

hðrÞ ¼ f ðrÞð2p
0

ðaR
0

rf ðrÞdr du

¼ f ðrÞ
2p

ðaR
0

rf ðrÞdr

)f ðrÞ ¼ 2phðrÞ
ðaR
0

f ðrÞr dr:

ð19:1Þ

{Calculus of Probabilities. Strangely, Poincar�e discussed only the first two of the three solutions Bertrand

had given.

{ See Jaynes (2003, pp. 388–393), and also Howson and Urbach (2006, pp. 282–286), and Sz�ekely (1986,

pp. 44–47).

(19.1)
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We now invoke scale invariance. Imagine the larger circle is shrunk by a factor a,

0 < a � 1, to give the smaller circle. Then scale invariance implies

f ðrÞr dr du ¼ hðarÞar dðarÞdu
f ðrÞr dr du ¼ a2hðarÞr dr du

)f ðrÞ ¼ a2hðarÞ:
ð19:2Þ

From Eqs. (19.1) and (19.2), we have for 0 < a � 1 and 0 < r � R,

a2f ðarÞ ¼ 2pf ðrÞ
ðaR
0

rf ðrÞdr:

Figure 19.3 Henri Poincar�e (1854–1912).

(19.2)
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If we differentiate the last equation with respect to a, then set a¼ 1, we obtain the

differential equation

2f ðrÞþ rf 0ðrÞ ¼ 2pR2f ðrÞf ðRÞ

with general solution

f ðrÞ ¼ qrq�2

2pRq
;

where q is a positive constant. It can be shown that translational invariance implies

q¼ 1. Hence we finally obtain

f ðrÞ ¼ 1

2pRr
; 0 � r � R; 0 � u � 2p: ð19:3Þ

Assuming the above invariance arguments, the probability that the chord is

longer than the side of the inscribed triangle can be calculated as

Figure 19.4 Edwin T Jaynes (1922–1998).
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ð2p
0

ðR=2
0

f ðrÞr dr du ¼
ð2p
0

ðR=2
0

1

2pRr
r dr du

¼ ð2pÞ R

2

� �
� 1

2pR

¼ 1

2
:

Thus, adherence to the invariance principle results in an answer of half.

Moreover, this is the answer that Jaynes obtained when he carried out experiments

of actually throwing straws into a circle (Jaynes, 1973). However, we hasten to add

that not all situations where the principle of indifference breaks down are amenable to

the kind of invariance treatment we provided above, as Jaynes himself conceded.{

Additionally, debate on the Chord Problem is not over: in 2007, Shackel published a

paper casting some doubts on Jaynes’ solution and maintained that the Chord

Problem remains still unsolved (Shackel, 2007). Shackel’s main contention is that

Jaynes’ solution is not to the original Bertrand Chord Problem and that it amounts to

“substituting a restriction of the problem for the general problem.”

{For example, von Mises water-and-wine example, mentioned on p. 136, is not resolved by using

invariance.
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Problem 20

Three Coins and a Puzzle

from Galton (1894)

Problem. Three fair coins are tossed. What is the probability of all three coins

turning up alike?

Solution. The sample spaceW¼ {HHH, HHT, . . ., TTT} is made up of eight equally

likely outcomes. Of these, all three coins turn up alike with either HHH or TTT. The

required probability is therefore 2/8 ¼ 1/4.

20.1 Discussion

Sir Francis Galton (1822–1911) is considered to be the father of eugenics and one of

the most renowned statisticians of his time (Fig. 20.1). His name is usually associated

with the notions of correlation and the regression effect.{ In the February 15, 1894

issue of Nature, Galton presented both the correct solution and an intentionally

wrong solution to the above problem (Galton, 1894). Concerning the wrong solution,

he writes

I lately heard it urged, in perfect good faith, that as at least two of the coins must turn up

alike, and it is an even chancewhether a third coin is heads or tails; therefore the chance of

being all-alike is as 1 to 2, and not as 1 to 4. Where does the fallacy lie?

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.

{Also known as regression to themean. Galton noted that tall parents tend to produce tall offspring butwho,

on average, are shorter than their parents. Similarly, tall offspring tend to have tall parents but who, on

average, are shorter than their offspring. The regression effect thus describes the natural phenomenon of a

variable that is selected as extreme on its first measurement and tends to be closer to the center of the

distribution for a later measurement. For more details, see, for example, Campbell and Kenny (1999) who

devote a whole book to the subject.
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The argument does seem to contain an infallible logic. The fallacy, however, lies

in the assumption that, given that at least two coins turn up alike, then there is an even

chance for the remaining coin to be alike too.We can show this as follows. Tofix ideas,

let us consider the situation for heads.

LetU be the event “at least two coins are heads,” and V be the event “the last coin

is a head.” Then,

Figure 20.1 Sir Francis Galton (1822–1911).

Table 20.1 Illustration ofWhy the Probability of Obtaining Three Heads, Given that at Least

Two Heads have been Obtained, is 1/4 Instead of 1/2

First coin H H H H T T T T

Second coin H H T T H H T T

Third coin H T H T H T H T

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 Case 8
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PrfV jUg � PrfV \ Ug
PrfUg

¼ Prfthree headsg
Prftwo headsgþ Prfthree headsg

¼ ð1=2Þ3
3ð1=2Þ2ð1=2Þþ ð1=2Þ3

¼ 1

4
:

Similarly for tails. Thus, given that at least two coins turn up alike, it is three times

more likely for the remaining coin to be different than to be alike too.

A more visual proof is provided by Northrop (1944, p. 238) (see Table 20.1).

Suppose at least two of three coins are heads. As can be seen from Table 20.1, this

happens in four of the eight equally cases, namely cases 1, 2, 3, and 5. However, only

in one of these four cases do we have all three heads, namely case 1. Thus, once we

condition on at least two of the coins being the same, the probability of the third coin

being the same is 1/4, not 1/2.
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Problem 21

LewisCarroll’s PillowProblem

No. 72 (1894)

Problem. A bag contains two counters that are each equally likely to be either

black or white. Can you ascertain their colors without taking them out of the bag?

Solution. The problem is ill-posed: it is impossible to ascertain the colors of the

counters from the given information.

21.1 Discussion

This problemwas adduced by the famous Englishwriter, logician, andmathematician

Lewis Carroll{ (1832–1898) in his book Pillow Problems{ (Dodgson, 1894)

(Figs. 21.1 and 21.2). The latter contains a total of 72 problems of which 13 are

of a probabilistic nature. Of all these problems, Problem 72} has attracted the most

attention. It appears under the rather mysterious heading Transcendental Probabili-

ties. In the preface of his book, Carroll says (p. xiv)

If any of my readers should feel inclined to reproach me with having worked too

uniformly in the region of Common-place, andwith never having ventured towander out

of the beaten tracks, I can proudly point to my one problem in Transcendental

Probabilities - a subject on which very little has yet been done by even the most

enterprising of mathematical explorers. To the casual reader it may seem abnormal

or even paradoxical, but I would have such a reader ask himself candidly the question,

‘Is not life itself a paradox’?

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.

{Pseudonym used by Charles Lutwidge Dodgson.

{So-called because Carroll apparently conceptualized and solved them at night while in bed.

}Carroll’s Pillow Problem 72 is also discussed inWeaver (1956), Seneta (1984, 1993), Pedoe (1958, p. 43),

Mosteller (1987, p. 33), and Barbeau (2000, p. 81).
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On p. 27 of his book, Carroll gives the wrong answer to Problem 21:

One is black, and the other is white.

Subsequently, Carroll goes on to provide an erroneous argument why the bag

must contain one black and one white counter. His proof is as follows (Dodgson,

1894, p. 109):

We know that, if a bag contains 3 counters, 2 being black and one white, the chance of

drawing a black one would be 2/3; and that of any other state would not give this chance.

Figure 21.1 Cover of the Third edition of the Pillow Problems.
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Now the chances, that the given bag contains (a) BB, (b) BW, (g)WW, are respectively

1/4, 1/2, 1/4.

Add a black counter.

Then the chances, that it contains (a) BBB, (b) BWB, (g) WWB, are respectively 1/4,

1/2, 1/4.

Hence the chance, of now drawing a black one,

¼ 1

4
� 1þ 1

2
� 2
3
þ 1

4
� 1
3
¼ 2

3
:

Hence the bag now contains BBW (since any other state of things would not give this

chance).

Hence before the black counter was added, it contained BW, i.e. one black counter

one white.

Figure 21.2 Lewis Carroll (1832–1898).
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Q.E.F.{

Carroll has received some flak for his reasoning. Weaver (1956) in particular has

been quite harsh:

Dodgson’s solutions of the problems in this collection are generally clever and accurate,

but one of them [Problem 72] ludicrously exposes the limitations in his mathematical

thinking. . ..

An earlier author, Eperson (1933) writes

But for this serious tone, one would have suspected the author [Carroll] of indulging in a

little leg-pulling at the expense of his readers, since it is curious that so logical amind as his

could have overlooked the fallacy in his solution.

On the other hand, Gardner claims that Carroll intentionally gave the wrong

answer to Problem No. 72 as a joke (Gardner, 1996, p. 64):

The [Carroll’s] proof is so obviously false that it is hard to comprehend how several top

mathematicians could have taken it seriously and cited it as an example of how little

Carroll understood probability theory! There is, however, not the slightest doubt that

Carroll intended it as a joke.

Although the latter argument seems less likely, one has to admit that Carroll’s

reasoning indeed seems very convincing. Through an example, let us see where the

error lies. Suppose a bag contains only one counter which is equally likely to be

white or black. The probabilities the bag contains B and Ware 1/2 and 1/2. We now

add one black counter to the bag so that we nowhave two counters. The probabilities

of BB andWB are 1/2 and 1/2. Therefore, the probability of drawing a black counter

is (1)(1/2)þ (1/2)(1/2)¼ 3/4. Using Carroll’s reasoning, this would imply that the

bag must contain three black and onewhite counter, a total of four counters. But this

cannot be correct because the bag now contains only two counters! The error in this

example lies in the inference that was made from the probability of 3/4. This cannot

tell us anything about the actual content of the bag. What the probability of 3/4 tells

us is the following. Suppose we repeat an experiment of putting a counter (which

half of the time is white and half of the time is black) in a bag, followed by adding a

black counter. Then when a counter is taken out of the bag which now contains two

counters, it will be black 3/4 of the time.

Similarly, in Carroll’s case, the probability of 2/3 of drawing a black counter does

not imply that the bag must contain two black and one white counter. Suppose we

repeat the following experiment a large number of times: we put two counters (each of

which is equally likely to be black orwhite) in a bag, thenwe add a third black counter,

and finally we count the number of black counters. Then, we can say that in the long

run, the average number of back counters we will count is two. But for a given

experiment the numberwill not necessarily be two. Therefore, it is impossible tomake

the conclusion that, before the black counter was added, there must have been one

{Q.E.F.means “quod erat faciendum”which is theLatin for “which had to be done”.More usually,Q.E.D. is

used after a proof and means “quod erat demonstrandum” or “which had to be proved.”
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white and one black counter in the bag. What we can say is that the expected number

of white and back counters is each one.

Hunter and Madachy (1975, pp. 98–99) and Northrop (1944, p. 192) give the

correct explanation to the Carroll puzzle. However, many authors have either given

the wrong solution or have contented themselves with saying that Carroll’s reasoning

is “obviously” wrong. Eperson, for example, states (1933):

As I expect youwould prefer to enjoy that feeling of intellectual superiority by discovering

the fallacy for yourself, I will refrain from pointing it out, but will content myself with

remarking that if one applies a similar argument to the case of a bag containing 3 unknown

counters, black or white, one reaches the still more paradoxical conclusion that there

cannot be 3 counters in the bag!

Similarly, Seneta (1984; 1993) and Székely (1986, p. 68) do not give a definite

resolution of the issue. Finally, Vakhania (2009) claims:

Lewis Carroll’s proof of his problem No.72 is really ambiguous, and it has been tacitly

accepted that the proofwas incorrect. However, it seems that no clear and convincing proof

of the incorrectness has been given, and the question “where is the fallacy” continues to be

of interest and even challenging for many years already.

The fallacy, however, ceases to be challenging once one realizes that the

calculated probability of 2/3 can only give the expected, not the actual, number of

counters.
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Problem 22

Borel and a Different Kind

of Normality (1909)

Problem. A real number in [0,1] is said to be normal{in a given base if any finite

pattern of digits occurs with the same expected frequency when the number is

expanded in that particular base. Thus a number in [0,1] is normal in base 10 if, in its

decimal expansion, each of the digits {0,1, . . ., 9} occurs with frequency 1/10, each of

the pairs {00, 01, . . ., 99} occurs with frequency 1/100, and so on. Prove that almost

every real number in [0,1] is normal for all bases.

Solution. Let the random variable jj (jj ¼ 0, 1, . . ., 9; j¼ 1, 2, . . .) be the jth digit in

the decimal expansion of x 2 ½0; 1�, that is

x ¼ j1
10

þ j2

102
þ � � � þ jj

10j
þ � � �

Then, for the digit b ¼ 0, 1, . . ., 9, we define the binary random variable

dbjj ¼
1; b ¼ jj with prob: 1=10;
0; b 6¼ jj with prob: 9=10:

�

It is reasonable to assume that the dbjj s are independent (across the j ’s){ and

identically distributed. Applying the Strong Law of Large Numbers (SLLN),} we

have

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.

{Not to be confused with the usual sense in which “normal” is used in statistics to mean following a

Gaussian distribution.

{Although this might seem a strong assumption, see Chung (2001, p. 60) for a theoretical justification.

} See pp. 72–75.
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Pr lim
n!¥

dbj1 þ dbj2 þ � � � þ dbjn
n

¼ 1

10

� �
¼ 1:

Thus, ðdbj1 þ dbj2 þ � � � þ dbjnÞ=n converges almost surely to 1/10 (i.e., except

for some set with probability zero), that is, the relative frequency of the digit b (¼ 0, 1,

. . ., 9) of almost all x 2 ½0; 1� is 1/10.

We next consider blocks of two digits in the decimal expansion of x. Consider the

independent random variables db1j1db2j1 ; db1j2db2j2 ; . . ., where b1; b2; j1; j2 ¼ 0, 1, . . .,

9. By applying the SLLN again, we see that the relative frequency of the pair b1b2(¼00,

01, . . ., 99) is 1/100 for almost all x 2 ½0; 1�. A similar proof applies for all blocks of

larger digits. Likewise, similar results follow if we expand x in all base systems other

than decimal. Hence, we have proved that almost every real number in [0,1] is normal.

22.1 Discussion

Emile Borel (1871–1956) is regarded as the father of measure theory and one of the

key figures in the development of the modern theory of probability (Fig. 22.1). In

1909, he published a landmark paper that contained several key results in probability

theory (Borel, 1909b). These included the first version of the SLLN,{ a theorem on

continued fractions, and finally Borel’s normal law. This states that almost every real

number in [0,1] is normal.{Borel’s normal law turns out to be a corollary to the SLLN

and will be the topic of interest here.

Two comments should be made here. First, although Borel’s results were

groundbreaking, his proofs of these results had some slight deficiencies. Writing on

the historical development of rigor in probability, the eminent mathematician Joseph

Leo Doob (1910–2004) remarked (Doob, 1996) (Fig. 22.2)

. . .but a strongermathematical version of the lawof large numberswas the fact deduced by

Borel - in an unmendably faulty proof} - that this sequence of averages converges to 1/2 for

(Lebesgue measure) almost every value of x.

Borel seemed to have been aware of these limitations, and later both Faber (1910)

and Hausdorff (1914) filled in the gaps in his proofs.

Second, although almost every real number in [0,1] is normal so that there are

infinitelymany such numbers, finding themhas been hard.**This is indeed surprising.

{See Problem 8.

{Borel’s normal numbers are also discussed in Niven (1956, Chapter 8), Kac (1959, p. 15), Khoshnevisan

(2006), Marques de S�a (2007, pp. 117–120), Richards (1982, p. 161), R�enyi (2007, p. 202), Billingsley

(1995, pp. 1–5), and Dajani and Kraikamp (2002, p. 159).

} In particular, Borel assumed a result based on independence for dependent trails, and used a more precise

version of the Central Limit Theorem than was available at that time (Barone and Novikoff, 1978).

**Although it is suspected that numbers such as p, e, and
ffiffiffi
2

p
are normal.
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Consider the countably infinite set of rational numbers. Every rational number ends

with an infinite tail of zeros or ones, or with a periodic sequence, and therefore

cannot be normal. For instance, 2/3 is .6666. . . in decimal and .101010. . . in binary.

In decimal, 2/3 cannot be normal because only the digit 6 and the blocks {66, 666, . . .}
are present. In binary, the bits {0, 1} occur with the same frequency, but none of the

blocks {00, 11, 000, . . .} is present. Thus, 2/3 is not normal in binary, either. However,

2/3 is said to be simply normal{ in binary because each of the bits {0, 1} occurs with a

relative frequency of .5. It is therefore possible for a number to be simply normal in a

given base but not normal at all in another base. An example of a normal number was

provided by the English economist David Gawen Champernowne (1912–2000)

Figure 22.1 Emile Borel (1871–1956).

{ In general a number is said to be simply normal in base r if each of the digits 0, 1, . . ., r�1 occurs with a

relative frequency 1/r. Pillai (1940) has shown that a number is normal in base r if and only if it is simply

normal in each of the bases r, r2, r3, . . .
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(Champernowne, 1933). He systematically concatenated numbers and blocks in a

given base, giving a normal number in that base. In base 10 and base 2, for example,

C10 ¼ :123456789 10 11 12 13 14 15 16 . . .
C2 ¼ :01 00 01 10 11 000 001 010 011 101 . . .

The systematic construction of these numbersmeans that randomness is not necessary

for normality, although it is sufficient (Kotz et al., 2004, p. 5673).

Of the several bases intowhich a real number in [0, 1] can be expanded, the binary

system is of particular interest. Borel observed that the binary expansion mimics the

tossing of a fair coin.{The bits in the expansion can be viewed as independent random

variables that represent the outcomes when a fair coin is tossed. This fact turns out to

be helpful in the following classic problem{:

Figure 22.2 Joseph Leo Doob (1910–2004). [Picture licensed under the Creative Commons

Attribution-Share Alike 2.0 Germany license.]

{More precisely, almost every number in [0, 1] can be expanded in base two to represent the behavior of a

fair coin. See also Billingsley (1995, pp. 1–5) and Marques de S�a (2007, pp. 117–120).

{Bruce Levin first alerted me to this type of problem. See also Halmos (1991, p. 57).
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Two players A and B use a fair coin to decide who wins a prize. Devise a procedure

such that player A wins with probability 1/p.

The problem seems all the more intriguing because one would wonder what the

number p has to dowith the toss of coins. To solve it, first note that 1/p is a real number

in [0,1] with binary expansion .01010001011. . . This represents the reference

sequence THTHTTTHTHH. . ., if we use “0” to denote a tail (T) and “1” to denote

a head (H).Nowwe can imagine playerA aswinningwith probability 1/p if she picks a
number at random from [0,1] and obtains a number less than 1/p{. This means that she

obtains a number less than .01010001011 in binary. We thus have the solution to our

problem, as follows. Toss the fair coin and record the actual sequence of heads and

tails. Stop as soon as this sequence shows a T but the reference sequence

THTHTTTHTHH has an H at the corresponding position (for example, stop on the

4th throw if the actual sequence of tosses is THTT). This is equivalent to picking a

number from [0,1] and obtaining a number less than .01010001011 in binary. This

procedure ensures that A will win with probability exactly 1/p. Of course, 1/p is

incidental here: by a similar binary expansion we could devise a procedure such that

the probability of winning is any real number in [0,1] (such as 1=e; 1=
ffiffiffi
2

p
, and so on).

Finally, let us use the binary expansion of a real number in [0,1] to explain the

connection between the Borel’s normal numbers and Borel’s strong law of large

numbers (SLLN).{ Imagine a coin for which the probability of a head is p is tossed

repeatedly, resulting in a sequence of heads and tails. Suppose the experiment is

repeated several times so that many such sequences are obtained. On p. 74, we stated

that, according to Borel’s SLLN, the set of infinite sequences for which the proportion

of heads is not equal to p has probability zero. The questionwe then askedwas, “What

type of sequences would behave in this way, that is, their proportion of heads would

not equal p (and the set of such sequences would have probability zero)?” The answer

is this: the set of all sequences of heads and tails that correspond to the binary

expansion of a real number in [0, 1] such that the proportion of 1’s in the expansion is

not p will have probability zero. For a fair coin (p¼ 1/2), these “rogue” sequences of

heads and tails correspond to the binary expansions of real numbers in [0,1] that are

not simply normal in the Borel sense. That is, the set of sequences that do not obey

Borel’s SLLN when a fair coin is tossed correspond to the binary expansions of real

numbers in [0,1] that are not simply normal.

zSee Problem 8.

�This is because, if X � U(0,1) then Pr{X � x}¼ x for 0� x � 1.
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Problem 23

Borel’s Paradox and

Kolmogorov’s Axioms (1909,

1933)

Problem. Suppose the random variables X and Y have the joint density function

fXYðx; yÞ ¼ 4xy; 0GxG1; 0GyG1;
0; otherwise:

�

Obtain the conditional density of X, given that Y ¼ X.

Solution. Let U ¼ X and V ¼ Y�X. Then we aim to find fUjVðujv ¼ 0Þ. We have

fUVðu; vÞ ¼ fXYðx; yÞjJj�1;

where J is the Jacobian

J ¼
���� qu=qx qu=qy

qv=qx qv=qy

����
¼
���� 1 0

�1 1

����
¼ 1:

Therefore, fUVðu; vÞ ¼ 4xy � 1 ¼ 4uðuþ vÞ for 0GuG1; �uGvG�uþ 1 (see

Fig. 23.1). The marginal density of V for�1 G v G 0 is

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.
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fVðvÞ ¼ 4

ð1
�v

ðu2 þ uvÞdu

¼ 2

3
ð1þ vÞ2ð2�vÞ:

For 0 G v G 1, the marginal density of V is

fVðvÞ ¼ 4

ð1�v

0

ðu2 þ uvÞdu

¼ 2

3
ðv�1Þ2ðvþ 2Þ:

Using either probability density we have fVð0Þ ¼ 4=3. Therefore,

fUjV ujv ¼ 0ð Þ ¼ fUVðu; 0Þ
fVð0Þ

¼ 4u2

4=3

¼ 3u2:

Hence, the conditional density of X, given that Y ¼ X, is 3x2 for 0 G x G 1.

1

0.5

0.2 0.4 0.6
u

v

0.8 1
0

–0.5

–1

v = –u  v = –u + 1

Figure 23.1 The support of (U, V ) lies in the region�uG vG�uþ 1.
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23.1 Discussion

Would the final answer have changed if we had instead used the auxiliary random

variables U ¼ X and W ¼ Y=X? Let us see. The aim is to find fUjWðujw ¼ 1Þ. We

have fUWðu;wÞ ¼ fXYðx; yÞjJj�1
, where J ¼ 1/x. Therefore, fUWðu;wÞ ¼ 4u3w for

0GuG1; 0GwG1=u. The marginal density of W is fWðwÞ ¼ w for 0 G w G 1 and

is fWðwÞ ¼ 1=w3 for w H 1. Using either probability density, we have fWð1Þ ¼ 1.

Therefore, fUjW ujw ¼ 1ð Þ ¼ fUWðu; 1Þ=fWð1Þ ¼ 4u3 for 0 G u G 1. Thus, we

seem to get a different answer: the conditional density of X, given that Y ¼ X, is

4x3 for 0 G x G 1.

We obtain two different conditional densities depending on how we choose to

write the same conditioning event. This might seem troublesome. The paradox

occurs because, in both cases, the conditioning event has probability zero, that is,

Pr{V¼ 0}¼ Pr{W¼ 1}¼ 0. In view of the definition PrfAjBg � PrfA \ Bg=PrfBg,
where A and B are two events with PrfBg 6¼0, the reader might even wonder, is

conditional expectation defined when conditioning on events with probability

zero? At the end of this Discussion section, we shall provide a mathematical basis

for why the answer to this question is yes and why both conditional densities above

are valid.

The historical origin of the paradox can be traced back to Joseph Bertrand’s

Calculs des Probabilit�es (Bertrand, 1889, pp. 6–7). Bertrand asked the question:

“If we choose at random two points on the surface of a sphere, what is the

probability that the distance between them is less than 100?” Bertrand then

proceeded to give two different solutions to the problem. The first solution was

based on the assumption that the probability that a given segment of the surface of

the sphere contains the two points is proportional to the area of the segment. The

second solution was based on the assumption that the probability that a given arc of

a great circle contains the two points is proportional to the length of the arc.

Bertrand’s conclusion was that both solutions were correct, since the problem is

ill-posed. Borel later (1909a, pp. 100–104) re-examined the paradox.{ He con-

cluded that Bertrand’s second assumption (and hence solution) was incorrect. A

few years afterward, Kolmogorov gave what is commonly used as an explanation

of the paradox{ (Kolmogorov, 1933, p. 51):

. . . the concept of a conditional probability with regard to an isolated given hypothesis

whose probability equals 0 is inadmissible. For we can obtain a probability distribution

for Q [the latitude] on the meridian circle only if we regard this circle as an element

of the decomposition of the entire spherical surface into meridian circles with the

given poles.

{Which is now also known as the Paradox of the Great Circle.

{TheBorel paradox is also sometimes known as the Borel–Kolmogorov paradox. Formore discussions, see

Bartoszynski and Niewiadomska-Bugaj (2008, p. 194), Proschan and Presnell (1998), DeGroot (1984,

p. 171), Casella and Berger (2001, pp. 204–205), Jaynes (2003, p. 467), and Singpurwalla (2006,

pp. 346–347).
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This last sentence can help us understand what exactly is going on inProblem 23

when we use Y – X ¼ 0 and Y/X ¼ 1. Note that Y – X ¼ 0 can be written as

lim«! 0jY�XjG« and that Y/X¼ 1 can bewritten as lim«! 0jY=X�1jG«. The region
A ¼ fðx; yÞ : jY�XjG«g lies between the two parallel lines in Fig. 23.2a whereas

the region B ¼ fðx; yÞ : jY=X�1jG«g lies between the two diverging lines in

Fig. 23.2b (Bartoszynski and Niewiadomska-Bugaj, 2008, p. 194; Proschan and

Presnell, 1998). The two conditional densities fUjVðujv ¼ 0Þ and fUjWðujw ¼ 1Þ are
different because the approach to the limiting event Y ¼ X takes place in different

ways. Furthermore, Fig. 23.2b shows that the conditionW¼ 1makes values of x (¼ u)

close to one more likely, and values of x close to zero less likely, than the condition

V ¼ 0. This is reflected in the two respective conditional densities 4x3 and 3x2

(see Fig. 23.3).

Borel’s paradox and several others raised by Bertrand (see Problems 18 and 19)

were major reasons that lead the Russian mathematician Andrey Nikolaevich Kol-

mogorov (1903–1987) to formulate an axiomatic theory of probability in his landmark

monograph, Grundbegriffe der Wahrscheinlichkeitsrechnung{ (Kolmogorov, 1933).

This is how Kolmogorov introduces his axiomatic theory (Kolmogorov, 1956, p. 1):

The theory of probability, as a mathematical discipline, can and should be developed

from axioms in exactly the sameway as Geometry andAlgebra. This means that after we

have defined the elements to be studied and their basic relations, and have stated the

axioms by which these relations are to be governed, all further exposition must be based

exclusively on these axioms, independent of the usual concrete meaning of these

elements and their relations.

Figure 23.2 (a) The region A ¼ {(x, y) : |Y�X| G «}; (b) the region B ¼ {(x, y) : |Y/X�1| G «}.

{ Foundations of the Theory of Probability. Kolmogorov’s Grundbegriffe features as one of the landmark

works in Grattan-Guinness’ Landmark Writings in Western Mathematics. A full analysis of the

Grundbegriffe in this book is provided by von Plato (2005).
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. . . the concept of a field of probabilities is defined as a system of sets which satisfies

certain conditions.What the elements of this set represent is of no importance in the purely

mathematical development of the theory of probability (cf. the introduction of basic

geometric concepts in the Foundations of Geometry by Hilbert, or the definitions of

groups, rings and fields in abstract algebra).

Kolmogorov enunciated six axioms in all. The first five concern a finite set of

events. Kolmogorov (1956, p. 2) writes

LetE be a collection of elements j,h, z, . . ., whichwe shall call elementary events, and= a

set of subsets of E; the elements of the set = will be called random events.

(I) = is a field of sets.

(II) = contains the set E.

(III) To each set A in = is assigned a non-negative real number P(A). This number

P(A) is called the probability of the event A.

(IV) P(E) equals 1.

(V) If A and B have no element in common, then P(A þ B){¼ P(A) þ P(B)

Figure 23.3 The two conditional densities of X given Y¼X. The first (3x2) writes the conditioning

event as Y�X ¼ 0, while the second (4x3) writes the conditioning event as Y=X ¼ 1

{P(A þ B) is Pr{A U B} in our notation.
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A system of sets, =, together with a definite assignment of numbers P(A), satisfying

Axioms I–V, is called a field of probability.

Axiom V is of particular significance and is known as the Axiom of Finite

Additivity. These five axioms are sufficient to deal with finite sample spaces and the

basic results of probability can be obtained from them. For example, we can obtain the

classical definition of probability as follows. Suppose W is made of N equally likely

elementary outcomes v1;v2; . . . ;vN . Since elementary outcomes are disjoint by

definition, using the Axiom of Finite Additivity implies

Pr vj

� � ¼ 1

N
; j ¼ 1; 2; . . . ;N:

Now, suppose an event A consists of nA elementary outcomes. Then the

probability of A is

Pr Af g ¼ 1

N
� nA ¼ nA

N
;

which is the classical definition of probability. As a second example, we can prove the

following formula for any two events A and B:

PrfA [ Bg ¼ PrfAgþ PrfBg�PrfA \ Bg: ð23:1Þ
First note that the eventsA;B;A [ B can bewritten as the union of disjoint events:

fAg ¼ fA \ Bg [ fA \ Bg;
fBg ¼ fA \ Bg [ fA \ Bg;

fA [ Bg ¼ fA \ Bg [ fA \ Bg [ fA \ Bg:
Applying the Axiom of Finite Additivity,

PrfAg ¼ PrfA \ Bgþ PrfA \ Bg;
PrfBg ¼ PrfA \ Bgþ PrfA \ Bg;

PrfA [ Bg ¼ PrfA \ Bgþ PrfA \ Bgþ PrfA \ Bg:

Subtracting the sum of the first two above equations from the third, we obtain

Eq. (23.1).

Kolmogorov’s sixth axiom is much more fundamental, and states (Kolmogorov,

1956, p. 14)

(VI) For a decreasing sequence of events

A1 � A2 � � � � � An � � � �
of =, for which

\nAn ¼ 0;
the following equation holds:

lim PðAnÞ ¼ 0; n!¥:

204 Problem 23 Borel’s Paradox and Kolmogorov’s Axioms (1909, 1933)



AxiomVI is called the Axiom of Continuity and can be shown to be equivalent to

the Axiom of Countable Additivity{: if A1, A2, A3, . . . form a pairwise disjoint

sequence of events, then

Pr
[¥
j¼0

Aj

( )
¼

X¥
j¼0

Pr Aj

� �
:

Kolmogorov introduced the Axiom of Countable Additivity to deal with infinite

sample spaces, and this was one of the two key fundamental contributions of his

axiomatic theory. However, in order to deal with infinite sample spaces, Kolmogorov

also needed another important tool, namely measure theory. This is becausewhen the

sample spaceW is infinite, such as when choosing a point on [0,1], not all subsets ofW
qualify as events and can therefore be assigned a probability.{ By regarding a

probability as a measure on [0,1], the problem of indeterminate probabilities can

be avoided, as we will soon explain. In measure-theoretic language, for any given set

W, we define a s-field =, which is a collection of measurable subsets of W such that

. W 2 =;

. A 2 = ) A 2 =;

. A1;A2; . . . 2 = ) S¥
i¼1

Ai 2 =.
Thus, when W is the sample space, the triple fW;=; Prg is called a probability space.
By defining probabilities with respect to measurable subsets = of the sample space,

Kolmogorov avoids the problem of indeterminate probabilities that arise in infinite

sample spaces. Moreover, since in Kolmogorov’s framework, the exact probability

space must be specified in a given experiment, paradoxes of the type Bertrand} raised

do not occur.

Having defined the probability space fW;=; Prg, Kolmogorov then proceeds to

define a random variable, as follows (Kolmogorov, 1956, p. 22):

A real single-valued functionxðjÞ, defined on the basic setE, is called a randomvariable if

for each choice of a real number a the set {xG a} for all j for which the inequality xG a

holds true, belongs to the system of sets =.
Intuitively, a random variable X is a real-valued measurable function with

domain the sample space W. Furthermore, we can write

X : ðW;=; PrÞ! ðR;=X;PXÞ;

{Henceforth, we shall refer to Axiom VI as the Axiom of Countable Additivity.

{ Insisting on using all subsets leads to the much-dreaded Banach-Tarski paradox, according towhich a unit

spheremay be decomposed into a finite number of pieces that can then be reassembled into two unit spheres.

Formore details, seeKac andUlham (1968, pp. 48–52),Bewersdorff (2005, pp. 48–49), andKardaun (2005,

pp. 8–9).

} See Problems 18 and 19.
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whereR is the set of real numbers, =X is the s-field associated withR,{ and PX is the

probability measure induced by X and is known as the probability distribution of X.

Wementioned before thatwhen the sample spaceW is infinite, not all subsets ofW
qualify as events and can be assigned a probability. But can there be nonmeasurable

events in finite sample spaces? The following example shows why the answer to this

question is yes. Consider an experiment that involves tossing a fair coin three times but

the result of only the first toss is observed. A requirement for a measurable event is

that, once the experiment is performed, we should be able to answer the question of

whether the event occurred by a yes or a no. Suppose A is the event “two heads are

obtained.” In this case, the event A is not measurable and a probability cannot be

assigned to it. Thus, for a given v 2 W, where W ¼ {H, T}, we cannot determine

whether v 2 A.

We must note that Kolmogorov’s Axiom of Countable Additivity has been

somewhat controversial. The eminent subjectivist Bruno de Finetti (1906–1985) was

categorically against it and instead favored Finite Additivity (de Finetti, 1972,

pp. 86–92). H�ajek provides a nice summary of one of de Finetti’s key arguments

(H�ajek, 2008, p. 326){:

Suppose a positive integer is selected at random—we might think of this as an infinite

lottery with each positive integer appearing on exactly one ticket. Wewould like to reflect

this in a uniform distribution over the positive integers (indeed, proponents of the principle

of indifference would seem to be committed to it), but if we assume countable additivity

this is not possible. For if we assign probability 0 in turn to each number being picked, then

the sum of all these probabilities is again 0; yet the union of all of these events has

probability 1 (since it is guaranteed that some number will be picked), and 1 6¼ 0. On the

other hand, if we assign some probability «H 0 to each number being picked, then the sum

of these probabilities diverges to ¥, and 1 6¼ ¥. If we drop countable additivity, however,
then we may assign 0 to each event and 1 to their union without contradiction.

However, few probabilists have found it convenient to reject Countable Addi-

tivity owing to its equivalence to theAxiom ofContinuity. The latter is of fundamental

importance because it implies among other things that we can take the limit of, and

differentiate, probability measures.

Note that Kolmogorov’s axioms do not force us to adhere to any particular

philosophy of probability, which can beviewed as one of the greatmerits of his theory.

Chaumont et al. (2007, pp. 42–43) write

The great force of Kolmogorov’s treatise is to voluntarily consider a completely abstract

framework, without seeking to establish bridges with the applied aspects of the theory of

probability, beyond the case of finite probabilities. In general, the search for such bonds

inevitably brings to face delicate philosophical questions and is thus likely to darken

mathematical modelling. While speaking about the questions of application only in the

part devoted to the finite probabilities, Kolmogorov is released from this constraint and can

avoid the pitfalls that von Mises had not always circumvented.

{ In this case, the s-field is called a Borel s-field.

{The issue of finite versus countable additivity is also thoroughly discussed in Bingham (2010).
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However, Kolmogorov seems to have had von Mises’ frequency theory in mind

when he developed his axiomatic theory, for he writes (Kolmogorov, 1956, p. 3)

. . .Here we limit ourselves to a simple explanation of how the axioms of the theory of

probability arose and disregard the deep philosophical dissertations on the concept of

probability in the experimental world. In establishing the premises necessary for the

applicability of the theory of probability to the world of actual events, the author has used,

in large measure, the work of R. V. Mises [1], pp. 21–27.

We previously mentioned that one of the key contributions of Kolmogorov’s

Grundbegriffe was to provide a framework to work with infinite sample spaces. A

second fundamental aspect of Kolmogorov’s work was the establishment of a rigorous

theory for conditional expectation (and conditional probability)when the condition has

probability zero. Kolmogorov was able to do this by defining conditional expectation

through the Radon-Nikodym theorem. The latter states that if fW;=;mg iss-finite and
n is a measure on fW;=g that is absolutely continuous with respect to m (i.e.,

m ¼ 0) n ¼ 0), then there exists a real-valued measurable function f onW such that

nðBÞ ¼
ð
B

f dm:

The function f is then called the Radon-Nikodym derivative of nwith respect tom
(i.e., f ¼ dn=dm). The Radon-Nikodym theorem thus postulates the existence of f.

As a simple application of this theorem, absolutely continuous probability distribu-

tion functions FXðxÞ must possess probability densities fXðxÞ, where

FXðxÞ ¼
ðx
�¥

fXðuÞ du

and

fXðxÞ ¼ d

dx
FXðxÞ:

Coming back to conditional expectations, by writing

EXIBðYÞ ¼
ð
B

Z dFYðyÞ;

where IB is the indicator function on the set B and FYðyÞ is the distribution function of
Y, Kolmogorov is able to establish the existence of the random variable Z as the

conditional expectation of X with respect to Y, that is, Z ¼ EðXjYÞ. Furthermore, by

writing X ¼ IA, where A is an event, we obtain analogous results regarding the

existence of the conditional probability Pr{A|Y}. The important point to note is that, as

a consequence of the Radon-Nikodym theorem, the conditional expectationEðXjYÞ is
defined each unique to within a modification on a set of probability zero, that is, for

anyPr{Y¼ y}¼ 0,EðXjYÞ remains a valid (but not unique) conditional expectation of

X given Y.
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Problem 24

Of Borel, Monkeys, and

the New Creationism (1913)

Problem. A robotmonkey is seated at a typewriter and randomly hits the keys in an

infinite sequence of independent trials. Prove that, theoretically, the monkey will

eventually type out the complete works of Shakespeare with certainty.

Solution. Let the number of keys on the keyboard be K, and the complete works of

Shakespeare form a sequence of S letters, where both K and S are finite numbers.

Divide the sequence of letters typed by themonkey into segments Seg1, Seg2, . . ., each

S letters long. Now, the probability that the ith letter typed by the monkey coincides

with the ith letter in the works of Shakespeare is 1/K. Thus, the probability that

segment Seg1 corresponds to the sequence in the works of Shakespeare, that is, the

probability that Seg1 is a “success” is 1=K
S. Next consider the firstG segments typed

by the monkey. The probability that every one of the G segments is a “failure”

ð1�1=KSÞG. Therefore, the probability that at least one of the G segments is a

“success” is

p ¼ 1�PrfallG segments are “failures”g

¼ 1�
�
1� 1

KS

�G

:

Since the robot monkey types an infinite number of letters, we have

lim
G!¥

p ¼ lim
G!¥

1� 1� 1

KS

� �G
( )

:

Now, ð1�1=KSÞ is a real number in (0, 1) so that

lim
G!¥

1� 1

KS

� �G

¼ 0

Classic Problems of Probability, Prakash Gorroochurn.
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and

lim
G!¥

p ¼ 1�0 ¼ 1:

Hence, theoretically, the monkey will eventually type out the complete works of

Shakespeare with certainty.

24.1 Discussion

The result we have just proved is the so-called Infinite Monkey Theorem.{ This result,

and indeed a stronger form of it, can also be demonstrated by a straightforward

application of the second Borel-Cantelli lemma. The latter states that ifA1;A2; . . . is a
sequence of independent events such that

X¥
j¼1

PrfAjg ¼ ¥;

then for j¼ 1, 2, . . .,

PrfAj occurs infinitely occursg ¼ 1:

To apply the secondBorel-Cantelli lemma to the InfiniteMonkey Problem, we let

Aj be the event that the segment Segj typed by the monkey is a success, that is,

coincides with the sequence of letters in the complete works of Shakespeare. Then

Pr Aj

� � ¼ 1

KS
H0; j ¼ 1; 2; . . .

Therefore,

X¥
j¼1

PrfAjg ¼
X¥
j¼1

1

KS
¼ ¥:

Thus, the second Borel-Cantelli lemma implies that the monkey will eventually

type the complete works of Shakespeare not once, but infinitely many times (i.e., in

infinitely many segments).

The Infinite Monkey Theorem can be traced to the French mathematician Emile

Borel (1871–1956). In a 1913 article, Borel (1913) stated{

Let us imagine that we have assembled a million monkeys each randomly hitting on the

keys of a typewriter and that, under the supervision of illiterate foremen, these typing

monkeys work hard ten hours a day with a million of various typing machines. The

illiterate foremen would gather the blackened sheets and would bind them into volumes.

{The Infinite Monkey Theorem is also discussed in Gut (2005, p. 99), Paolella (2007, p. 141), Isaac (1995,

p. 48), and Burger and Starbird (2010, p. 609).

{Borel later gave the same example in his book Le Hasard (Borel, 1920, p. 164).

24.1 Discussion 209



And after a year, thesevolumeswould enclose a copy of accurate records of all kinds and of

all languages stored in the richest libraries of the world.

The same observation was made later by the British astrophysicist Sir Arthur

Eddington{ (1882–1944). In his Nature of the Physical World, Eddington (1929,

p. 72) writes

If I let my fingers wander idly over the keys of a typewriter it might happen that my screed

made an intelligible sentence. If an army of monkeys were strumming on typewriters they

might write all the books in the BritishMuseum. The chance of their doing so is decidedly

more favourable than the chance of the molecules returning to one half of the vessel.

The reason why the Infinite Monkey Theorem holds mathematically is because

the probability, 1/KS, that the first S letters typed by the robot monkey corresponds to

the complete works of Shakespeare is nonzero. However, this probability is so small

that, practically speaking, it will take eons before Shakespeare’s works are correctly

typed out, even for a fast robot monkey.

Let us do some simple calculations to prove our point. For example, assuming

K¼ 44 and S¼ 5.0� 106, we obtain a probability of 1/KS (�4.1� 10�8,217,264) of
correctly typing the works of Shakespeare. Therefore, the expected number of

segments themonkeymust type before the first successful one isKS. This corresponds

to SKS characters. Assuming the monkey types 1000 characters per second, the

expected time before the first occurrence of the complete works of Shakespeare

is about

S� KS

1000� 60� 60� 24� 365
� 3:8� 108;217;259 years:

To put this number in perspective, the age of the Universe is about 1.4� 1010

years.

On the other hand, suppose the robot monkey could be programmed to randomly

type 1000 characters per second for the next million (106) years. What is the

probability that it will successfully type Shakespeare’s works? One million years

corresponds to 3.2� 1013 seconds or 3.2� 1016 characters. This means that the

monkey will be able to type a total of 6.3� 109 segments. The probability of one

successful segment is 1/KS, so the probability of at least one successful segment is

¼ 1�Prfno successful segmentg

¼ 1�
�
1� 1

KS

�6:3�109

� 0:

Finally, suppose the robot monkey had a crack at only the first page of

Shakespeare’s works. Assume as before K¼ 44, but this time S¼ 600. Using a

{ It is interesting to note that both Borel and Eddington gave the infinite monkey example in the context of

the kinetic theory of gases.
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similar reasoning as before, we obtain a probability of 8.5� 10�984 of successfully
typing the first page, an average of 2.2� 10978 years before the first occurrence of the

first page (assuming a typing rate of 1000 characters per second), and a probability of

still zero of at least one successful page if themonkey kept on randomly typing for one

million years at a rate of one thousand characters per second.

The nature and meaning of very small probabilities have been topics of interest

since the times of Jacob Bernoulli. In the very first chapter of Part IV of his Ars

Conjectandi, Bernoulli states (Bernoulli, 1713)

That is morally certain whose probability nearly equals the whole certainty, so that a

morally certain event cannot be perceived not to happen: on the other hand, that is morally

impossible which has merely as much probability as renders the certainty of failure moral

certainty. Thus, if one thing is considered morally certain which has 999/1000 certainty,

another thing will be morally impossible which has only 1/1000 certainty.

The great French mathematician Jean le Rond d’Alembert (1717–1783) was also

interested in small probabilities. d’Alembert distinguishes between “metaphysical”

and “physical” probabilities.{ According to d’Alembert, an event is metaphysically

(or mathematically) possible if its probability is greater than zero. On the other hand,

an event is physically possible only if it is not so rare that its probability is almost zero.

d’Alembert (1761, p. 10) writes

One must distinguish between what is metaphysically possible, & what is physically

possible. In the first class are all things whose existence is not absurd; in the second are all

things whose existence not only has nothing that is absurd, but also has nothing that is very

extraordinary either, and that is not in the everyday course of events. It is metaphysically

possible, that we obtain a double-six with two dice, one hundred times in a row; but this is

physically impossible, because this has never happened, & will never happen.

d’Alembert does not give a cutoff for how small a probability ought to be for the

corresponding event to be declared physically impossible, although he gives an

example of a coin that is tossed 100 times to illustrate the notion of physical

impossibility{ (this corresponds to a probability of p � 1=2100 for physical

impossibility).

The issue of small probabilities was taken again by Georges-Louis Leclerc,

Comte de Buffon (1707–1788), in his celebrated Essai d’Arithm�etique Morale

(Buffon, 1777, p. 58):

. . .in all cases, in oneword,when the probability is smaller than 1/10000, it has to be,& it is

in fact for us absolutely nil, & by the same reasoning in all cases where this probability is

greater than 10000, it makes for us the most complete moral certainty.

An even more comprehensive set of guidelines for interpreting small probabili-

ties was spelled out much later by Borel in his Probabilities and Life (Borel 1962,

pp. 26–29). Borel defined a probability of

{See also p. 112.

{See d’Alembert (1761, p. 9).
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. 10�6 as being “negligible on the human scale.” That is, for such a probability “the

most prudent and reasonable must act as if this probability is nil.”

. 10�15 as being “negligible on the terrestrial scale.” This kind of probability must

be considered “when our attention is turned not to an isolatedman but to themass

of living men.”

. 10�50 as being “negligible on a cosmic scale.” Here, “we turn our attention, not to

the terrestrial globe, but to the portion of the universe accessible to our

astronomical and physical instruments.”

. 10�500 as being “negligible in a supercosmic scale,” that is, when the whole

universe is considered.

Borel, who had once been the President of France’s pretigiousAcad�emie des Sciences,

hardly knew how his probability guidelines would later be utilized by a very

influential group to promote its agendas. The group in question is the Intelligent

Design (ID) movement that developed from “scientific” creationism when the latter

was barred from being taught in public schools by rulings such as the US Supreme

Court’s Edwards v. Aguillard, 482 U.S. 578 (1987). The ID movement was founded

by the American law professor Phillip E Johnson (b. 1940) who popularized the

concept in his 1991 book Darwin on Trial (Johnson, 1991). According to Rieppel

(2011, p. 4){:

Themain focus of the doctrine of IntelligentDesign iswhat its proponents call “irreducible

biological complexity.” Harking back on William Paley’s old “watchmaker analogy” as

expounded in his notorious “Natural Theology” of 1802, the proponents of Intelligent

Design highlight biological structures such as the bacterial flagellum, which is thought to

reveal a mechanistic complexity so sophisticated that its evolution cannot possibly be

satisfactorily explained on Darwin’s theory of natural selection.{

ID proponents believe in an Intelligent Designer although they officially refrain

from identifying the designer. Moreover, Phy-Olsen (2011, p. xi) adds

ID, as the movement is known, does not use religious language and does not make its

appeals from theBible. It does not seek to drive evolution out of the schools. It only asks for

equal time to present its interpretation of cosmic and human origins alongside evolutionary

teachings.

Several ID proponents have seized Borel’s ideas on small probabilities, espe-

cially his 10�50 guideline for a negligible probability on a cosmic scale, in an attempt

to disprove evolution. For example, in the ID literature, one can often read statements

like the following (Lindsey, 2005, p. 172):

{The evolution-creation debate is also discussed in Pennock (2001), Ruse (2003), Forrest andGross (2004),

Skybreak (2006), Scott (2004), Ayala (2007), Seckbach and Gordon (2008), Young and Largent (2007),

Lurquin and Stone (2007), Moore (2002), Manson (2003), Bowler (2007), and Young and Strode (2009).

{Natural selection can be understood as the differential reproduction of different individuals due to different

fitnesses of their genotypes.
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The French probability expert Emile Borel said there is a single law of chance, that beyond

which there is no possibility of its occurrence no matter how much time elapses. Borel

calculated that number to be one chance in 1050, beyond which things will never happen,

even with an eternity of time (one chance in a billion is 1� 109). To understand just how

large one chance in 1050 is, it would take youmillions of years just to count that high. If you

recall that the odds of a human DNA sequence encoding itself by random chance is one

chance in 101,000,000,000,000, the evolution of man could never have happened in 4.5 billion

years, or an eternity for that matter. Thus, the evolutionists’ main argument, that an infinite

amount of time allows for the impossible to happen, has been disproved by statistical

probability studies using Borel’s Law.

Thus, the ID proponents claim that evolution is as unlikely as a robot monkey

actually typing the whole works of Shakespeare. However, we now show that this

argument cannot be right because evolution by natural selection does not work in the

completely random manner implied in the above paragraph.

Suppose a gene{Ge corresponds to the following sequence that consists of thirty

nucleotides{:

Ge: AGGGT CCTAA AATAG TATCAT AGCGT AGTCA

We assume Ge makes the organism able to successfully reproduce and transmit its

genes in future generations, that is, this gene contributes to the organism’s fitness.

Suppose also that Gemakes the organism achieve an optimal fitness with respect to its

environment. Now, the original DNA sequence could have been a variant Ge1 of Ge

with very low fitness, such as

Ge1: AGAAT CCTAA GACAG CGTGAT AGCGT AACCA

Suppose all organisms of a particular species initially had Ge1, but mutations make

some of the offspring to have a variant Ge2 that has a higher fitness that Ge1 but still

much less than Ge:

Ge2: AGAAT CCTAA AATAG CGTGAT AGCGT AACCA

Because Ge2 has a higher fitness that Ge1, there will be proportionally more and more

of it in future generations. That is to say, natural selection is acting on the organisms

and leads to evolution. Suppose more mutations occur in the future leading to a

variant, sayGe3,which has a higher fitness thatGe2. Because of natural selection, after

some more generations there will be an overwhelming number of Ge3 compared to

Ge2 andGe1. Evolution by natural selection proceeds such that even if the best variant

Ge is not eventually produced the populationwill settle for the variant with the highest

fitness. Natural selection is therefore a cumulative process that works by editing

previous variants. It is not the completely random process that each time tries to

shuffle the nucleotides until the best sequence (Ge) is obtained, as the ID proponents

usually portray it.

{A gene can be thought of as a DNA segment that encodes an RNA molecule with some control function.

{A nucleotide can be thought of as a subunit of DNA. There are four possible nucleotides: adenine (A),

thymine (T), guanine (G), and cytosine (C).
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The last argument is essentially what the eminent evolutionary biologist Richard

Dawkins (b. 1941) gave in the book The Blind Watchmaker (Dawkins, 1987, p. 46)

(Fig. 24.1). Dawkins further writes (p. 49)

What matters is the difference between the time taken by cumulative selection, and the

time which the same computer, working flat out at the same rate, would take to reach the

target phrase if it were forced to use the other procedure of single-step selection: about a

million million million million million years. . .. Whereas the time taken for a computer

working randomly butwith the constraint of cumulative selection to perform the same task

is of the same order as humans ordinarily can understand, between 11 seconds and the time

it takes to have lunch.

There is a big difference, then, between cumulative selection (in which each

improvement, however slight, is used as a basis for future building), and single-step

selection (in which each new ’try’ is a fresh one). If evolutionary progress had had to rely

on single-step selection, it would never have got anywhere. If, however, therewas anyway

in which the necessary conditions for cumulative selection could have been set up by the

blind forces of nature, strange and wonderful might have been the consequences. As a

matter of fact that is exactly what happened on this planet, and we ourselves are among the

most recent, if not the strangest and most wonderful, of those consequences.

Thus, although it is perfectly legitimate to debate the scientific merits of the

theory of evolution, attacks on it based on probabilistic arguments such as those of

Lindsey (2005) and others cannot be valid.

Figure 24.1 Richard Dawkins (b. 1941).
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Problem 25

Kraitchik’s Neckties and

Newcomb’s Problem (1930, 1960)

Problem. Paul is presented with two envelopes, and is told one contains twice the

amount of money than the other. Paul picks one of the envelopes. Before he can open

it, he is offered the choice to swap it for the other. Paul decides to swap his envelope

based on the following reasoning:

Suppose the envelope I initially chose contains D dollars. This envelope contains the

smaller amount with probability 1/2. Then, by swapping, I will get 2D dollars and make a

gain of D dollars. On the other hand, the envelope could contain the larger amount, again

with probability 1/2. By swapping, this time I will get onlyD/2 dollars and make a loss of

D/2. Hence swapping leads to a net expected gain of (1/2)(D)þ (1/2)(-D/2)¼D/4, and

therefore I should swap.

Briefly state why Paul’s reasoning cannot be correct.

Solution. If Paul swaps and applies the same reasoning to the other envelope, then he

shouldswapbacktotheoriginalenvelope.Byapplyingthereasoningagainandagain,he

should therefore keep swapping forever. Therefore, Paul’s reasoning cannot be correct.

25.1 Discussion

This little problem is usually attributed to the Belgian mathematician Maurice

Kraitchik (1882–1957). It appears as the puzzle “The Paradox of the Neckties” in

the 1930 book Les Math�ematiques des Jeux ou Recr�eations Math�ematiques{

(Kraitchik, 1930, p. 253):

B and S each claim to possess the better necktie. They ask Z to arbitrate, the rules of the

game being the following: Zwould decidewhich tie is better, and thewinnerwould give his

tie to the loser. . . S reasons as follows: “I know what my tie is worth, but I may also win a

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.

{The problem also appears in the second English edition of the book (Kraitchik, 1953, p. 133).
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better one; so the game is favorable to me.” But B can reason similarly, the problem being

symmetrical. One wonders how the game can be favorable to both?{

Kraitchik acknowledges that the problem was developed in 1912 by the German

mathematician Edmund Landau (1877–1938) during a course on mathematical

recreations.

We know that Paul’s reasoning is wrong, but the question remains: what

specifically is the fallacy in Paul’s argument? To see the error, assume one of the

envelopes contains an amount a, and the other contains 2a. Now, the envelope initially

picked up by Paul has an amount D where

D ¼ a prob: ¼ 1=2;
2a prob: ¼ 1=2:

�

If Paul had picked the lower amount (i.e., if D¼ a) then by swapping he gets 2D

(¼ 2a), and makes a gain of a. But if he had picked the larger amount (i.e., ifD¼ 2a)

then by swapping he getsD/2 (¼ a), andmakes a loss of a. Note that both the gain and

loss each amount to a. Yet in his reasoning Paul wrote the gain asD and the loss asD/2,

thus making them have different values. This leads to the erroneous net expected gain

of (1/2)(D)þ (1/2)(�D/2)¼D/4 by swapping. Had Paul realized that the profit and

loss were each the same (i.e., a), he would have correctly concluded that the net

expected gain is (1/2)(a)þ (1/2)(�a)¼ 0. Therefore, it does not matter if he swaps or

not. Thus, ifD had been correctly treated as a random variable, rather than a constant,

the fallacy could have been avoided.

As we mentioned before, the problem Kraitchik originally considered was

slightly different. S knew the worth of his tie, while Paul did not know how much

was in the envelope. Let us now outline Kraitchik’s 1930 solution to the problem.

Assume B’s and S’s ties are worth b and s dollars, respectively. Let G be S’s gain,

where

G ¼

�s if b ¼ 1;

�s if b ¼ 2;

..

.

�s if b ¼ s� 1;

0 if b ¼ 0;

b if b ¼ sþ 1;

b if b ¼ sþ 2;

..

.

b if b ¼ x:

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

{This problem is in fact slightly different to the one we just considered. Paul did not know the worth of the

envelope he picked, since he did not open it. On the other hand, S knows the worth of his tie.
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In the last equation, Kraitchik sets an upper bound x for the worth of each tie.

Now, each of the values of b is equally likely and has probability 1/x. Therefore, the

conditional expected gain of S is

E GjS ¼ sð Þ ¼ 1

x
�s s� 1ð Þþ

Xx
b¼sþ 1

b

( )

¼ 1

x
�s s� 1ð Þþ sþ 1ð Þþ sþ 2ð Þþ � � � þ xf g

¼ xþ 1

2
� 3s2 � s

2x
:

Now s can take any of the values 1, 2, . . ., x, each with probability 1/x. Therefore,
the unconditional expected gain of S is

EG ¼ ESEG GjS ¼ sð Þ

¼ xþ 1

2
� 1

x

Xx
s¼1

3s2 � s

2x

¼ xþ 1

2
� 1

4x2
x xþ 1ð Þ 2xþ 1ð Þ � x xþ 1ð Þf g

¼ 0:

As simple as the Two-Envelope Problem looks, it is almost mind-boggling that it

has generated such a huge literature{ among statisticians, economists, and philoso-

phers. Bayesians, decision theorists, and causal scientists have all jumped in the fray,

and the debate is still raging. Let us now outline some of the alternative variants of the

problem and resolutions that have been proposed.{ In 1989, Nalebuff} (1989)

considered a variant that is closer to the problem Kraitchik actually considered:

Peter is presented with two envelopes, and is told one contains twice the amount of

money than the other. Peter picks and opens one of the envelopes. He discovers an

amount x. He is then offered the choice to swap it for the other. What should

Peter do?

Note that, following Paul in Problem 25, Peter also reasons that the other

envelope could contain either 2x or x/2, with probability 1/2 each, and incorrectly

{See, for example, Barbeau (2000, p. 78), Jackson et al. (1994), Castell and Batens (1994), Linzer (1994),

Broome (1995),McGrew et al. (1997), Arntzenius andMcCarty (1997), Scott and Scott (1997),McGrew et

al. (1997), Clark and Shackel (2000), Katz and Olin (2007), and Sutton (2010).

{Surprisingly, in his book Aha! Gotcha, the master puzzlist Martin Gardner fails to resolve the two-

envelope paradox. He admits (Gardner, 1982, p. 106), “We have been unable to find away tomake this [i.e.,

what is wrong with the reasoning of the two players] clear in any simple manner.”

}Nalebuff thus became the first who considered the “envelope version” of Kraitchik’s problem.
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concludes that swapping leads to an expected gain of x/4. However, Nalebuff uses a

Bayesian argument to show that, once Peter discovers an amount x in his envelope,

the probability that the other envelope contains either 2x or x/2 will be 1/2 only when

all values of x on [0, ¥) are equally likely. Since such a probability density on x is

improper and inadmissible, Nalebuff resolves the error in Peter’s argument that

swapping should be better.

However, a more complete resolution of the paradox is provided by Brams and

Kilgour (1995) byusing a similarBayesian argument.{The reason aBayesian analysis

is appealing is because if the amount discovered by Peter is very large, he will be less

likely to swap than if theamount isverysmall.This suggestsplacingapriordistribution

on this amount and then carrying out a Bayesian analysis. Now, suppose one of the

envelopes has the larger amount L and the other the smaller amount S, where L¼ 2S.

Let the prior density of L be fL(l). This automatically defines a prior on S, since

PrfL � lg ¼ PrfS � l=2g:

In terms of cumulative distribution functions, the above implies

FLðlÞ ¼ FSðl=2Þ;
which, upon differentiation, yields

fLðlÞ ¼ 1

2
fSðl=2Þ:

Assume that the amount in the envelope initially chosen by Peter is X with

probability density function p(x). Once the envelope is opened, suppose Peter

observes the amount x. Then the conditional probability that Peter opened the

envelope with the larger amount is given by Bayes’ Theorem{:

PrfX ¼ LjX ¼ xg ¼ pðxjlÞfLðxÞ
pðxÞ

¼ pðxjlÞfLðxÞ
pðxjL ¼ lÞfLðxÞþ pðxjL ¼ l=2ÞfSðxÞ :

Now pðxjL ¼ lÞ ¼ pðxjL ¼ l=2Þ ¼ 1=2, so that

Pr X ¼ LjX ¼ xf g ¼ fLðxÞ
fLðxÞþ 2fLð2xÞ : ð25:1Þ

{ See also Christensen and Utts (1992), which contains an error, and the follow-up paper by Blachman et al.

(1996). In these papers, the Two-Envelope Paradox is called the Exchange Paradox.

{ See Problem 14.
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Similarly,

Pr X ¼ SjX ¼ xf g ¼ 2fLðxÞ
fLðxÞþ 2fLð2xÞ : ð25:2Þ

Now, if x¼ L, then Peter gets L/2 (¼ x/2) by swapping and makes a loss of x/2.

On the other hand, if x¼ S (¼ L/2), then Peter gets L (¼ 2x) by swapping and makes a

gain x. Therefore, Peter’s expected gain is

EG* ¼ fLðxÞ
fLðxÞþ 2fLð2xÞ � ð�x=2Þþ 2fLð2xÞ

fLðxÞþ 2fLð2xÞ � x

¼ x 4fLð2xÞ � fLðxÞ½ �
2 2fLð2xÞþ fLðxÞ½ � : ð25:3Þ

Equation (25.3) also shows that if there are priors such that 4fLð2xÞHfLðxÞ (the
so-called “exchange condition” for continuous distributions), then it would be better

to swap.Brams andKilgour (1995) prove that, for any prior fLðxÞ, there is at least some

values for x for which the exchange condition is satisfied. Some examples they give

include

. AUniform Prior for L: fLðlÞ ¼ 1; 0 � l � 1. The exchange condition holds for

l � 1=2.

. An Exponential Prior for L: fLðlÞ ¼ e�l ; l � 0. The exchange condition holds

for l � ln 4 � 1:39.

. fLðlÞ ¼ ð1� kÞl�2þ k; l � 1; 0GkG1. The exchange condition holds for all

permissible values of this density (i.e., l � 1).

We next examine two further problems that are in the same spirit as Kraitchik’s

neckties, but each with a very different type of solution. The first one is as follows{:

You are presented with two identical envelopes, one containing an amount x, the

other an amount y, where x and y are different positive integers. You pick an envelope

at random that shows an amount W (where W¼ x or y). Devise a procedure so

that you can guess with probability greater than half whether W is the smaller of the

two amounts.{

A procedure can be obtained as follows. We toss a fair coin and note the number

of tosses N until a head first appears. Define Z¼Nþ 1/2. Then, if ZHW, we declare

W as the smaller of the two amounts; otherwise, ifZGW, we declareW as the larger of

the two amounts. To show that this procedure will make us correct with probability

{See also Grinstead and Snell (1997, pp. 180–181) andWinkler (2004, pp. 65, 68). The latter attributes this

problem to Cover (1987, p. 158).

{Of course, if one wanted the probability of being correct to be exactly half, one could make a decision by

simply flipping a fair coin.
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greater than half, we first note that

Pr N ¼ nf g ¼ 1

2

� �n�1
1

2

� �
¼ 1

2n
; n ¼ 1; 2; . . .

Therefore,

PrfZGzg ¼ PrfNGz� 1=2g
¼ PrfN � z� 1g

¼
Xz�1

n¼1

1

2n

¼ ð1=2Þ½1� ð1=2Þz�1�
1� 1=2

¼ 1� 1

2z�1
; z ¼ 1; 2; . . .

Since Z cannot be an integer by definition, we also have

Pr ZHz
n o

¼ 1� Pr ZGz
n o

¼ 1

2z�1
; z ¼ 1; 2; . . .

To fix ideas, let xG y.With probability half, wewill pick the smaller amount and

W¼ x. We will then be right if and only if ZH x. Similarly, with probability half,

we will pick the larger amount, that is,W¼ y, and we will then be right if and only if

ZG y. The probability that we will be right is therefore

1

2
PrfZHxg þ 1

2
PrfZGyg ¼ 1

2
� 1

2x�1
þ 1

2
� 1� 1

2y�1

0
@

1
A¼ 1

2
þ 1

2x
� 1

2y

0
@

1
AH

1

2
;

since xG y. This completes the proof. A similar calculation can show that the

above procedure works if N is a variable from any discrete distribution with a strictly

increasing distribution function and an infinite positive support (such as a Poisson

distribution). On the other hand, if a variable V is chosen from any continuous

distribution with a strictly increasing distribution function and an infinite positive

support (such as an exponential distribution), then we define Z¼V and use the same

decision rule as before.

The second problem, Newcomb’s Paradox,{ is a classic problem in decision

theory and is as follows:

You are presented with two boxes, one transparent (box A) and the other opaque

(box B). You may open either both boxes or only box B, and take the prize inside. A

very reliable predictor has already acted in the following manner. She has put $1000

{Newcomb’s paradox is also discussed in Resnick (1987, p. 109), Shackel (2008), Sloman (2005, p. 89),

Sainsbury (2009, Chapter 4), Lukowski (2011, pp. 7–11), Gardner (2001, Chapter 44), Campbell and

Sowden (1985), Joyce (1999, p. 146), and Clark (2007, p. 142).

220 Problem 25 Kraitchik’s Neckties and Newcomb’s Problem (1930, 1960)



in box A. If she thought you will open box B only, she has also placed $1,000,000 in

box B. On the other hand, if she thought you will open both boxes, she has placed

nothing in box B. What should you do?

Wewill now show how arguments can bemade for both options. First, wemake a

case for opening box B only by using the principle of maximum expected utility, as

follows. Consider the decision matrix for Newcomb’s Paradox shown in Table 25.1.

The matrix consists of the utilities U for each decision, conditional on whether the

predictor is right.

The probability that the predictor is right is p, where p is reasonably large (say

p� .9) Thus,U¼ 0 is your utility of opening box B given that the predictor predicted

that you would open both boxes (i.e., given that box B is empty). On the other hand,

U¼ 1000 is your utility of opening both boxes, given the predictor predicted that

you would do so (i.e., given that box B is empty). The expected utility of opening

box B only is

EUbox B ¼ ð0Þð1� pÞþ ð1000000ÞðpÞ ¼ 1000000p;

and the expected utility of opening both boxes is

EUboth boxes ¼ ð1000ÞðpÞþ ð1001000Þð1� pÞ
¼ 1001000� 1000000p:

Figure 25.1 Robert Nozick (1938–2002).
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Which of these two utilities is larger? Solving EUbox BHEUboth boxes, we obtain

pH 1000/1999 (�.5). Since p ismuch larger than .5 (the predictor is very reliable), we

see that choosing box B has the greater expected utility.

We now show that a case can also bemade for opening both boxes. If the predictor

has put $1,000,000 in box B, then choosing both boxes results in one winning

$1,001,000 while choosing box B only results in one winning $1,000,000. Thus,

choosing both boxes is better in this case. On the other hand, if the predictor has put

nothing in box B, then choosing both boxes will result in one winning $1000 while

choosing box B only results in one winning nothing. Thus, choosing both boxes

“dominates” in both cases and seems to be always better than choosing boxBonly (i.e.,

the second row inTable 25.1 has both utilities greater than the corresponding utilities in

the first row). The argument we have used here is the so-called dominance principle.

Hence, we have shown that the principles of maximum expected utility and

dominance recommend opposite courses of action. Have both principles been

correctly applied? The prevailing answer seems to be that the maximum utility

principle has been incorrectly applied and that one should act according to the

dominance principle (i.e., open both boxes). Let us explain why. First recall that the

predictor already makes her decision (i.e., decides whether box B is empty or not)

before one chooses to open.However, a look at Table 25.1 suggests that whether boxB

is empty or not depends on one’s choice. Thus, the error in Table 25.1 is that of reverse

causation. Using an unconditional probability a that box B is empty, the correct

decision matrix is shown in Table 25.2.

This time, the expected utility of opening box B only is

EUbox B ¼ ð0ÞðaÞþ ð1000000Þð1� aÞ ¼ 1000000� 1000000a:

The expected utility of opening both boxes is

EUboth boxes ¼ ð1000ÞðaÞþ ð1001000Þð1� aÞ ¼ 1001000� 1000000a:

We now see that EUboth boxesHEUbox B for all 0GaG 1, which also agrees

with the dominance principle. Thus causal decision theory helps us to address

Newcomb’s Paradox, resulting in a preference for opening two boxes. However,

this is by no means the only word in the debate. For example, Bar-Hillel and

Margalit (1972) write

To sum up, we have tried to show that the Newcomb problem allows for just one, rather

than two, ‘rational’ strategies. . . This strategy is to take only the covered box. It is not

justified by arguing that it makes the million dollars more likely to be in that box, although

Table 25.1 Decision Matrix for Newcomb’s Paradox

Decision True state of nature

Box B empty Box B not empty

Open box B only U¼ 0 (prob. 1� p) U¼ 1,000,000 (prob. p)

Open both boxes U¼ 1000 (prob. p) U¼ 1,001,000 (prob. l� p)
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that is theway it appears to be, but because it is inductively known to correlate remarkably

with the existence of this sum in the box. . .

More recently, in his Ruling Passions, Blackburn (2001, p. 189) states

You need to become the kind of person who takes one box, even if both boxes are there

(even in full view), and the second contains the bit extra which you had learned to forgo.

If you are successful, then your character, adapted to a world with bizarre experimenters

of this kind, is the one that a rational agent would wish for. Your action is the product a

rational character would wish for. It brooks no criticism, for at the end you are the person

with the big bucks. “Two boxers”, misled by a false sense of rationality, have only the

small bucks.

Newcomb’s Paradox is named after the American theoretical physicist William

A Newcomb (1927–1999), who discovered the problem in 1960. The problem was

then communicated to the American political philosopher Robert Nozick

(1938–2002) by David Kruskal, a mutual friend of Newcomb and Nozick. The latter

then wrote a paper on the paradox in Essays in Honor of Carl G. Hempel in 1969

(Nozick, 1969), and presented both solutions, but did not give a definite answer.

Table 25.2 Modified Decision Matrix for Newcomb’s Paradox

Decision True state of nature

Box B empty (prob. a) Box B not empty (prob. 1�a)

Open box B only U¼ 0 U¼ 1,000,000

Open both boxes U¼ 1000 U¼ 1,001,000
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Problem 26

Fisher and the Lady Tasting

Tea (1935)

Problem. At a tea party, a lady claims she can discriminate by tasting a cup of tea

whether themilk (M) or the tea (T) was poured first. To verify her claim, a statistician

presents her in randomorderwith eight cups of tea, and tells her there are four of each

type M and T. The lady correctly identifies the four M types (and thus also correctly

identifies the four T types). How can the statistician verify if her claim is true?

Solution. Consider Table 26.1, which shows the lady’s response in the tea-tasting

experiment.

Conditional on the true states T and M, suppose the lady responds T with

probabilities p1 and p2, respectively. The lady’s claim is false if p1 ¼ p2, that is, the

odds ratio u ¼ p1=ð1� p1Þ
p2=ð1� p2Þ ¼ 1. Under the null hypothesis H0 : u ¼ 1, the probability of

correctly answering T for each of the four true T types and not answering T for each

of the four true M types is the product of the number of ways of choosing 4 T out of

4 T and the number of ways choosing 0 T out of 4M, divided by the total number

of ways of choosing 4 cups out of 8, that is,

pobs ¼
4

4

� �
4

0

� �

8

4

� � ¼ :0143:

The reader will recognize that the above probability is based on a hypergeometric

probability distribution.{ There is no other table that is more extreme than the one

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.

{The hypergeometric distribution is discussed in detail in Chapter 6 of Johnson et al. (2005) See also later in

this problem.
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observed, so the p-value of the test is p ¼ .0143. At a level of significance level

a ¼ :05, we therefore reject the null hypothesis that the lady’s claim is false.

26.1 Discussion

The statistician in the tea-tasting experiment was none other than the foremost

statistician of the twentieth century, namely Sir Ronald Aylmer Fisher (1890–1962)

(Fig. 26.1).{ In her biography of her father, Joan Fisher Box (1978, p. 134) recollects

Already, quite soon after he [Fisher] had come to Rothamsted, his presence had

transformed one commonplace tea time to an historic event. It happened one afternoon

when he drew a cup of tea from the urn and offered it to the lady beside him, Dr B. Muriel

Bristol, an algologist. She declined it, stating that she preferred a cup into which the

milk had been poured first. “Nonsense,” returned Fisher, smiling, “Surely it makes no

difference.” But she maintained, with emphasis, that of course it did. From just behind, a

voice suggested, “Let’s test her.” It was William Roach, who was not long afterwards

tomarryMiss Bristol. Immediately, they embarked on the preliminaries of the experiment,

Roach assisting with the cups and exulting that Miss Bristol divided correctly more than

enough of those cups into which tea had been poured first to prove her case.{

Apparently, Dr Bristol knewwhat she was talking about, for she identified all the

eight cups correctly!

Sure enough, in the landmark 1935 book The Design of Experiments (Fisher,

1935), Fisher starts Chapter 2 with the mention of the experiment:

A lady declares that by tasting a cup of teamadewithmilk she can discriminatewhether the

milk or the tea infusion was first added to the cup. We will consider the problem of

designing an experiment by means of which this assertion can be tested. For this purpose

let us first lay down a simple form of experiment with a view to studying its limitations and

Table 26.1 The Lady’s Response in Fisher’s Tea-Tasting Experiment

Lady’s response Sum

T M

Cup’s true “state” T 4 0 4

M 0 4 4

Sum 4 4 8

{Fisher was also a top-notch geneticist who, together with S. Wright and J.B.S. Haldane, laid out the neo-

Darwinian theory of evolution.

{Kendall (1963), however, reports that Fisher denied the experiment actually took place: “The first edition

of TheDesignof Experimentswas published in 1935. It is another landmark in the development of statistical

science. The experiment on tea tasting with which it opens has, I suppose, become the best-known

experiment in the world, not the less remarkable because, as he once told me, Fisher never performed it.”
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its characteristics, both those which appear to be essential to the experimental method,

when well developed, and those which are not essential but auxiliary.

In the remainder of the chapter, Fisher describes the experiment in considerable

details and discusses the concepts of null hypothesis and level of significance.{ Fisher

highlights the importance of randomization as one of the key principles of experi-

mental design. The statistical test he used and which is based on the hypergeometric

distribution later came to be known as Fisher’s exact test. Although in our case both

margins of the 2� 2 table were fixed, Fisher’s exact test can also be used when only

one or even none of the margins is fixed. The design itself is based on what is now

called a single-subject randomization design. Fisher’s tea-tasting experiment is

Figure 26.1 Sir RonaldAylmer Fisher (1890–1962). [Picture licensed under the Creative Commons

Attribution-Share Alike 3.0 Unported license.]

{According to David (1995), the term “null hypothesis” was first used by Fisher in his Design of

Experiments (Fisher, 1935, p. 18), although “level of significance” had first been previously used by him

in 1925 in his Statistical Methods for Research Workers (Fisher, 1925, p. 43). On the other hand, the term

“P value”was first usedmuch later inK.A. Brownlee’s 1960 Statistical Theory andMethodology in Science

and Engineering (Brownlee, 1960, p. 96).
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undoubtedly “the best-known experiment of the world” (Kendall, 1963) and has been

retold in countless textbooks of statistics.{

It is interesting to askwhether Dr Bristol was given a fair chance in the tea-tasting

experiment. Would we still support her claim if she had identified only three of the

four true T types correctly? Consider Table 16.2. The probability of the observed

table is now

p*obs ¼
4

3

� �
4

1

� �

8

4

� � ¼ :2286:

There is only one 2� 2 tablemore extreme than the one in Table 26.2, namely the

table in Table 16.1. The p-value this time is therefore .0143þ .2286 ¼ .2429H .05,

which means that we would now reject the lady’s claim that she can discriminate

between “tea first” and “milk first.” This seems to suggest that the experiment was

somewhat unfair becauseDrBristol needed to come upwith a perfect 4 out of 4 for her

claim to be statistically validated. However, a proper statistical answer to the question

of whether the experiment was “fair” requires a concept that was outside of Fisher’s

considerations, namely that of the statistical power of the test.{

To explain statistical power, let us make some brief remarks on Fisher’s method

of significance testing.} In the first step, a null hypothesis H0 is set up. This usually

represents the status-quo and the hypothesis the researcher would like to reject.

Second, a test-statistic is calculated such that it represents the extent to which the

Table 26.2 Hypothetical Scenario Where the Lady Identifies Only Three of the Four True T

Types Correctly

Lady’s response Sum

T M

Cup’s true “state” T 3 1 4

M 1 3 4

Sum 4 4 8

{To mention just a few examples, see Edgington (1995), Maxwell and Delaney (2004, p. 37), Schwarz

(2008, p. 12), Hinkelmann and Kempthorne (2008, p. 139), Rosenbaum (2010, p. 21), Fleiss et al. (2003, p.

244), Senn (2003, p. 54), Todman and Dugard (2001, p. 32), Agresti (2002, p. 92), and Chernick and Friis

(2003, p. 329). One writer, David Salsburg, has written a wonderful book on the history of statistics in the

20th century entitled The Lady Tasting Tea: How Statistics Revolutionized Science in the Twentieth

Century (Salsburg, 2001).

{That does not mean that Fisher was unaware of the issue, for in Chapter 2 of hisDesign of Experiments he

discusses the sensitivity of his design.

} For more technical and historical details, see Chapter 14 of Spanos (2003), Chapter 15 of Cowles (2001),

and Howie (2004, pp. 172–191).
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sample statistic is different from the value of the parameter under the null hypothesis.

The test-statistic is usually based on a random variable called a pivotal quantity,

which is a function of both the sample and the parameter being tested for, but whose

distribution is independent of the parameter under the null hypothesis. In the final

step, the probability of observing a test-statistic as extreme as or more extreme than

the observed test-statistic calculated (under the assumption that the null hypothesis

is true). This is the p-value or level of significance achieved.

Note in particular that Fisher does not explicitly make use of an alternative

hypothesis (Ha). However, to be able to calculate the statistical power of a test, one

needs an explicit formulation of the alternative hypothesis. The power, 1� b, of
the test is then the probability of rejecting the null hypothesis given that the alternative

hypothesis is true, that is,

1� b ¼ PrfRejectH0jHag:

In the aboveb is also called the Type II error of the test.Moreover,we also need to

take into account another associated quantity, called the level of significance or Type I

error, of a test. This is the probability of rejecting H0 when H0 is in fact true, that is,

a ¼ PrfRejectH0jH0g:

These two quantities, a and b, reflect two different aspects of the performance of

a test statistic. The quantity a measures how likely one is to mistakenly reject a true

null hypothesis, while the quantity bmeasures how likely one is to mistakenly fail to

reject a false null hypothesis.

What is the relationship between the Type I error a and the p-value? Remember

that a is usually a fixed quantity (such as .05 or .01) that is specified before the test is

actually carried out. On the other hand, the p-value is calculated based on the

calculated test-statistic.

Now, the p-value is also be defined as the smallest value of a for which we can

still reject H0, that is,

p-value � a) rejectH0:

The notions of an explicit alternative hypothesis, and of Type I and Type II

errors were some of the highlights of an alternative approach to Fisher’s that the

eminent statisticians Jerzy Neyman (1894–1981) (Fig. 26.2) and Egon S. Pearson

(1895–1980) (Fig. 26.3) put forward in the late twenties and early thirties (Neyman

and Pearson, 1928a, 1928b, 1933). Moreover, Neyman and Pearson provided the

means of constructing optimal statistical tests, as opposed to the less formal pivotal

method of Fisher. Finally, Neyman and Pearson advocated the use of rejection

regions, rather than p-values, in order to make a final statistical decision. Needless

to say,Neyman and Pearson’s prescriptions did not flowwell with Fisher and gave rise

to often-heated debates between the two sides. It is also ironical that the current

practice of using both null and alternative hypotheses and p-values is an amalgam that

would not have been agreeable to either party.
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Some believe that the use of an a ¼ .05 (or sometimes .01) level of significance

to decide whether a null hypothesis ought to be rejected is because of some deep

underlying statistical theory. This is not true. Indeed, the 5% value has nothing

sacrosanct in it. It stems from convention and is undoubtedly because Fisher himself

advocated this number since it seemed reasonable to him. Fisher first used the 5%

convention{ in a 1926 paper entitled The Arrangement of Field Experiments

(Fisher, 1926). He wrote

. . . it is convenient to draw the line at about the level at which we can say: “Either there is

something in the treatment, or a coincidence has occurred such as does not occur more

than once in twenty trials.” This level, which we may call the 5 per cent point, would

be indicated, though very roughly, by the greatest chance deviation observed in

twenty successive trials . . . If the difference between the two acres in our experimental

year exceeded this value, we should have reasonable grounds for calling the result

significant.

Figure 26.2 Jerzy Neyman (1894–1981). [Picture licensed under the Creative Commons

Attribution-Share Alike 2.0 Germany license.]

{But see Cowles and Davis’ very interesting article on the use of the .05 significance level before Fisher

(Cowles and Davis, 1982).
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If one in twenty does not seem high enough odds, wemay, if we prefer it, draw the line at

one in fifty (the 2 per cent point), or one in a hundred (the 1 per cent point). Personally, the

writer prefers to set a low standard of significance at the 5 per cent point, and ignore entirely

all results which fail to reach this level. A scientific fact should be regarded as

experimentally established only if a properly designed experiment rarely fails to give this

level of significance.

Coming back to the issue as to whether Fisher’s experiment was really “fair”

towards Dr Bristol, we need to calculate the statistical power of the Fisher’s exact test

under some suitable alternative. That is, even if Dr Bristol had some reasonably good

ability to discriminate T fromM, how likely is it that her claim would be statistically

vindicated, given the nature of the statistical test, the sample size, and the Type I error

allowed? Consider Table 26.3.

Under H0 : u ¼ 1 ðno discriminatory powerÞ, the distribution of N11 is

hypergeometric:

Pr N11 ¼ n11jH0f g ¼
4

n11

� �
4

4� n11

� �

8

4

� � for n11 ¼ 0; 1; 2; 3; 4: ð26:1Þ

Figure 26.3 Egon S. Pearson (1895–1980).
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On the other hand, under Ha : u ð„1Þ, the distribution of N11 is noncentral

hypergeometric:

Pr N11 ¼ n11jHaf g ¼
4

n11

� �
4

4� n11

� �
un11

P4
j¼0

4

j

� �
4

4� j

� �
uj

for n11 ¼ 0; 1; 2; 3; 4: ð26:2Þ

First we set a ¼ :01. Before we can calculate the power, let us find the value of

n11 such that

PrfN11 � n11jH0g ¼ :01:

From our computation in Problem 26,we see that n11 ¼ 4:We are almost ready

for the power calculation now. It is only left to specify Ha. Suppose Dr Bristol’s

probability of responding T when the cup is truly of type T is p1 ¼ .9 and her

probability of responding T when the cup is truly of type M is p2 ¼ .2. Then

Ha : u ¼ p1=ð1� p1Þ
p2=ð1� p2Þ ¼ 36:0. Noting that the distribution of N11 under Ha is noncentral

hypergeometric, the power of the test is, from Eq. (26.2),

PrfN11 � 4jHa : u ¼ 36:0g ¼ PrfN11 ¼ 4jHa : u ¼ 36:0g

¼

4

4

 !
4

0

 !
ð36:0Þ4

X4
j¼0

4

j

 !
4

4� j

 !
ð36:0Þj

¼ :679:

This power is much less than the 80% that we would normally require for a well-

powered study. Thus our power calculations show that, based on the assumptions we

have made, even if Dr Bristol in the tea-tasting experiment had excellent discrimina-

tion, the odds had been stacked against her.

Finally, let us make some comments on the origins of the hypergeometric

distribution. The distribution can be traced to de Moivre’s De Mensura Sortis (de

Moivre, 1711 Hald, 1984). On p. 235, de Moivre’s Problem 14{ reads as follows:

Table 26.3 General Set-Up for The Lady Tea-Tasting Experiment

Lady’s response Sum

T M

Cup’s true “state” T N11 4-N11 4

M 4-N11 N11 4

Sum 4 4 8

{This is the same question that Huygens had previously asked in Problem 4 of the De Ratiociniis in Aleae

Ludo (Huygens, 1657).
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Taking 12 counters, 4 white and 8 black, A contends with B that if he shall have taken out,

blindfold, 7 counters 3 of them would be white; the ratio of the expectation of A to the

expectation of B is sought.

De Moivre first calculates the total number of ways of choosing 7 counters

out of 12 as

12

1
� 11
2

� 10
3

� 9
4
� 8
5
� 7
6
� 6
7
¼ 792:

He then calculates the number of ways of choosing 3white counters from 4white

counters and 4 black counters from 8 black counters as

4 � 8

1
� 7
2
� 6
3
� 5
4

� �
¼ 280:

DeMoivre also calculates the number of ways of choosing 4 white counters from

4 white counters and 3 black counters from 8 black counters:

1 � 8

1
� 7
2
� 6
3

� �
¼ 56:

De Moivre thus obtains the probability for A to obtain at least three white

counters as (280 þ 56)=792 ¼ 14=33. We see that de Moivre has in effect used the

hypergeometric distribution. Inmodern notation, ifX is the number of white counters,

then

Pr X � 3f g ¼
4

3

� �
8

4

� �
þ 4

4

� �
8

3

� �

12

7

� � ¼ 14

33
:

On p. 236 of the De Mensura Sortis, de Moivre gives the formula for the general

case. In general, suppose an urn contains a white and b black balls, and n balls are

selected at random without replacement. Let X be the number of white balls in the

sample drawn. ThenX is said to have a hypergeometric distributionwith parameters n,

a, and b, and its probability mass function is

Pr X ¼ xf g ¼
a

x

� �
b

n� x

� �

aþ b

n

� � ; where maxð0; n� bÞ � x � minðn; aÞ:
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Problem 27

Benford and the Peculiar

Behavior of the First

Significant Digit (1938)

Problem. In many naturally occurring tables of numerical data, it is observed that

the leading (i.e., leftmost) digit is not uniformly distributed among {1, 2, . . ., 9}, but

the smaller digits appearmore frequently that the larger ones. In particular, the digit

one leads with a frequency close to 30%whereas the digit nine leads with a frequency

close to only 4%. Explain.

Solution. We make use of the fact that, for a given data set, changing the units of

measurements should not change the distribution p(x) of the first significant digit.

That is, this distribution should be scale invariant:

pðkxÞ ¼ CpðxÞ;

where k and C are constants. Integrating on both sides,

ð
pðkxÞdx ¼ C

ð
pðxÞdx

1

k

ð
pðkxÞdðkxÞ ¼ Cð1Þ

C ¼ 1

k
:

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.
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Therefore kpðkxÞ ¼ pðxÞ. Let us now differentiate the latter w.r.t. k:

d

dk
kpðkxÞf g ¼ 0

pðkxÞ � 1þ k
d

dk
pðkxÞ ¼ 0

pðkxÞþ k
d

dðkxÞ pðkxÞ �
dðkxÞ
dk

¼ 0

pðkxÞþ kxp0ðkxÞ ¼ 0:

Writing u ¼ kx, we have up0ðuÞ ¼ �pðuÞ so thatð
p0ðuÞ
pðuÞ du ¼ �

ð
1

u
du) pðuÞ ¼ 1

u

is a solution. Let D be the first significant digit in base 10. Then its probability mass

function is

PrfD ¼ dg ¼

ðd þ 1

d

1

u
du

ð10
1

1

u
du

¼ lnð1þ dÞ�ln d

ln10

¼ lnð1þ 1=dÞ
ln10

¼ log10ð1þ 1=dÞ; d ¼ 1; 2; . . . ; 9: ð27:1Þ

Table 27.1 shows the values of Pr{D ¼ d} for values of d.

Table 27.1 Probability that a First Significant Digit in Base Ten

is d, as Calculated from Eq. (27.1)

d Pr{D ¼ d}

1 .3010

2 .1761

3 .1249

4 .0969

5 .0792

6 .0669

7 .0580

8 .0512

9 .0458
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The table shows that the smaller the leading digit the more frequent it is. In

particular the digit one has a theoretical frequency of 30.10%while the digit nine has a

theoretical frequency of 4.58%.

27.1 Discussion

This peculiar behavior of the leading digit is known as the first-digit law or Benford’s

law.{ Frank Benford (1883–1948) (Fig. 27.2) was an American physicist who

rediscovered and popularized the law in 1938 (Benford, 1938). In his paper, Benford

presented a table of the frequency of occurrence of first digits of 20,229 naturally

occurring numbers, which included the areas of rivers, population sizes, physical

constants, and so on. For each group of data presented, Benford showed a remarkable

fit to the first-digit law.

Figure 27.1 Simon Newcomb (1835–1909).

{Benford’s law is also discussed in Krishnan (2006, pp. 55–60), Havil (2008, Chapter 16), Richards (1982,

Chapter 6), Tijms (2007, p. 194), Hamming (1991, p. 214), Frey (2006, p. 273), and Pickover (2005, p. 212).

27.1 Discussion 235



Newcomb’s law had already been observed previously. Almost 60 years prior to

Benford’s article, the Canadian-American mathematician and astronomer Simon

Newcomb (1835–1909) (Fig. 27.1) observed in a short article in 1881 (Newcomb,

1881){:

That the ten digits do not occur with equal frequency must be evident to any one making

much use of logarithmic tables, and noticing howmuch faster the first pages wear out than

the last ones. The first significant figure is oftener 1 than any other digit, and the frequency

diminishes up to 9.

He concluded

The law of probability of the occurrence of numbers is such that all mantissas of their

logarithms are equally probable.

This statement in essence implies Eq. (27.1). However, Newcomb did not present

any statistical evidence for his discovery. Since the first enunciation of the law,

Benford’s law has been discussed by several authors, many ofwhom arementioned in

Raimi (1976). In particular, Pinkham (1961) showed that the log10(1 þ 1/d)

distribution of the first digit is the only one that remains scale invariant, that is,

scale invariance implies Benford’s law, as we showed in the solution. However, no

Figure 27.2 Frank Benford (1883–1948).

{Another example of Stigler’s law of eponymy?
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satisfactory statistical explanation of the first-digit phenomenon existed until Hill’s

1995 paper (Hill, 1995a). In it, Hill proved that

If distributions are selected at random (in any “unbiased” way) and random samples are

then taken from each of these distributions, the significant digits of the combined sample

will converge to the logarithmic (Benford) distribution.

TheBenforddistributionisthusthedistributionofdistributions.Notalldistributions

of numbers occurring in nature conform to Benford’s law. Numbers that vary within a

narrow range, such as the heights of humans or the number of airplane crashes in a given

month, will not. On the other hand, measurements that vary across several orders of

magnitude such as populations of countries, areas of lakes, and stock prices probably

will. It has been observed that numbers that follow a “power law” usually follow the

Benford distribution (Pickover, 2009, p. 274). This is the case with numbers that

are in geometric progression and with the Fibonacci numbers.{ Table 27.2 shows the

first 100 Fibonacci numbers. You will note that a leading digit of one is more common

Table 27.2 The First 100 Fibonacci Numbers (Right Column Courtesy of Bruce Levin)

1 121,393 20,365,011,074 3,416,454,622,906,707

1 196,418 32,951,280,099 5,527,939,700,884,757

2 317,811 53,316,291,173 8,944,394,323,791,464

3 514,229 86,267,571,272 14,472,334,024,676,221

5 832,040 139,583,862,445 23,416,728,348,467,685

8 1,346,269 225,851,433,717 37,889,062,373,143,906

13 2,178,309 365,435,296,162 61,305,790,721,611,591

21 3,524,578 591,286,729,879 99,194,853,094,755,497

34 5,702,887 956,722,026,041 160,500,643,816,367,088

55 9,227,465 1,548,008,755,920 259,695496,911,122,585

89 14,930,352 2,504,730,781,961 420,196,140,727,489,673

144 24,157,817 4,052,739,537,881 679,891,637,638,612,258

233 39,088,169 6,557,470,319,842 1,100,087,778,366,101,931

377 63,245,986 10,610,209,857,723 1,779,979,416,004,714,189

610 102,334,155 17,167,680,177,565 2,880,067,194,370,816,120

987 165,580,141 27,777,890,035,288 4,660,046,610,375,530,309

1,597 267,914,296 44,945,570,212,853 7,540,113,804,746,346,429

2,584 433,494,437 72,723,460,248,141 12,200,160,415,121,876,738

4,181 701,408,733 117,669,030,460,994 19,740,274,219,868,223,167

6,765 1,134,903,170 190,392,490,709,135 31,940,434,634,990,099,905

10,946 1,836,311,903 308,061,521,170,129 51,680,708,854,858,323,072

17,711 2,971,215,073 498,454,011,879,264 83,621,143,489,848,422,977

28,657 4,807,526,976 806,515,533,049,393 135,301,852,344,706,746,049

46,368 7,778,742,049 1,304,969,544,928,657 218,922,995,834,555,169,026

75,025 12,586,269,025 2,111,485,077,978,050 354,224,848,179,261,915,075

{The Fibonacci numbers are a well-known sequence of numbers whose nth term fn is such that fn ¼ fn�1 þ
fn�2, with f1 ¼ 1, f2 ¼ 1. For more details, see for example Posamentier and Lehmann (2007), which is an

entire book on the topic.
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than a two, which in turn is more common than a three, and so on. The histogram in

Fig. 27.3 shows the distribution of the first digits. The frequencies are in remarkable

agreement with the probabilities listed in Table 27.1.

Two other comments are in order. First, scale invariance implies base invariance,

which in turn implies Benford’s law (Hill, 1995a, 1995b). That is to say, if the under-

lying distribution of numbers is invariant to the unit ofmeasurement used, then it is also

invariant to the base system used to represent the numbers. This in turn implies the

numbers must follow Benford’s Law. Second, we can also obtain the probability mass

functions of other significant digits, apart from the first, by using a similar argument as

in our solution. Thus, if D
ðiÞ
b denotes the ith significant digit in base b, then the joint

mass function of D
ð1Þ
b ;D

ð2Þ
b ; . . . ;D

ðkÞ
b is

Pr D
ð1Þ
b ¼ d1;D

ð2Þ
b ¼ d2; . . . ;D

ðkÞ
b ¼ dk

n o
¼ logb 1þ 1

d1bk�1 þ d2bk�2 þ � � � þ dk

� �
:

ð27:2Þ
By using Eq. (27.2), we can obtain both conditional and marginal distributions.

Suppose we want to find the marginal probability mass function of D
ð2Þ
10 . We have

Pr D
ð1Þ
10 ¼ d1;D

ð2Þ
10 ¼ d2

n o
¼ log10 1þ 1

10d1 þ d2

� �
; d1; d2 ¼ 1; 2; . . . ; 9;

implying

Pr D
ð2Þ
10 ¼ d2

n o
¼

X9
d1¼1

log10 1þ 1

10d1 þ d2

� �
; d2 ¼ 1; 2; . . . ; 9:
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Figure 27.3 Histogram of the first digits of the Fibonacci numbers in Table 27.2.
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Finally, we draw the reader’s attention to Steven W. Smith’s book The Scientist

and Engineer’s Guide toDigital Signal Processing{ (Smith, 1999, Chapter 34). Using

simulations, Smith points out that lognormal distributions{ with standard deviations

larger than unity satisfy Benford’s law quite accurately. In general, the larger the

standard deviation, the more accurate the fit. Smith further adds (p. 721)

. . .the CLT [Central Limit Theorem] describes that adding many random numbers

produces a normal distribution. This accounts for the normal distribution being so

commonly observed in science and engineering. However, if a group of random numbers

are multiplied, the result will be a normal distribution on the logarithmic scale.

Accordingly, the log-normal distribution is also commonly found in Nature. This is

probably the single most important reason that some distributions are found to follow

Benford’s lawwhile others do not. Normal distributions are not wide enough to follow the

law. On the other hand, broad lognormal distributions follow it to a very high degree.

A similar result is reported in Scott and Fasli (2001). These authors further note

that real-life distributions with positive values and with medians much closer to zero

than their means are likely to conform to “broad” lognormal distributions and hence

satisfy Benford’s law.

{This source was pointed to me by an anonymous reviewer.

{ If the randomvariable eX is normally distributed thenX has a lognormal distribution. The latter is discussed

in detail in Chapter 14 of Johnson et al. (1995).
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Problem 28

Coinciding Birthdays (1939)

Problem. What is the least number of people that must be in a room before the

probability that some share a birthday becomes at least 50%? Assume there are 365

days each year and that births are equally likely to occur on any day.

Solution. Suppose there are n persons in the room. Then each person can have 365

possible birthdays, so that the total number of possible birthdays for the n individuals

isN ¼ 365n. LetA be the event “each of the n persons has a different birthday.” Then a

given person has 365 possibilities for a birthday, the next person has 364 possibilities,

and so on. Therefore, the total number of ways the event A can be realized is

nA ¼ 365� 364� � � � � ð365�nþ 1Þ:

Using the classical definition, the probability that all n individuals have a different

birthday is

pA ¼ nA

N

¼ 365� 364� 363� � � � � ð365�nþ 1Þ
365n

¼
�
365

365

��
365�1

365

��
365�2

365

�
� � �
�
365� n�1ð Þ

365

� ð28:1Þ

¼
�
1� 1

365

��
1� 2

365

�
� � �
�
1� n�1

365

�
:
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Taking natural logarithms on both sides, we have{

ln pA ¼ ln

�
1� 1

365

�
þ ln

�
1� 2

365

�
þ � � � þ ln

�
1� n�1

365

�

� � 1

365
� 2

365
� � � � � n�1

365

¼ � 1þ 2þ � � � þ ðn�1Þ
365

¼ �ðn�1Þn=2
365

:

Thus, pA � exp �nðn�1Þ
2� 365

n o
and the probability that at least two individuals share a

birthday is

qA ¼ 1�pA

¼ 1�
�
1� 1

365

��
1� 2

365

�
� � �
�
1� n�1

365

�
ð28:2Þ

� 1�exp � nðn�1Þ
2� 365

8<
:

9=
;:

We now solve 1�exp �nðn�1Þ
2� 365

n o
� :5 obtaining n � 23. Since we have used the

approximate formula for qA in the inequality, we cannot be confident of this answer.

Let us evaluate qA for n¼ 22, 23, and 24 using the exact formula in Eq. (28.2). We

have qA¼ .476, .507, and .538 (to 3 d.p.), respectively. Therefore, we need at least 23

persons in the room before the probability that some share a birthday becomes at least

50%.

28.1 Discussion

The problem was first proposed by von Mises{ (1939). That we need only 23 people

for slightly more than an even chance might appear intriguing.} If we apply the

{ In the following we shall make use of lnð1þ xÞ � x for smallx and of 1þ 2þ � � � þm � mðmþ 1Þ=2.
{Ball and Coxeter (1987, p. 45), however, attribute it to Harold Davenport.

}The Birthday Problem is also discussed inWeaver (1982, p. 9), DasGupta (2010, p. 23), Gregersen (2011,

p. 57), Mosteller (1987, p. 49), Terrell (1999, p. 100), Finkelstein and Levin (2001, p. 45), Hein (2002, p.

301), Sorensen (2003, p. 353), Andel (2001, p. 89), Woolfson (2008, p. 45), and Stewart (2008, p. 132).
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pigeonhole principle,{ we see that 366 persons are required for a probability of one

that at least two have the same birthday. Na€�ve reasoning would probably suggest a

number close to 183 for at least an even chance. To understand why 23 people would

be sufficient, note that with this number we have
23

2

� �
¼ 253 possible comparisons

of pairwise birthdays, any of which could result in a coincidence. Table 28.1 shows

values of n and qA.

There is an easy way to misinterpret the solution of the Birthday Problem. Many

believe it implies that, if a particular person is chosen from a group of 23, then there is

slightly more than 50% chance that she will have the same birthday as at least one

person from the remaining 22. This is not true. Paulos (1988, p. 36) gives a typical

illustration:

A couple of years ago, someone on the Johnny Carson show was trying to explain this.

Johnny Carson didn’t believe it, noted that there were about 120 people in the studio

audience, and asked howmany of them shared his birthday of, say, March 19. No one did,

and the guest, who wasn’t a mathematician, said something incomprehensible in his

defense.

Our solution refers to the probability for any two ormore people to have the same

birthday, not for any particular person to have the same birthday as at least somebody

else. This leads us to the following classic problem:

What is the smallest number of people so that any particular person has the same

birthday as at least one other person with probability at least .5?

Consider a group of n people. Let us calculate the probability of the eventA� that a
particular person has a birthday in common with nobody else. Then the total number

of possible birthdays is the same as before, namely N ¼ 365n. This time, though, the

number of ways the event A� can be realized is

Table 28.1 The Probability that At Least Two People have the Same Birthday

When There are n Persons in a Room

Number of people in room (n) Probability that at least two

persons have the same birthday (qA)

10 .117

20 .411

23 .507

30 .706

57 .990

366 1.00

{The pigeonhole principle states that if n objects are put in p boxes, and nH p, then at least one box receives

two or more objects.
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nA* ¼ 365� 364� 364� � � � � 364
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{n�1 terms

¼ 365ð364Þn�1:

Therefore, pA* ¼ nA*=N ¼ ð364=365Þn�1
. We set

1� 364

365

� �n�1

� :5;

obtaining n � 253:65. Therefore, we need at least 254 people to have more than an

even chance that one particular person will share the same birthday as at least

somebody else. Two additional, less straightforward variants of the classicalBirthday

Problem are also worth mentioning. The first is the so-called Almost Birthday

Problem.

What is the smallest number of people required so that at least two have a birthday

within k adjacent days with probability half or more (Naus, 1968)?{

To solve the above, we consider a group of n people and defineAk as the event that

at least two birthdays are within k adjacent days. Then we have

PrfAkg ¼ 1�Prf�Akg ¼ 1�Prf�Akj�A1gPrf�A1g: ð28:3Þ
In the above equation, �A1 is the event that no two birthdays coincide. From

Eq. (28.1), we have

Pr �A1f g ¼ 365!

ð365�nÞ!365n :

We next define the indicator variable Ij (j¼1, 2, . . ., 365) on each of the days of a
year such that

Ij ¼ 1; if there is one birthday on day j;
0; otherwise:

�

Now, an arrangement such that each of n different birthdays is k days apart of

the next looks as in Fig 28.1. In the above arrangement, we imagine the days of the

year as arranged in a circle so that the 365th of a given year and the first day of the

next year are adjacent (i.e., are within k ¼ 2 adjacent days). Now, when objects

are arranged in a circle, redundant permutations arisewhen the objects are at different

,0*,0*,..0,0,...,0,1,...,1,0,0,...,0,1,0,...,00,1,
1-1-1- kkk

First birthday

Figure 28.1 Illustration of the almost birthday problem.

{For example, two birthdays on March 3rd and March 7th are within five adjacent days.
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positions along the circle but have the same positions relative to each other. In order

to avoid these redundant permutations, we consider the first birthday as fixed. The

additional (n�1) 1’s correspond to the remaining (n�1) birthdays and the starred 0’s

are the days after the last (k�1) birthday-free days. An arrangement such that any

two adjacent birthdays aremore than k days apart can be obtained by considering the

first 1 and the “unstarred” birthday-free days as fixed and permuting the (n�1) 1’s

and the ð365�1Þ�ðn�1Þ�nðk�1Þ ¼ 365�kn starred 0’s. The number of such

permutations is

n�knþ 364

n�1

� �
:

This implies

Pr �Akj�A1f g ¼
n�knþ 364

n�1

� �

364

n�1

� � :

From Eq. (28.3) we have

PrfAkg ¼ 1�

n�knþ 364

n�1

 !

364

n�1

 ! :
365!

ð365�nÞ!365n

¼ 1� ð364�knþ nÞ!
ð365�knÞ!365n�1

: ð28:4Þ

We can use Eq. (28.4) to find the smallest number of people required so that at

least two of them have birthdays within k adjacent days with probability .5 or more. It

can also be shown that an approximation for this number is nkd e,{ where

nk ¼ 1:2

ffiffiffiffiffiffiffiffiffiffiffiffi
365

2k�1

r

(Diaconis and Mosteller, 1989). Table 28.2 shows values of k and nkd e.
The second less straightforward variant of the classical Birthday Problem is the

Multiple Birthday Problem:

What is the smallest number of people required so that at least m of them have the

same birthday with probability half or more?

The above problem can be cast as a cell occupancy question: if one randomly

distributes N items over c¼ 365 cells or categories that are equally likely, what is the

{ nkd e is the smallest integer greater or equal to nk.
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least number of items required so that at least one cell has m or more items with

probability .5 or more? To answer this question, we use the method developed by

Levin (1981). First, we consider a c-category multinomial distribution with para-

meters ðN; p1; p2; . . . ; pcÞ. Next let the number of items in cell j (j ¼ 1, 2, . . ., c)
be Xj 	 PoðspjÞ,{ where s H 0{ and the Xj’s are independent. Using Bayes’

Theorem,} we have

PrfX1 
 n1; . . . ;Xc 
 ncj
Xc
j¼1

Xj ¼ Ng

¼ PrfPc
j¼1 Xj ¼ NjX1 
 n1; . . . ;Xc 
 ncgPrfX1 
 n1; . . . ;Xc 
 ncg

PrfPc
j¼1 Xj ¼ Ng

¼ PrfW ¼ NgPrfX1 
 n1; . . . ;Xc 
 ncg
PrfPc

j¼1 Xj ¼ Ng : ð28:5Þ

Now, in Eq. (28.5) above, the left side is a multinomial distribution with

parameters ðN; p1; p2; . . . ; pcÞ,** the denominator on the right is a Poisson random

variablewithmean s, and the randomvariableW is the sum of c independent truncated

Poisson (TPo) random variables, that is, W ¼ Y1 þ Y2 þ � � � þ Yc, where

Yj 	 TPoðspjÞ with support 0, 1, . . ., nj. Denoting the cell counts in the multinomial

distribution by ðN1;N2; . . . ;NcÞ where
Pc

j¼1 Nj ¼ N, Eq. (28.5) becomes

Table 28.2 Smallest Number of People Required for At Least Two of them to

have Birthdays Within k Days Apart with Probability At Least 1/2

Number of days apart (k) Smallest number of people required ([nk])

1 23

2 14

3 11

4 9

5 8

6 7

11 6

{Since we will soon be using these Poisson random variables to represent the multinomial frequencies (as

that of Poisson frequencies given a fixed sum).

{ s can theoretically be any positive real number; Levin (1981) recommends choosing s ¼ N that works

satisfactorily and has an intuitive interpretation that spi ¼ Npi are the expected cell counts.

} See Problem 14.

**This is because, in general, if V1, V2, . . ., Vc are independent Poisson random variables with expected

values t1, t2, . . ., tc, respectively, then the conditional joint distribution of V1, V2, . . ., Vc, given that
P

iVi¼
N, ismultinomialwith parameters (N; t1/t, t2/t, . . ., tc/t),where t¼

P
iti. See Johnson et al. (1997,Chapter 5)

for more details.
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PrfN1 
 n1; . . . ;Nc 
 ncg ¼ N!

sNe�s

Yc
j¼1

PrfXj 
 njg
" #

Pr W ¼ Nf g ð28:6Þ

Levin’s method can be used for exact computation, and he also gives a so-called

Edgeworth approximation for the term Pr{W¼N} for caseswhere c is large and exact

calculation of the convolution to get Pr{W ¼ N} is arduous. Using Eq. (28.6) we are

now ready to solve the Multiple Birthday Problem. The probability that, among N

people, at least m have the same birthday is

1�Pr N1 
 m�1; . . . ;Nc 
 m�1f g ¼ 1� N!

sNe�s

Yc
j¼1

PrfXj 
 m�1g
" #

Pr W ¼ Nf g:

ð28:7Þ
Then, for a givenm, one can find the smallest value ofN for which the probability

exceeds one-half. One can use results from preceding calculations to predict the next

value of N for the next largerm. Levin has used this method to calculate the values in

Table 28.3 using exact computation (personal communication).

Table 28.3 Smallest Number of People (N) Required so that At Leastm

of them have the Same Birthday with Probability Half or More (Values

Obtained from Bruce Levin)

m N

2 23

3 88

4 187

5 313

6 460

7 623

8 798

9 985

10 1181
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Problem 29

L�evy and the Arc Sine Law

(1939)

Problem. A fair coin is tossed successively. Let Xj ¼ þ 1 if the jth toss is a head,

andXj ¼ �1 if the jth toss is a tail. Define the difference between the number of heads

and tails after j tosses by Sj ¼ X1 þX2 þ � � � þXj. Show that the probability that the

last time there was an equal number of heads and tails within 2n tosses occurred at

the 2kth toss is PrfS2k ¼ 0g � PrfS2n�2k ¼ 0g.

Solution. Let p
ðkÞ
2j ¼ PrfS2j ¼ kg ¼ N

kð Þ
2j =2

2j , where N
kð Þ
2j is the number of ways the

event S2j ¼ k can be realized. We first establish an important result. We have

PrfS1 6¼ 0; S2 6¼ 0; . . . ; S2j 6¼ 0g ¼ 2 PrfS1H0; S2H0; . . . ; S2jH0g; ð29:1Þ

since the coin is fair. Using the law of total probability,

PrfS1H0; S2H0; . . . ; S2jH0g ¼
X¥
r¼1

PrfS1H0; S2H0; . . . ; S2j�1H0; S2j ¼ 2rg:

Applying the Ballot Theorem (see Problem 17),

Pr S1H0; S2H0; . . . ; S2j�1H0; S2j ¼ 2r
n o

¼ N
2r�1ð Þ
2j�1 �N

2rþ 1ð Þ
2j�1

22j

¼ 1

2
� N

2r�1ð Þ
2j�1 �N

2rþ 1ð Þ
2j�1

22j�1

¼ 1

2

�
p
ð2r�1Þ
2j�1 �p

ð2rþ 1Þ
2j�1

�
:

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.

247



Therefore, we have

Pr S1H0; S2H0; . . . ; S2jH0
n o

¼ 1

2

X¥
r¼1

p
ð2r�1Þ
2j�1 �p

ð2rþ 1Þ
2j�1

n o

¼ 1

2
p
ð1Þ
2j�1�p

ð3Þ
2j�1 þ p

ð3Þ
2j�1 �p

ð5Þ
2j�1 þ � � �

n o

¼ 1

2
p
ð1Þ
2j�1

¼ 1

2
p
ð0Þ
2j :

So Eq. (29.1) can be written as

PrfS1 6¼ 0; S2 6¼ 0; . . . ; S2j 6¼ 0g ¼ PrfS2j ¼ 0g ¼ p
ð0Þ
2j ; ð29:2Þ

which is the important result we will soon use. We are now ready to complete the

proof. Note that the probability that the last time there was an equal number of heads

and tails within 2n tosses occurred at the 2kth toss can be written as

Pr S2k ¼ 0;S2kþ1 6¼ 0; . . . ;S2n 6¼ 0f g¼ PrfS2kþ1 6¼ 0;S2kþ2 6¼ 0; . . . ;S2n 6¼ 0jS2k ¼ 0gPrfS2k ¼ 0g
¼ PrfS1 6¼ 0; . . . ;S2n�2k 6¼ 0gPrfS2k ¼ 0g
¼ PrfS1 6¼ 0; . . . ;S2n�2k 6¼ 0gp 0ð Þ

2k :

Using the result in Eq. (29.2), we finally obtain

PrfS2k ¼ 0; S2kþ 1 6¼ 0; . . . ; S2n 6¼ 0g ¼ p
0ð Þ
2n�2kp

0ð Þ
2k ;

as required.

29.1 Discussion

The above result can be further explored to obtain some truly intriguing and

fascinating results. From Problem 16 we know that, p
0ð Þ
2j � 1=

ffiffiffiffiffi
pj

p
for moderate to

large j, so that

Pr S2k ¼ 0; S2kþ 1 6¼ 0; . . . ; S2n 6¼ 0f g ¼ p
0ð Þ
2n�2kp

0ð Þ
2k � 1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k n�kð Þp :

Let T be the number of the toss where therewas last an equal number of heads and

tails, and let X be the fraction of the total number of tosses where this last equality

occurs. Then X ¼ T=ð2nÞ and the distribution function of X is
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PrfX � xg ¼ PrfT � 2xng

¼
X
k�xn

1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k n�kð Þp

�
ðxn
0

1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u n�uð Þp du

¼ 2

p
arcsin

ffiffiffi
x

p
: ð29:3Þ

The probability density of X is

fXðxÞ � d

dx

2

p
arcsin

ffiffiffi
x

p� �
¼ 1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x 1�xð Þp ; for 0GxG1; ð29:4Þ

when the number of the tosses (2n) is large. Note that Eq. (29.4) is the beta(1/2, 1/2)

distribution, which is symmetric about x¼1/2 (see Fig. 29.2). The result in Eq. (29.3),

which we shall call the Second Arcsine Law,{ was first presented by the illustrious

French mathematician Paul L�evy (1886–1971) for the case of Brownian motion{

(L�evy, 1965) (Fig. 29.1). Brownian motion can be regarded as a continuous-time

analogue of a symmetric random walk. An example of the latter is the coin-tossing

experimentwehave consideredhere,where thedifference between the number of heads

and tails is the position of the random walk and the number of tosses is time. Roughly

speaking, in the limiting case as the fluctuations of a symmetric random walk become

quicker and smaller, we obtain Brownian motion.

Although itmight not be apparent at first, the implications of the graph in Fig 29.2

are quite disconcerting. We see that the densities are highest near x¼ 0 (start of the

tosses) and near x¼1 (end of tosses). While it is not surprising that a last equality in

the number of heads and tails is very likely toward the end of the tosses, it is quite

counterintuitive that such a last equality is also very likely toward the start of

the tosses. Thus, if we were to toss a fair coin 1000 times, the probability that the

last time there was an equal number of heads and tails happened before the 100th toss

has a probability as high as approximately ð2=pÞarcsin ffiffiffiffi
:1

p ¼ :20, and happened

before the 500th toss has a probability of approximately .5! Thus, there is about an

equal chance that in the last 500 tosses, there will be no instance where the

accumulated number of heads and tails would be equal. The times at which there

{Note that arcsine here refers to the distribution function, and not to the density, ofX.Also, the reader has to

be careful here: what we refer to as the SecondArcsine Lawmight be called by a different number in other

textbooks, since there are several arcsine laws. Formore details on the arcsine distribution, see Johnson et al.

(1995,Chapter 25, Sec.VII). The second arc sine law is also discussed in Feller (1968, p. 78), Lesigne (2005,

p. 61), M€orters and Peres (2010, p. 136), and Durrett (2010, p. 203).

{L�evy also pointed out the connection between his results for Brownianmotion and corresponding ones for

the coin-tossing experiment.
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is an equal number of heads and tails are rare. These conclusions are no doubt quite

unexpected. Feller (1968, p. 79) writes

Suppose that in a learning experiment lasting one year a child was consistently lagging

except, perhaps, during the initial week. Another child was consistently ahead except,

perhaps, during the last week. Would the two children be judged equal? Yet, let a group of

11 children be exposed to a similar learning experiment involving no intelligence but only

chance. One among the 11 would appear as leader for all but one week, another as laggard

for all but one week.

Feller’s point is that common opinion would most probably judge the second

student as better than the first. However, by the very nature of chance, even if the

two children were equally good, one would be ahead of the other for the 51 weeks

with probability approximately equal to ð2=pÞarcsin ffiffiffiffiffiffiffiffiffiffiffiffiffi
51=52

p ¼ :9. Thus, out of
11 equally good students, we would expect approximately one to be ahead for all

but the last week, as we would expect approximately one to be lagging for all but

the last week.

Figure 29.1 Paul Pierre L�evy (1886–1971). [Picture licensed under the Creative Commons

Attribution-Share Alike 2.0 Germany license.]
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The First Arcsine Law{ was actually given by L�evy in a seminal paper (L�evy,
1939) almost 25 years prior to the second law. In it, L�evy proved a result that

essentially implies that, if Y is the fraction of time that the random walk is

positive (i.e., there is an excess of heads over tails), then the distribution function

of Y is

Pr Y � yf g � 2

p
arcsin

ffiffiffi
y

p
; for 0GyG1; ð29:5Þ

where the total number of steps made by the random walk is large. Equation (29.5)

is the First Arcsine Law, and was proved for the general case of the sum of

independent random variables with mean zero and variance one by Erd€os and Kac

(1947). The First Arcsine Law is as counterintuitive as the second one. For

we might expect that for approximately half of the time, the random walk will

be positive (i.e., there will more heads than tails) and for the other half it will be

negative. That is, we would expect values of y near half to be the most likely.

However, a look at Fig. 29.2 reveals the contrary to be the case. It is actually values

of y close to 0 and 1 that are most likely. What this implies is intriguing but true:

with high probability, the proportion of time the random walk will be positive is

either very low or very high (but not close to half). Thus, if a fair coin is tossed 1000

times, the probability that there will be an excess of heads over tails for less than

10% of the time or more than 90% of the time is as high as approximately

ð2=pÞarcsin ffiffiffiffi
:1

p ¼ :20. On the other hand, the probability that there will be an

Figure 29.2 The beta(1/2, 1/2) density ofx, the fraction of the total timewhen therewas last an equal

number of heads and tails.

{The First Arcsine Law is also discussed in Feller (1968, p. 82), Lesigne (2005, p. 60), M€orters and Peres

(2010, p. 136), Tijms (2007, p. 25), and Durrett (2010, p. 204).
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excess of heads over tails between 45 and 55% of the time is only about

ð2=pÞðarcsin ffiffiffiffiffiffiffi
:55

p �arcsin
ffiffiffiffiffiffiffi
:45

p Þ � :06!
There is at least one other arcsine law,{ again due to L�evy (1965). If Z 2 ½0; 1� is

the time of first occurrence of the maximum of the randomwalk, then Z has an arcsine

distribution function too.

{ See, for example, M€orters and Peres (2010, pp. 136–137).
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Problem 30

Simpson’s Paradox (1951)

Problem. Consider the three events X, Y, and Z. Suppose

PrfXjYZgHPrfXjYZg and PrfXjYZgHPrfXjYZg:
Prove that it is still possible to have

PrfXjYgGPrfXjYg:
Solution. Using the law of total probability, we have

PrfXjYg ¼ PrfXjYZgPrfZjYgþ PrfXjYZgPrfZ jYg
¼ sPrfXjYZgþ ð1�sÞPrfXjYZg;

ð30:1Þ

PrfXjYg ¼ PrfXjYZgPrfZjYgþ PrfXjYZgPrfZ jYg
¼ tPrfXjYZgþ ð1�tÞPrfXjYZg;

ð30:2Þ

where s ¼ PrfZjYg and t ¼ PrfZjYg. Therefore,
PrfXjYg�PrfXjYg ¼ ½sPrfXjYZg�tPrfXjYZg�

þ ½ð1�sÞPrfXjYZg�ð1�tÞPrfXjYZg�
ð30:3Þ

We now consider the sign of Eq. (30.3). Let t ¼ sþ dð�1 � d � 1Þ,
u � PrfXjYZg�PrfXjYZg � 0, and v � PrfXjYZg�PrfXjYZg � 0. Then

PrfXjYg�PrfXjYg ¼ sPrfXjYZg�sPrfXjYZg�dPrfXjYZg� �
þ ð1�sÞPrfXjYZg�ð1�sÞPrfXjYZg� �þ dPrfXjYZg
¼ suþð1�sÞv�dw;

where w � PrfXjYZg�PrfXjYZg. Therefore, PrfXjYg�PrfXjYg is negative if
suþð1�sÞvGdw.

Classic Problems of Probability, Prakash Gorroochurn.
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30.1 Discussion

The algebra can mask the real implication of the three inequalities given in Problem

30. Consider the following example.{ In a given University 1, 200 of 1000 males, and

150 of 1000 females, study economics. In another University 2, 30 of 100 males, and

1000 of 4000 females, study economics. Thus, in each university, more males than

females study economics (1: 20% vs. 15%, 2: 30% vs. 25%). However, when the

universities are combined, 230 of 1100 males (20.9%), and 1150 of 5000 females

(23.0%), study economics. It now appears that, overall, more females than males

study economics! If we define the eventX that a student studies economics, the eventY

that a student ismale, and the event Z that a student goes to University 1, we obtain the

counterintuitive set of inequalities in Problem 30. This is the essence of Simpson’s

Paradox{: a reversal of the direction of association between twovariables (gender and

study economics) when a third variable} (university) is controlled for.

Intuitively, why does Simpson’s Paradox occur? First note that University 2 has a

higher study rate in economics for both males and females, compared to University 1

(see Table 30.1). However, out of the total 1100 males, only about 9% (i.e., 100)

go toUniversity 2.On the other hand, out of the total 5000 females, 80% (i.e., 4000) go

to University 2. Thus, the university that has the higher study rate in economics,

namely University 2, takes many more females than males, relatively speaking. No

wonder when looking at the combined data we get the impression that a higher

proportion of females than males study economics!

Simpson’s Paradox shows the importance of carefully identifying the third

variable(s) before an analysis involving two variables on aggregated data is carried

out. In our example,when university is not controlled for,weget thewrong impression

that more females than males study economics. Furthermore, from Eqs. (30.1) and

(30.2), we observe that if s ¼ t then PrfXjYgHPrfXjYg, that is, if gender is

independent of university (i.e., there is no gender differences across universities),

Simpson’s Paradox is avoided. The tables for each university are then said to be

collapsible.

An interesting alternative demonstration of Simpson’s Paradox can be obtained

through a graphical approach.** Consider the data in Table 30.2.

{Taken from Haigh (2002, p. 40), courtesy of Springer.

{ First named byBlyth (1972). Simpson’s paradox is also discussed inDong (1998), Rumsey (2009, p. 236),

Rabinowitz (2004, p. 57), Albert et al. (2005, p. 175), Lindley (2006, p. 199), Kvam and Vidakovic (2007,

p. 172), Chernick and Friis (2003, p. 239), Agresti (2007, p. 51), Christensen (1997, p. 70), and Pearl (2000,

p. 174).

}Also sometimes called the lurking variable.

**See Kocik (2001), and Alsina and Nelsen (2009, pp. 33–34).
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We wish to show that, given

a

b
G

A

B
and

c

d
G

C

D
; ð30:4aÞ

it is still possible to have

aþ c

bþ d
H

AþC

BþD
: ð30:4bÞ

We represent the proportions of the different students who study economics by

vectors on a Cartesian plane such that the proportions are equal to the slopes of the

corresponding lines (see Fig. 30.1). For example, the proportion of females who study

economics in University 1 is a/b; we represent this proportion by the vector joining

(0, 0) and (b, a). Since a=bGA=B, the segment joining (0, 0) and (b, a) has a smaller

slope than the segment joining (0, 0) and (B,A). Similarly for c=dGC=D. By addition
of vectors, we see that it is possible for the slope joining (0, 0) and (bþ d, aþ c) to be

larger than the slope joining (0, 0) and (B þ D, A þ C), that is, it is possible to have

ðaþ cÞ=ðbþ dÞHðAþCÞ=ðBþDÞ.
A natural question remains: how should we combine the data from the two

universities in order to obtain “correct” economics study rates for females andmales?

Clearly, just adding the numbers in each university is not appropriate since it gives

the two proportions ðaþ cÞ=ðbþ dÞ and ðAþCÞ=ðBþDÞ for females and males,

respectively (see Table 30.2). Following Tamhane and Dunlop (2000, p. 132), we

calculate the adjusted proportion of females who study economics across the two

Table 30.1 Illustration of Simpson’s Paradox Using University Data

University 1 University 2 Pooled

E �E Total Study

rate

(%)

E �E Total Study

rate

(%)

E �E Total Study

rate

(%)

Female 150 850 1000 15 1000 3000 4000 25 1150 3850 5000 23.0

Male 200 800 1000 20 30 70 100 30 230 370 1100 20.9

Table 30.2 General Distribution of Frequencies Across Universities and Gender

University 1 University 2 Pooled

E �E Total E �E Total E �E Total

Female a b�a b c d� c d a þ c (b þ d)� (a þ c) b þ d

Male A B�A B C D�C D A þ C (B þ D)� (A þ C) B þ D
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universities as the sum of the weighted proportions of females in each university,

where the weight is the relative size of the university:

a

b

bþB

bþBþ d þD

� �
þ c

d

d þD

bþBþ d þD

� �
¼ aðbþBÞ=bþ cðd þDÞ=d

bþBþ d þD
:

Likewise, the adjusted proportion of males who study economics across the two

universities is

A

B

bþB

bþBþ d þD

� �
þ C

D

d þD

bþBþ d þD

� �
¼ AðbþBÞ=BþCðd þDÞ=D

bþBþ d þD
:

For the data presented earlier, these formulae give 16.8% for females and 20.1%

for males. We see that the directionality of the association is now preserved (i.e.,

a higher proportion of males than females in each university and also overall).

Simpson’s Paradox is eponymously attributed to the statistician Edward H.

Simpson (b. 1922) (Simpson, 1951), but a similar phenomenonwas firstmentioned by

the eminent British statistician Karl Pearson (1857–1936) (Fig. 30.2) and his

colleagues in 1899 (Pearson et al., 1899). These authors noted

We are thus forced to the conclusion that amixture of heterogeneous groups, each ofwhich

exhibits in itself no organic correlation, will exhibit a greater or less amount of correlation.

This correlationmayproperly be called spurious, yet as it is almost impossible to guarantee

the absolute homogeneity of any community, our results for correlation are always liable to

an error, the amount of which cannot be foretold. To those who persist in looking upon all

correlation as cause and effect, the fact that correlation can be produced between two quite

uncorrelated characters A and B by taking an artificial mixture of two closely allied races,

must come rather as a shock.

(b + d, a + c)

(B, A)

(b, a)

(0, 0)

(D, C)

(d, c)
(B + D, A + C)

Figure 30.1 A graphical illustration of Simpson’s Paradox.
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Four years later, the renowned British statistician George Udny Yule

(1871–1951) (Fig. 30.3), who had previously been Pearson’s assistant, further

delineated the problem (Yule, 1903).{ Yule considers three attributes A, B, and C,

such that A and B are independent of each other, given C or C. Yule then proves that

. . .therewill be apparent association between A and B in the universe at large unless either

A or B is independent of C.

The last two examples do not really conform to the probabilities given in

Problem 30 because there is no reversal in the direction of the association. When

an actual reversal occurs, we have a strong form of Simpson’s Paradox. On the other

hand, we have a weak form of the paradox when the three expressions hold

simultaneously:

PrfXjYZg ¼ PrfXjYZg;
PrfXjYZg ¼ PrfXjYZg;
PrfXjYgGPrfXjYg:

(The direction of the last inequality could, of course, be reversed.)

Figure 30.2 Karl Pearson (1857–1936).

{Simpson’s paradox is also sometimes called Yule’s paradox or Yule–Simpson’s paradox.
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The first actual instance of the strong form of Simpson’s Paradox was demon-

strated in Cohen and Nagel’s acclaimed An Introduction to Logic and Scientific

Method (Cohen and Nagel, 1934, p. 449). These authors present tables for mortality

rates from tuberculosis in Richmond andNewYorkCity in 1910 as an exercise in their

book (see Table 30.3).

They then write

Notice that the death rate forWhites and that for Negroes were lower in Richmond than in

New York, although the total death rate was higher. Are the two populations compared

really comparable, that is, homogeneous?

Simpson’s own 1951 paperwas partlymotivated by a set of 2� 2 tables presented

inKendall’sAdvanced Theory of Statistics (Kendall, 1945, p. 317). In the first of these

tables, Kendall displayed the frequencies for two attributes in a population, and

showed that theywere independent. The author then splits this 2� 2 table into two 2�
2 tables, one for males and one for females. Kendall then shows the two attributes are

Figure 30.3 George Udny Yule (1871–1951).
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positively associated in the male subpopulation and negatively associated in the

female subpopulation. He concludes

The apparent independence in the two together is due to the cancelling of these

associations in the sub-populations.

Motivated by this example, Simpson considered the situation where two attri-

butes are positively associated in each of two 2 � 2 tables (Simpson, 1951). He then

showed that there is no net association in the aggregated 2� 2 table (see Table. 30.4).

This time we say that there is a positive association between treatment and survival both

amongmales and among females; but ifwe combine the tableswe again find that there is no

association between treatment and survival in the combined population. What is the

“sensible” interpretation here?The treatment can hardly be rejected as valueless to the race

when it is beneficial when applied to males and to females.

We end by stressing that Simpson’s Paradox is not a consequence of small

sample size. In fact, it is amathematical, rather than statistical, phenomenon, as can be

seen from the algebraic inequalities in Eqs. (30.4a) and (30.4b).

Table 30.3 Rates from Tuberculosis in Richmond and New York City in 1910 as used by

Cohen and Nagel (1934, p. 449)

Population Deaths Death rate per 100,000

New York Richmond New York Richmond New York Richmond

White 4,675,174 80,895 8,365 131 179 162

Colored 91,709 46,733 513 155 560 332

Total 4,766,883 127,628 8,881 286 187 226

Table 30.4 2 � 2 Tables Considered by Simpson (1951)

Male Female

Untreated Treated Untreated Treated

Alive 4/52 8/52 2/52 12/52

Dead 3/52 5/52 3/52 15/52
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Problem 31

Gamow, Stern, and Elevators

(1958)

Problem. A person is waiting for the elevator on the ath floor in a building and

wishes to go down. The building has b (H a) floors. Assume the elevator is continually

going up and down all day long. Calculate the probability that when the elevator

arrives, it will be going down.

Solution. The elevator can come down to the person from any one of the (b � a)

floors above or can come up from any one of the (a� 1) floors below. Therefore, the

probability of the elevator going down is

b� a

ðb� aÞþ ða� 1Þ ¼
b� a

b� 1
: ð31:1Þ

31.1 Discussion

This intriguing little problem was adduced by the physicists George Gamow

(1904–1968) (Fig. 31.1) and Marvin Stern (1935–1974), and is eponymously called

the Gamow–Stern Elevator Problem.{ The problem first appeared in their book

Puzzle-Math (Gamow and Stern, 1958). As the story goes, Gamow had an office on

the second floor of a seven-story buildingwhile Stern had one on the sixth floor.When

Gamowwanted to visit Stern, he noticed that in about five times out of six the elevator

stopping on his floor would be going downward. On the other hand, when Stern

wanted to visit Gamow, in about five times out of six the elevator stopping on his floor

would be going upward. This is somewhat counterintuitive because for Gamow the

elevator wasmore likely to be coming down, yet for Stern the same elevator wasmore

likely to be going up.

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.

{The Gamow–Stern Elevator Problem is also discussed in Knuth (1969), Havil (2008, p. 82), Gardner

(1978, p. 108), Weisstein (2002, p. 866), and Nahin (2008, p. 120).
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By using a similar reasoning to the one in our solution, Gamow and Stern were

able to explain their observations. For Gamow, a¼ 2, b¼ 7, so that the probability of

“a down” is (7� 2)=(7� 1)¼ 5=6; for Stern, a¼ 6, b¼ 7, and the probability of “an

up” is 1� (7� 6)=(7� 1)¼ 5=6. So far so good, but then Gamow and Stern made a

slip. They reasoned that, even if the building had many elevators, the probability

would still be 5/6 for the first elevator to stop on Gamow’s floor to be going down.

Likewise the probability for Stern would not change. Gamow and Stern actually

considered the analogous situation of eastbound and westbound trains between Los

Angeles and Chicago. In Chapter 3 of their book, they stated

Since the track from here to Los Angeles is three times longer than that to Chicago, the

chances are three to one that the train is to thewest rather than to the east of you.And, if it is

west of you, it will be going eastward the first time it passes. If there are many trains

traveling between Chicago and California, as is actually the case, the situation will, of

course, remain the same, and the first train passing our city after any given time is still most

likely to be an eastbound one.

In fact, when there are many trains between Chicago and California, the

situation does not remain the same. This fact was first pointed out in 1969 by

Figure 31.1 George Gamow (1904–1968).
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Knuth (1969). We now prove this. From Eq. (31.1), the probability of a downward

elevator when there is one elevator is

P1 ¼ b� a

b� 1
¼ 1� p; ð31:2Þ

where p ¼ ða� 1Þ=ðb� 1Þ.
Let us now consider the case of two elevators (see Fig. 31.2).We assume, without

loss of generality, that p � 1=2, that is, the personGwaiting is in the lower half of the

building. There are twomutually exclusiveways in which the first elevator to reachG

will be going down:

(i) both elevators are above G; this has probability ðb� aÞ2=ðb� 1Þ2;
(ii) one elevator is below G and one is within (a � 1) floors above{; this has

probability

ða� 1Þ=ðb� 1Þ � ða� 1Þ=ðb� 1Þ � 2 ¼ 2ða� 1Þ2=ðb� 1Þ2:
These two competing elevators have an even chance of reaching the ath floor first.

The probability for a downward elevator is therefore

P2 ¼ ðb� aÞ2
ðb� 1Þ2 þ 2

ða� 1Þ2
ðb� 1Þ2 � 1

2

¼ ðb� aÞ2 þða� 1Þ2
ðb� 1Þ2

¼ ½ðb� 1Þ � ða� 1Þ�2 þða� 1Þ2
ðb� 1Þ2

¼ 1� 2ða� 1Þ
ðb� 1Þ þ 2

ða� 1Þ2
ðb� 1Þ2

¼ 1� 2pþ 2p2: ð31:3Þ
Note that from Eqs. (31.2) and (31.3), P1 and P2 can be written as

P1 ¼ 1

2
þ 1

2
1� 2pð Þ;

P2 ¼ 1

2
þ 1

2
1� 2pð Þ2:

It therefore looks like the probability of a downward elevator when there are n

elevators is

Pn ¼ 1

2
þ 1

2
1� 2pð Þn; n ¼ 1; 2; 3; . . . ð31:4Þ

{ If the latter was not the case the two elevators could not compete with each other and the first elevator

would always be coming up.
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Let us prove Eq. (31.4) by induction. Clearly, the formula is correct for n¼ 1. Let

us now prove that it is correct for n þ 1 assuming it is correct for n. We have

Pnþ1¼ Prffirst out of ðnþ1Þ elevators is going downg
¼ Prffirst out of n elevators is goingdownand ðnþ1Þth elevator is goingdowng
þ 1

2
Prffirst out of n elevators is going up and ðnþ1Þth elevator iswithin ða� 1Þ
floors aboveG andgoing downg:

The 1=2 in the above is due to the equal chance for both top and bottom elevators

to reach G first (just like in the derivation of P2 in Eq. (31.3)). Therefore,

Pnþ 1¼ Pn 1� pð Þþ 1

2
2 1� Pnð Þpf g

¼ Pnð1� 2pÞþ p

¼
�
1

2
þ 1

2
ð1� 2pÞn

�
ð1� 2pÞþ p

¼ 1

2
þ 1

2
ð1� 2pÞnþ 1:

Hence, we have established Eq. (31.4) by mathematical induction. Also since

j1�2pj G 1, we have

lim
n!¥

Pn ¼ 1

2
:

Thismeans that, contrary towhatGamowand Stern initially believed, as there are

ever more elevators, the probability of a downward elevator gets ever closer to 1/2.

floor aG

b floors

a –1 floors

floor 1

floor a –1

Figure 31.2 The Gamow–Stern elevator problem.
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Problem 32

Monty Hall, Cars, and Goats

(1975)

Problem. In a TV prize-game, there are three doors (X, Y, and Z). One of

them conceals a car while the other two doors hide a goat each. A contestant chooses

one of the doors, say X. The game host knows which door hides the car and opens a

door, say Y, which has a goat behind it. The host then gives the contestant the options

of either sticking to her original choice (i.e., X) or of switching to the other unopened

door (i.e., Z). Which is the better option?

Solution. Let CX, CY, and CZ be the events that, respectively, doors X, Y, and Z hide

the car. LetHYbe the event that the host opens doorY. Now, since the question assumes

the contestant initially chooses door X and the host opens door Y, switching will be a

winning strategy only if the car is behind doorZ. That is, the probability ofwinning the

car if the contestant switches is PrfCZ jHYg, where by Bayes’ Theorem{

PrfCZ jHYg ¼ PrfHY jCZgPrfCZg
PrfHY jCXgPrfCXgþ PrfHY jCYgPrfCYgþ PrfHY jCZgPrfCZg

¼ ð1Þð1=3Þ
ð1=2Þð1=3Þþ ð0Þð1=3Þþ ð1Þð1=3Þ

¼ 2

3
:

In the above calculation, we have assumed that, when the host has two possible

doors to open (i.e., if the car was behind door X), she is equally likely to open any one

of them. Further, since the host does not open the door that hides the car, we have

PrfCY jHYg ¼ 0, so that

PrfCX jHYgþ PrfCY jHYgþ PrfCZ jHYg ¼ PrfCX jHYgþ PrfCZ jHYg ¼ 1:

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.

{ See Problem 14.
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The probability of winning the car if the contestant “sticks” is therefore

Pr CX jHYf g ¼ 1� Pr CZ jHYf g ¼ 1

3
:

Thus, the contestant should always switch as she then has twice the probability of

winning than if she sticks to her original choice.

32.1 Discussion

This problem, in the form presented above, was first put forward by the American

biostatistician Steve Selvin in a 1975 Letter to the Editor to the journal American

Statistician (Selvin, 1975a). Such has been the contentious nature of the problem that

it is worth revisiting Selvin’s Letter. In the first part of the latter, Selvin writes

It is “Let’s Make a Deal” - a famous TV show starring Monty Hall.

MONTYHALL:One of the three boxes labeledA, B andC contains the keys to that new

1975 Lincoln Continental. The other two are empty. If you choose the box containing the

keys, you win the car.

CONTESTANT: Gasp!

MONTY HALL: Select one of these boxes.

CONTESTANT: I’ll take box B.

MONTY HALL: Now box A and box C are on the table and here is box B (contestant

grips boxB tightly). It is possible the car keys are in that box! I’ll giveyou $100 for the box.

CONTESTANT: No, thank you.

MONTY HALL: How about $200?

CONTESTANT: No!

AUDIENCE: No!!

MONTYHALL: Remember that the probability of your box containing the keys to the

car is 1/3 and the probability of your box being empty is 2/3. I’ll give you $500.

AUDIENCE: No!!

CONTESTANT: No, I think I’ll keep this box.

MONTYHALL: I’ll do you a favor and open one of the remaining boxes on the table (he

opens box A). It’s empty! (Audience: applause). Now either box C or your box B contains

the car keys. Since there are two boxes left, the probability of your box containing the keys

is now 1/2. I’ll give you $1000 cash for your box.

WAIT!!!!
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IsMonty right? The contestant knows that at least one of the boxes on the table is empty.

He now knows that it was box A. Does this knowledge change his probability of having

the box containing the keys from 1/3 to 1/2? One of the boxes on the table has to be empty.

HasMonty done the contestant a favor by showing himwhich of the two boxeswas empty?

Is the probability of winning the car 1/2 or 1/3?

CONTESTANT: I’ll trade you my box B for the box C on the table.

MONTY HALL: That’s weird!!

HINT: The contestant knows what he is doing!

In the second part of his Letter, Selvin proceeds to mathematically justify the con-

testant’s decision to switch. He presents Table 32.1 which shows that, for a given box

containing the keys, switching makes the contestant win in two out of three equally

likely cases.

However, only 6months later, Selvin was back with another Letter to the Editor{

(Selvin, 1975b), complaining

I have received a number of letters commenting on my “Letter to the Editor” in The

American Statistician of February, 1975, entitled “A Problem in Probability.” Several

correspondents claim my answer is incorrect.

Selvin then provides a more technical proof that the contestant who switches doubles

her chances of winning than the one who “sticks.”

Let us now fast forward to 25 years later. In 1990, Craig Whitaker, a reader of

Parade Magazine asked the very same question to columnist Marilyn vos Savant{

Table 32.1 Selvin’s Original Solution to the Monty-Hall Problem (Selvin, 1975a)

Keys are

in box

Contestant

chooses box

Monty-Hall

opens bat

Contestant

switches

Result

A A B or C A for C or B Loses

A B C B for A Wins

A C B C for A Wins

B A C A for B Wins

B B A or C B for C or A Loses

B C A C for B Wins

C A B A for C Wins

C B A B for C Wins

C C A or B C for B or A Loses

{ In this second Letter, the phrase “Monty Hall Problem” appears for the first time in print. The Monty Hall

Problem is also discussed inGill (2010, pp. 858–863), Clark (2007, p. 127), Rosenthal (2005, p. 216), Georgii

(2008, pp. 54–56), Gardner (2001, p. 284), Krishnan (2006, p. 22), McBride (2005, p. 54), Dekking et al.

(2005, p. 4), Hayes and Shubin (2004, p. 136), Benjamin and Shermer (2006, p. 75), and Kay (2006, p. 81).

{ In 1985, the Guinness Book ofWorld Records gave vos Savant theworld’s highest IQ, with a score of 228.
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(b. 1946). The latter gave the same correct answer: the contestant should switch. This

is when the storm really started. As a consequence of her answer, vos Savant received

thousands of letters, some very acrimonious. Most responders argued that vos Savant

was absolutely wrong, and that it did not matter whether the contestant switches or

sticks to her original choice. The following is the argument that the proponents of the

“no-switch” strategy put forward, and it does seem very convincing:

Once the host opens a door which hides a goat, there are only two doors left. One surely

hides the prize and one does not. So it would seem that it does not matter if one switches or

not, since each of the two doors would apparently have the same chance (i.e. 1/2) of hiding

the prize.

One can see the principle of indifference{ at play in the above argument. Even more

baffling is the fact that among those who believed this erroneous argument were

many mathematicians, some of the highest caliber. Paul Erdo��s (1913–1996) was one
of them (Fig. 32.1). Erdo��s was unarguably the most prolific of all mathematicians

Figure 32.1 Paul Erdo��s (1913–1996).

{See pp. 135–137.
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ever, having published in a whole gamut of fields including combinatorics, number

theory, analysis, and probability. However, the Monty Hall Problem proved to be a

trap for him. In his interesting biography of Paul Erdo��s, Hoffman (1998, p. 237)

recollects the pains that mathematician Laura V�azsonyi had to go through in trying

to convince Erdo��s on the correct solution to the problem. Hoffman writes

“I told Erdo��s that the answer was to switch,” said V�azsonyi, “and fully expected to move

to the next subject. But Erdo��s, to my surprise, said, ‘No, that is impossible. It should

make no difference.’ At this point I was sorry I brought up the problem, because it was

my experience that people get excited and emotional about the answer, and I end up with

an unpleasant situation. But there was no way to bow out, so I showed him the decision

tree solution I used in my undergraduate Quantitative Techniques of Management

course.” V�azsonyi wrote out a “decision tree,” not unlike the table of possible outcomes

that vos Savant had written out, but this did not convince him. “It was hopeless,”

V�azsonyi said. “I told this to Erdo��s and walked away. An hour later he came back to me

really irritated. ‘You are not telling me why to switch,’ he said. ‘What is the matter with

you?’ I said I was sorry, but that I didn’t really know why and that only the decision tree

analysis convinced me. He got even more upset.” V�azsonyi had seen this reaction before,
in his students, but he hardly expected it from the most prolific mathematician of the

twentieth century.

Let us examine the fallacy that, since there are only two doors in the final stage of the

game and only one hides the car, it should not matter if we switch or not. The most

intuitive argument that the probability of anyone door hiding the car cannot be 1/2was

provided by vos Savant (1996) herself:

Here’s a good way to visualizewhat happened. Suppose there are a million doors, and you

pick door number 1. Then the host, who knows what’s behind the doors and will always

avoid the one with the prize, opens them all except door number 777,777. You’d switch to

that door pretty fast, wouldn’t you?

Indeed, once the contestant makes an original choice out of d possible doors, her

probability of winning is 1/d. At the final stage, when all but one of the doors

has been simultaneously opened, there are only two doors left. The initially

chosen door still has a probability of 1/d of hiding the car while the other door

now has a probability (d� 1)/d. By switching, the contestant increases her

chance of winning by a factor of (d� 1). If d¼ 106, this is an increase by a

factor of 999,999.

The Monty Hall Problem can be historically traced to the Box Problem{ in

Bertrand’s Calculs des Probabilit�es (Bertrand, 1889, p. 2). In that problem, recall the

initial probability of choosing box C (containing one gold and one silver coin) is 1/3,

and remains 1/3 once a silver coin is drawn fromone of the boxes (the two other boxes,

A and B, contain two gold and two silver coins, respectively). This is similar to the

probability invariance in the Monty Hall Problem.

{ See Problem 18. For an exhaustive list of the different versions of the Monty Hall Problem, see Edward

Barbeau’s Mathematical Fallacies, Flaws, and Flimflam (Barbeau, 2000, p. 86).
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A more recent ancestor of the Monty Hall Problem is the Prisoner’s Problem,{

initially posed by Gardner (1961, pp. 227–228) (Fig. 32.2):

Awonderfully confusing little problem involving three prisoners and awarden, evenmore

difficult to state unambiguously, is nowmaking the rounds. Threemen - A, B, and C -were

in separate cells under sentence of deathwhen the governor decided to pardon one of them.

Hewrote their names on three slips of paper, shook the slips in a hat, drew out one of them

and telephoned the warden, requesting that the name of the lucky man be kept secret for

several days. Rumor of this reached prisoner A. When the warden made his morning

rounds, A tried to persuade the warden to tell him who had been pardoned. The warden

refused.

“Then tell me,” said A, “the name of one of the others who will be executed. If B is to

be pardoned, giveme C’s name. If C is to be pardoned, give me B’s name. And if I’m to be

pardoned, flip a coin to decide whether to name B or C.”

“But if you see me flip the coin,” replied the wary warden, “you’ll know that you’re

the one pardoned. And if you see that I don’t flip a coin, you’ll know it’s either you or the

person I don’t name.”

“Then don’t tell me now,” said A. “Tell me tomorrow morning.”

The warden, who knew nothing about probability theory, thought it over that night and

decided that if he followed the procedure suggested byA, it would giveA no helpwhatever

in estimating his survival chances. So next morning he told A that B was going to be

executed. After the warden left, A smiled to himself at the warden’s stupidity. There were

Figure 32.2 Martin Gardner (1914–2010). [Picture licensed under the Creative Commons

Attribution-Share Alike 2.0 Germany license.]

{Not to be confused with the Prisoner’s Dilemma, which is a Newcomb-type classic problem in decision

theory (see Problem 25).
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now only two equally probable elements in what mathematicians like to call the “sample

space” of the problem. Either C would be pardoned or himself, so by all the laws of

conditional probability, his chances of survival had gone up from 1/3 to 1/2. The

warden did not know that A could communicate with C, in an adjacent cell, by tapping in

code on a water pipe. This A proceeded to do, explaining to C exactly what he had said to

the warden and what the warden had said to him. C was equally overjoyed with the

news because he figured, by the same reasoning used by A, that his own survival chances

had also risen to 1/2.

Did the two men reason correctly? If not, how should each have calculated his chances

of being pardoned?

Of course, the two men did not reason correctly. A’s probability of being pardoned

remains 1/3, whilst C’s probability of being pardoned is now 2/3.

Such is the charm of theMonty Hall Problem that Jason Rosenhouse has recently

devoted a whole book to it, The Monty Hall Problem: The Remarkable Story of

Math’s Most Contentious Brainteaser (Rosenhouse, 2009). The author considers

several variations of the classical Monty Hall Problem. In one of the variations{

(p. 57),

In a TV prize-game, there are three doors (X, Y, and Z). One of them conceals a car

while the other two doors hide a goat each. A contestant chooses one of the doors, say

X. The game host does not knowwhich door hides the car and opens one of the other

two doors. The door (say Y) happens to have a goat behind it. The host then gives the

contestant the options of either sticking to her original choice (i.e., X) or of switching

to the other unopened door (i.e., Z). Which is the better option?

The key point to note in this problem is that the game host does not know which door

hides the car. Thus when she picks a different door from the contestant, it is not a

sure thing that it will hide a goat. This contingency therefore needs to go into the

calculations. Therefore, let GY be the event that door Y hides a goat. Then the

probability that the contestant wins if she switches is

PrfCZ jGYg ¼ PrfGY jCZgPrfCZg
PrfGY jCXgPrfCXgþ PrfGY jCYgPrfCYgþ PrfGY jCZgPrfCZg

¼ ð1Þð1=3Þ
ð1Þð1=3Þþ ð0Þð1=3Þþ ð1Þð1=3Þ

¼ 1

2
:

This time it does not matter if the contestant switches or not.

{ See also Rosenthal (2008).
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Problem 33

Parrondo’s Perplexing

Paradox (1996)

Problem. Consider the following gamesG1,G2, andG3, in each ofwhich $1 iswon if

a head is obtained, otherwise $1 is lost (assuming the player starts with $0).

G1: A biased coin that has probability of heads .495 is tossed.

G2: If the net gain is a multiple of three, coin A is tossed. The latter has probability of

heads .095. If the net gain is not a multiple of three, coin B is tossed. The latter has

probability of heads .745.

G3: G1 and G2 are played in any random order.

Prove that although G1 and G2 each result in a net expected loss, G3 results in a net

expected gain.

Solution. For game G1 the net expected gain is $1(.495)�$1(.505)¼�$.01.

For gameG2, let fXng denote the net gain of the player after n tosses. Then, given
all the prior values of the net gain, the value of fXng depends only on fXn�1g, that is,
fXng is a Markov chain.{ Moreover, ~Xn ¼ Xn mod 3{ is also a Markov chain with

states {0, 1, 2} and transition probability matrix

P2 ¼
0

1

2
f 0 :095 :905

:255 0 :745
:745 :255 0

2
4

3
5

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{0 1 2

:

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.

{AMarkov chain is a randomprocess {Wt, t¼ 1, 2, . . .} such that Pr{Wtþ1¼wtþ1|Wt¼wt,Wt–1¼wt–1, . . .,
W1¼w1}¼ Pr{Wtþ1¼wtþ1|Wt¼wt }, that is, the probability of the “future, given the present and the past,

depends only on the present.”Markov chains are discussed inmore details in Lawler (2006), Parzen (1962),

Tijms (2003), Grimmet and Stirzaker (2001), and Karlin and Taylor (1975).

{That is, ~Xn is the remainder when Xn is divided by 3.

271



After an infinitely large number of tosses, the probabilities p ¼ ½p0; p1; p2� that
f~Xng occupies each of the states 0, 1, and 2 (i.e., the stationary distribution of ~Xn) are

given by

pP2 ¼ p:

By solving

:255p1 þ :745p2 ¼ p0;
:095p0 þ :255p2 ¼ p1;
:905p0 þ :745p1 ¼ p2;

subject to p0 þ p1 þ p2 ¼ 1, we obtain p ¼ ½:384; :154; :462�. The expected win

for a single toss is thus .384(.095)þ .154(.745)þ .462(.745)¼ .495 dollars, and

the expected loss is .505 dollars. Therefore game G2 results in a net expected loss

of $.01.

For gameG3, we similarly define fYng to be the net gain after n tosses, and we let
~Yn ¼ Yn mod 3. Then f~Yng is a Markov chain with transition matrix

P3 ¼ 1

2
ðP1 þP2Þ; ð33:1Þ

where P1 is the transition matrix for game G1, that is,

P1 ¼
0

1

2
f 0 :495 :505

:505 0 :495
:495 :505 0

2
4

3
5

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{0 1 2

:

The factor 1/2 in Eq. (33.1) takes into account that, in gameG3, gamesG1 andG2

are played at random. Equation (33.1) becomes

P3 ¼
0

1

2
f 0 :295 :705

:380 0 :620
:620 :380 0

2
4

3
5

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{0 1 2

:

The stationary distribution of f~Yng is n ¼ ½n0; n1; n2�, where
nP3 ¼ n:

Solving like before, we obtain n ¼ ½:345; :254; :401�. The expected win for a

single toss is thus .345(.295)þ .254(.620)þ .401(.620)¼ .508 dollars, and the

expected loss is .492 dollars. Therefore game G3 results in a net expected gain

of $.016.
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33.1 Discussion

This problem is truly counterintuitive because, by randomly playing two losing

games, the player comes out a winner! This is, in essence, what the Spanish physicist

Juan Manuel Rodriguez Parrondo (b. 1964) (Fig. 33.2) discovered in 1996 and

presented at a workshop in Torino, Italy (Parrondo, 1996).{ The result was then first

published by Harmer and Abbott in 1999 in the journal Statistical Science and was

calledParrondo’s Paradox.{Following Parrondo’s original formulation,Harmer and

Abbot used the following parameters for the games:

G1 :Prfheadsg¼ :5�«; Prftailsg¼ :5þ«:
G2 : If netgainisamultipleof3; tosscoinA : Prfheadsg¼ :1�«; Prftailsg¼ :9þ«:
Otherwise;tosscoinB : Prfheadsg¼ :75�«;Prftailsg¼ :25þ«:

G3 :RandomlyplayG1 andG2:

9>>=
>>;

ð33:2Þ
In the above, « is assumed to be a small positive number. Using the same

reasoning as the one in our solution above, the net expected gain (or value) for each of

the games can be shown to be (e.g., see Epstein, 2009, pp. 74–76)

EG1 ¼ �2«;
EG2 ¼ �1:740«þOð«2Þ;
EG3 ¼ :0254�1:937«þOð«2Þ:

Substituting « ¼ :005, we get the same values as in our solution. Parrondo has

also run simulations} to show how switching between two disadvantageous games can

be advantageous (see Fig. 33.1).

Dworsky (2008, pp. 221–224) provides a simpler demonstration of Parrondo’s

Paradox, one that does not use Markov chains. Consider the playing board

in Fig. 33.3. A player moves along black and white sections of a playing board,

starting on the center. Each time two dice are thrown, and the player moves

forward or backward depending on the total score. When the player reaches

the rightmost black section, she wins; when she reaches the leftmost black

section, she loses. In game X, if the player is in a black section, then she moves

forward if the total score is 11, and backward if it is 2, 4, or 12.On the other hand, if the

player is in a white section, then she moves forward if the total score is 7 or 11,

and backward if it is 2, 3, or 12. If none of these scores are obtained, the player

stays put. This is shown in Table 33.1(a) This table also shows the rules for game Y.

Finally, in game Z, the player randomly switches between games X and Y. In

Table 33.1(b), the number of ways the scores can be obtained is shown. For

{See Harmer and Abbott (2002).

{Parrondo’s paradox is also discussed in Epstein (2009, Chapter 4), Havil (2007, Chapter 11), Clark (2007,

p. 155), Dworsky (2008, Chapter 13), Mitzenmacher and Upfal (2005, p. 177), and Darling (2004, p. 324).

} See http://seneca.fis.ucm.es/parr/.
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example, if the player is in a white section in game X, the scores 7 or 11 (first entry in

Table 33.1(a)) can be obtained through (1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (5, 6), (6, 1),

(6, 5), a total of 8 ways (first entry in Table 33.1(b)).

Now for any one game, the probability of winning is the number of ways of

moving to the right divided by the total number of ways of moving to the right or left.

Figure 33.2 Juan Parrondo (b. 1964) (Photo courtesy of Juan Parrondo.)

2

1.5

1

0.5

0

–0.5

–1

–1.5

G
ai

n

0 20 40 60

Games played

Games A

[4, 4]

[3, 2]

[2, 2]

Random

Games B

80 100

Figure 33.1 Simulations based on 5000 runs showing Parrondo’s Paradox. Games A and B refer to

gamesG1 adG2 in the text. [a, b] refers toG1 andG2 being played successively a and b times. The value

of « is taken to be .005. (Figure courtesy of Juan Parrondo.)
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Therefore,

Pr winning game Xf g ¼ ð8Þð2Þ
ð8Þð2Þþ ð4Þð5Þ ¼ :444;

and

Pr winning game Yf g ¼ ð2Þð8Þ
ð2Þð8Þþ ð5Þð4Þ ¼ :444:

Now, consider game Z where the player starts with any one game and randomly

switches between games X and Y. Then the average number of forward moves is

ð8þ 2Þ
2

� ð2þ 8Þ
2

¼ 25;

and the average number of backward moves is

ð4þ 5Þ
2

� ð5þ 4Þ
2

¼ 20:25:

Hence,

Pr winning game Zf g ¼ 25

25þ 20:25
¼ :552:

Thus by randomly mixing two disadvantageous games, an advantageous one is

obtained.

Why does Parrondo’s Paradox actually occur? Consider the specific example

given in Problem 33. Note that game G1 is only slightly biased against the player.

Table 33.1 Illustration of Parrondo’s Paradox

Game X Game Y

White Black White Black

(a)

Forward 7, 11 11 11 7, 11

Backward 2, 3, 12 2, 4, 12 2, 4, 12 2, 3, 12

(b)

Forward 8 2 2 8

Backward 4 5 5 4

backward

Lose start win

forward

Figure 33.3 Playing board for Parrondo’s game.
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Concerning gameG2, if the player’s net gain is a multiple of 3, then she tosses coin A

that is heavily biased against her.On the other hand if the net gain is not amultiple of 3,

then she tosses coin B that is less heavily biased in her favor. Because of the heavier

bias of coin A, G2 is still biased against the player. Now, when the games are mixed,

the player gets to play game G1 sometimes. Since G1 is almost fair, the heavy bias of

coin A against the player is reduced. Similarly, the bias of coin B in favor of the player

becomes less.However, because coinB is tossedmore often than coinA, the reduction

in the bias of coin B is less than that of coin A, so that the net positive bias of B now

overcomes the net negative bias of coin A. Thus, when the games are switched, the

game becomes favorable to the player.

Parrondo’s Paradox is regarded by many as a truly path-breaking phenomenon.

For example, Epstein (2009, p. 74) states it is potentially

. . .the most significant advance in game-theoretic principles since the minimax process.

Pickover (2009, p. 500) adds

Sciencewriter SandraBlakesleewrites that Parrondo “discoveredwhat appears to be a new

law of nature that may help explain, among other things, how life arose out of a primordial

soup,whyPresidentClinton’s popularity rose after hewas caught in a sex scandal, andwhy

investing in losing stocks can sometimes lead to greater capital gains.” Themind-boggling

paradox has applications ranging from population dynamics to the assessment of financial

risk.

However, some of these claims seem to be exaggerated. After all, the winning

strategy in Parrondo’s Paradox is obtained by a rather contrived set of rules. Iyengar

and Kohli (2004) admonish

One view that has caught the imagination of many people is that Parrondo’s paradox

suggests the possibility of making money by investing in losing stocks. . . Even if stock

markets were exactly modeled by the types of games considered by Parrondo, the strategy

to use would be the obvious one suggested by the above analysis: sell stock that has

particularly poor prospects and buy stock with better prospects; this way you will always

do better than if you randomize over losing stocks.

They further add

Parrondo’s paradox is suggested to possibly operate in economics or social dynamics to

extract benefits from ostensibly detrimental situations. Harmer and Abbott [1] suggest the

example of declining birth and death rates. Each by itself has a “negative” effect on a

society or an ecosystem, but declines in both together might combine with “favorable

consequences” . . . there is no reason, as far as we know, to believe that one or both of the
rates of births and deaths have the structure of aMarkov chain or that nature can somehow

randomize between births and deaths, to create a realization of Parrondo’s paradox.

276 Problem 33 Parrondo’s Perplexing Paradox (1996)



Bibliography

Aczel, A. D., 1996 Fermat’s Last Theorem:

Unlocking the Secret of an Ancient Mathe-

matical Problem. Delta Trade Paperbacks.

Adams, W. J., 2009 The Life and Times of the

Central Limit Theorem, 2nd edition.

American Mathematical Society.

Adrain, R., 1808 Research concerning the

probabilities of the error which happen in

making observations. The Analyst Math.

Museum 1: 93–109.

Agresti, A., 2002 Categorical Data Analysis,

2nd edition. Blackwell, Oxford.

Agresti, A., 2007 An Introduction to Cate-

gorical Data Analysis, 2nd edition. Wiley-

Interscience.

Aigner, M., and G. M. Ziegler, 2003 Proofs

from THE BOOK, 3rd edition. Springer-

Verlag.

Albert, J., J. Bennett, and J. J. Cochran, 2005

Anthology of Statistics in Sports. SIAM.

Alsina, C., and R. B. Nelsen, 2009When Less

is More: Visualizing Basic Inequalities.

Mathematical Association of America.

Andel, J., 2001MathematicsofChance.Wiley.

Andr�e, D., 1887 Solution directe du probl�eme

r�esolu par M. Bertrand. C. R. Acad. Sci.

105: 436–437.

Arnauld, A., and P. Nicole, 1662 La Logique,

ou l’Art de Penser. Chez Charles Savreux,

Paris.

Arnow, B. J., 1994 On Laplace’s extension of

the Buffon Needle Problem.College Math.

J. 25: 40–43.

Arntzenius, F., and D. McCarthy, 1997 The

two envelope paradox and infinite expecta-

tions. Analysis 57: 42–50.

Ash, R. B., 2008 Basic Probability Theory.

Dover, NewYork. (Originally published by

Wiley, New York, 1970).

Ayala, F. J., 2007 Darwin’s Gift to Science

and Religion. Joseph Henry Press.

Ball, W. W. R., and H. S. M. Coxeter, 1987

Mathematical Recreations and Essays,

13th edition. Dover, New York.

Barbeau, E., 2000 Mathematical Fallacies,

Flaws and Flimflam. The Mathematical

Association of America.

Barbier, M. E., 1860 Note sur le probl�eme de

l’aiguille et le jeu du joint couvert. J. Math.

Pures Appl. 5: 272–286.

Bar-Hillel, M., and A. Margalit, 1972 New-

comb’s paradox revisited. Br. J. Phil. Sci.

23: 295–304.

Barnett, V., 1999 Comparative Statistical

Inference, 3rd edition. Wiley.

Barone, J., and A. Novikoff, 1978 History of

the axiomatic formulation of probability

from Borel to Kolmogorov: Part I. Arch.

Hist. Exact Sci. 18: 123–190.

Bartoszynski, R., and M. Niewiadomska-

Bugaj, 2008 Probability and Statistical

Inference, 2nd edition. Wiley.

Bayes, T., 1764 An essay towards solving a

problem in the doctrine of chances. Phil.

Trans. R. Soc. Lond. 53: 370–418.

(Reprinted in E. S. Pearson and M. G.

Classic Problems of Probability, Prakash Gorroochurn.
� 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.

277



Kendall (Eds.), Studies in the History of

Statistics and Probability, Vol. 1, London:

Charles Griffin, 1970, pp. 134–53).

Beckmann, P., 1971 A History of Pi. St.

Martin’s Press, New York.

Bell, E. T., 1953Men of Mathematics, Vol. 1

Penguin Books.

Bellhouse, D. R., 2002 On some recently

discovered manuscripts of Thomas Bayes.

Historia Math. 29: 383–394.

Benford, F., 1938 The law of anomalous

numbers. Proc. Am. Phil. Soc. 78:

551–572.

Benjamin, A., and M. Shermer, 2006 Secrets

of Mental Math. Three Rivers Press, New

York.

Berloquin, P., 1996 150 Challenging and

Instructive Puzzles. Barnes & Noble

Books. (Originally published by Bordes,

Paris, 1981).

Bernoulli, D., 1738 Specimen theoriae novae

de mensura sortis. Commentarii Acade-

miae Scientiarum Imperalis Petropolitanea

V 175–192 (translated and republished as

“Exposition of a new theory on the mea-

surement of risk,” Econometrica 22

(1954): 23–36).

Bernoulli, J., 1713 Ars Conjectandi. Basle.

Bernstein, P., 1996 Against The Gods: the

Remarkable Story of Risk. Wiley, New

York.

Bertrand, J., 1887 Solution d’un probl�eme.

C. R. Acad. Sci. 105: 369.

Bertrand, J., 1889 Calcul des Probabilit�es.
Gauthier-Villars et fils, Paris.

Bewersdorff, J., 2005 Luck, Logic and White

Lies: The Mathematics of Games. A K

Peters, Massachusetts. (English translation

by David Kramer).

Billingsley, P., 1995 Probability and Mea-

sure, 3rd edition. Wiley.

Bingham, N. H., 2010 Finite additivity versus

countable additivity. J. Electron.

d’Histoire Probab. Stat. 6(1): 1–35.

Blachman, N. M., R. Christensen, and J. M.

Utts, 1996 Comment on ‘Bayesian resolu-

tion of the exchange paradox’. Am. Stat.

50: 98–99.

Blackburn, S., 2001 Ruling Passions: A The-

ory of Practical Reasoning. Oxford Uni-

versity Press, Oxford.

Blom, G., L. Holst, and D. Sandell, 1994

Problems and Snapshots from the World

of Probability. Springer-Verlag.

Blyth, C. R., 1972 On Simpson’s paradox

and the sure-thing principle. J. Am. Stat.

Assoc. 67: 364–365.
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